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Gs Opinions of the Moderns concerning the Author of 
the Elements of Geometry, which go under Euclid's 
name, are very different and contrary to one another. Peter 
Ramus aſcribes the Propoſitions, as well as their Demonſtra- 
tions, to I heon; others think the Propoſitions to be Euclid's, 
but that the Demonſtrations are Theon's; and others main- 
tain that all the Propoſitions and their Demonſtrations are 
Euclid's own. John Buteo and Sir Henry Savile are the 
Authors of greateſt Note who aſſert this laſt ; and the greater 
part of Geometers have ever ſince been of this Opinion, as 
they thought it the moſt probable. Sir Henry Savile, after 
the ſeveral Arguments he brings to prove it, makes this Con- 
cluſion, (Page 13. Praelect.) That, excepting a very few 
© Interpolations, Explications, and Additions, I heon attered 
c nothing in Euclid.” But, by often conſidering and com- 
_ paring together the Definitions and Demonſtrations as they 
are in the Greek Editions we now have, I found that PFheon, 
or whoever was the Editor of the preſent Greek Text, by 
adding ſome things, ſuppreſſing others, and mixing his own 
with Euclid's Demonſtrations, had changed more things to the 
worſe than is commonly ſuppoſed, and thoſe not of {ſmall mo- 
ment, eſpecially in the Fifth and Eleventh Books of the Ele- 
ments, which this Editor has greatly vitiated ; for inſtance, 
by ſubſtituting a ſhorter, but inſufficient Demonſtration of 
the 18th Prop. of the 5th Book, ia place of the legitimate one 
which Euclid had given; and by taking out of this Book, 
beſides other things, the good Definition which Eudoxus or 
Euclid had given of Compound Ratio, and given an abfurd 
one in place of it in the 5th Definition of the 6th Book, 
which neither - Euclid, Archimedes, Appolonius, nor any 
Geometer before 'Theon's time, ever made uſe of, and of 
which there is not to be found the leaſt appearance in any of 
their Writings ; and, as this Definition did much embarrafs . 
Beginners, and is quite uſeleſs, it is now thrown out of the 
Elements, and another, which, without doubt, Euclid. had 
given, is put in its proper place among the Definitions of the 
| 5th 
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5th Book, by which the Doctrine of Compound Ratios is ren- 
dered plain and eaſy. Befides, among the Definitions of the 
11th Book, there is this, which is the 10th, viz. Equal and 
« ſimilar ſolid Figures are thoſe which are contained by ſimilar 
« Planes of the fame Number and Magnitude.” Now, this 
Propofition is a I heorem, not a Definition; becauſe the equa- 
tity of Figures of any kind muſt be demonſtrated, and not aſſu- 
med; and, therefore, though this were a true Propoſition, it 
ought to have been demonſtrated. But, indeed, this Propo- 
fiction, which makes the ioth Definition of the 11th Book, is 
not true univerially, except in the caſe in which each of the 
folid angles of the Figures is contained by no more than three 
plane Angles ; for, in other cafes, two ſolid Figures may be 
contained by ſimilar Planes of the ſame Number and Magni- 
tude, and yet be uncqual to one another, as ſhall be made evi- 
dent in the Notes ſubjoined to theſe Elements, In like manner, 
in the Demonſtration of the 26th Prop. of the 11th Book, it i3 
taken for granted, that thoſe ſolid Angles are equal to one 
another which are contained by plain Angles of the ſame Num- 
ber and Magnitude, placed in the ſame Order; but neither is 
th « univerſally true, except in the caſe in which the ſolid 
Angles are contained by no more than three plain Angles z 
nor of th's Caſe is there any Demonſtration in the Elements we 
now have, though it be quite neceſſary there ſhould: be one. 
Now, upon the 19th Definition of this Book depend the 25tk 
and 28th Propoſitions of it; and, upon the 25th and 26th 
depend other eight, viz. the 27th, 31, 32d; 33d, 34th, 36th, 
37th, and 4goth of the fame Book; and the 12th of the 12th 
Book depends upon the eighth of the fame; and this 8th, and 
the Corollary cf Propoſitions 17. and Prop. 18th of the 12th 
Book, depend vporr the gth Definition of the 11th Book, 
which is not a rigl.t Defmition ; becauſe there may be Solids 
contained by the ime number of fimilar plane Figures, which 
are not {imilar to one another, in the true Senſe of Similarity 
received by all Geometers ; and all theſe Propoſitions have, for 
theſe Reaſons, been inſufficiently demonſtrated fince 'Theon's 
time hitherto. Beſides, there are ſeveral other things, which 
have nothing of Euclid's accuracy, and which plainly ſhew, that. 
his Elements have been much corrupted by unſkilful Geome- 
ters; and, though theſe are not ſo groſs as the others now 
mentioned, they ought by no means to remain uncorrected, 
Upon theſe Accounts it appeared neceflary, and I hope will 
prove acceptable to all Lovers of accurate Reaſoning, and of 
Mathematical Learning, to remove ſuch Blemiſhes, and __ 
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the principal Books of the Elements to their original Accuracy, 
as far as 1 was able; eſpecially fince theſe Elements are the 
Foundation of a Science by which the Inveſtigation and Diſco- 
very of uſeful Truths, at leaſt in Mathematical Learning, is 
promoted as far as the limited Powers of the Mind allow ; and 
which likewiſe is of the greateſt Uſe in the Arts both of Peace 
and War, to many of which Geometry is abſolutely neceſſary. 
This I have endeavoured to do, by taking away the inaccurate 
and falſe Reaſonings which unſkilful Editors have put into the 
place of ſome of the genuine Demonſtrations of Euclid, who 
has ever been juſtly celebrated as the moſt accurate of Geo- 
meters, and by reſtoring to him thoſe Thinvs which l heon or 
others have ſuppreſſed, and which have theſe many ages been 
buried in Oblivion. _ 

In this Eighth Edition, Ptolemy's Propoſition concerning 2 
Property of quadrilateral Figures in a Circle is added at the 
End of the fixth Book. Alſo the Note on the 29th Prop. 
Book 1ſt, is altered, and made more explicit, and a more gene- 
ral Demonſtration is given, inſtead of that which was in the 
Note on the 1oth Definition of Book 11th ; beſides, the | ranſ- 
lation is much amended by the friendly Afiſtance of a learned 
Gentleman. 

To which are alſo added, the Elements of Plane and Spherical 
be; ==" 08 which are commonly taught after the Elements 
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DOoOkt.L 
DEFINITIONS, 


| I. 
Point is that which hath no parts, or which hath no Sec Notes. 
magnitude. 


III. 
— 205 00 
ſtraight line is that which lies evenly between its extreme 
points. | v 
\ ſuperficies is that which 8 ony length and breadth. 


ie extremities of a n lines. 
plane ſuperficies is that in which any two points being taken, See N. 
the ſtraight line between them lies wholly in that ſuperficies. 

| VIII. 
A plane angle is the inclination of two lines to one another gee N. x 
« in a plane, which meet together, but are not in the ſame . 
direction.“ 5 
plane rectilineal angle is the inclination of two ſtraight lines 
to one another, which meet together, but are not in the 
_ 8 N. B. 
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N. B. When ſeveral angles are at one point B, any one 0 
them is expreſſed by three letters, of which the letter that i 
at the vertex of the angle, that is, at the point in which th 
ſtraight lines that contain the angle meet one another, is put 
between, the other two letters, and one of theſe two is ſome 
where upon one of thoſe ſtraight lines, and the other upor 
the other line: Thus the angle which is contained by the 
« ſtraight lines AB, CB, is named the angle ABC, or CBA; tha 
© which is contained by AB, BD is named the angle ABD, © 
DBA; and that which is contained by BD, CB is called the 
© angle DBC, or CBD; but, if there be only one angle at 


« point, it may be expreſſed by a letter placed at that point; 2 
© the Angle at E.“ | 


> 4 tre 
When a ſtraight line ſtanding on ano- 
ther ſtraight line makes the adjacent | Aſer 
angles equal to one another, each of of 
the angles is called a right angle; 
and the ſtraight line which ſtands on *A 
the other is called a perpendicular to li 
it, 128 mY 
XI. EF - 
An obtuſe angle is that which is greater than a right angle. l 
| Tri 
| . * p 
| 7 My 
XII . 


An acute angle is that which is leſs than a right angle, 
6 A term or boundary is the extremity of any thing” 
A 6gure is that which is incloſed by one or more boundagies, 
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. | XV. Book I. 
\circle is a plane figure contained by one line, which is called. 
the circumference, and is ſuch that all ſtraight lines drawn 
from a certain point within the figure to the circumference, 
ze equal to one another. 


any one 0 
ter that i 


ngle at fad this point is called the centre of the circle. 

XVII. 

A diameter of a circle is a ſtraight line drawn through the cen- 
tre, and terminated both ways by the circumference. 
| XVIII. 

A ſemicircle is the figure contained by a diameter and the part 


of the circumference cut off by the diameter. 
XIX. 


« A ſegment of a circle is the figure contained by a ſtraight 
line, and the circumference it cuts off.” 


XX. 
lectilineal figures are thoſe which are contained by ſtraight 
lines. | 

XXI. 


Trilateral figures, or triangles, by three iraight lines. 
XXII. 


Guurilateral, by four ſtraight lines. 
XXIII. 


Multilateral figures, or polygons, by more than four ftraighe 


lines, 
XXIV. . 
Of three fided figures, an equilateral triangle is that which has 
three equal ſides. 
XXV. 


An iſoſceles triangle is that which has only two fides equal. 
81 | 7 | q XxVI 
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A rhomboid, bene fides equal to one 


* 
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A ſcalene triangle, is that which ba three unequal ſides. 
II. 
A right angled triangle, is that which has a right an le. 
XVIII. 


An obtuſe angled triangle, is that which has an obtuſe angle. 


LES 


An acute angled triangle, is that Dn wk has three acute angles, 
XXX. 


Of four ſided figures, a ſquare is that which has all its ſides I Aud 
equal, and all its angles right angles. ci 


— „ 


LESS 
XXXI. 


An oblong, is that which has all its angles right angles, but has 
not all its fides equal. 
XXIII. 


A rhombus, is that which has all its ſides equal, but its angles 
are not right angles. 


WIFE 


another, but all its fides are not cqual, nor its angles right 
angles. 
IV. 


-» 


OF EUCLID. 


XXXV. 
;rallel ſtraight lines, are ſuch as are in the ſame plane, and 
which, being produced ever ſo far both Ways, do not meet. 


— 


— 


POSTULATES. 


I. | 
ET it be granted that a ſtraight line may be drawn from 
any one point to any _ point. 


hat a terminated ſtraight line may be produced to any length 
in a ſtraight line. * 


And that a circle may be deſcribed from any centre, at any 
dit.nce from that centre. 


AXIOM Ss. 


e angles 


its ſides 


I. 
HINGS which are equal to the ſame are equal to one an» 


other. 
II. 


but has Wi if equals be added to equals, — wholes are equal. 
III. 
If equals be taken from equals, the remainders are equal. 
angles IV. 
If equals be added to unequals, the wholes are unequal. 
v | 


If equals be taken from unequals, the remainders are unequa]. 
VI. 
Things which are double of the ſame, are equal to one another. 
VII. 
Things which are halves of the ſame, are equal to one another. 
VIII 


Magnitudes which coincide with one another, that is, which 
exactly fill the ſame ſpace, are equal to one another. =_ 


o one 
right 
AIV. 
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Book I. 


XXXIV. | 
l other four ſided figures beſides theſe, are called Trapeziums. 
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| Book I. IX. 
nn 


ante: whos 
All right angles are equal to = another. 


« If a ſtraight line meets two ſtraight lines, ſo as to make the 
« two interior angles on the ſame fide of it taken together unc 
4 leſs than two right angles, theſe ſtraight lines being con- 
« tinually produced, ſhall at length meet upon that fide on 
&« which are the angles which are leſs than two right * 
52 * 29. of Book I.“ 


OPO- 


OF EUCLID. 15 
PROPOSITION L PROBLEM. Book l. 


O deſcribe an equilateral triangle upon a given 5 
finite ſtraight line. 


Let AB be the given ſtraight line; it is required to deſcribe 
n equilateral triangle upon it. 


From the centre A, at the di- 
ſtance AB, deſcribe * the circle 
GD, and from the centre B, at 
the diſtance BA, deſcribe th- 
circle ACE; and from the point 
C, in which the circles cut ou 
another, draw the ſtraight lines d 
CA, CB to the points A, B; ABC 
ſhall be an equilateral triangle. 


b. r. Poſt. 


equal* to AB; and becauſe the point B ie the cevitre of the e. 15. De- 
circle ACE, BC is equal to BA: But it has been proved that CA finition. 

is equal to AB; therefore CA, CB are each of them equal to 

AB; but things which are equal to the ſame are equal to one : 
mother 4; therefore CA is equai to CB; wherefore CA, AB, BC d. It Axi- 
are equal to one another; and the triangle ABC is therefore . 
equilateral, and it is deſcribed upon the given ſtraight line AB. 
Which was required to be done. 


PROFIL PROBE. 


ROM a given point to draw a ſtraight line equal to 
a given ſtraight line. | 


Let A be the given point, and BC the given ſtraight line; it is 
required to draw from the point A a ſtraight line equal to BC. 


From the point A to B draw 2. 1. Poſt, 
the ſtraight line AB; and upon it ö 
deſcribe d the equilateral triangle b. L. 1. 


DAB, and produce? the ſtraight 
lines DA, DB, to E and F; from 
the centre B, at the diſtance BC, 
deſcribe 4 the circle CGH, and 
from the centre D, at the diſtance . 
DG, deſcribe the circle GEL, AL 
ſhall be equal to BC, 


c- 2. Poſt, 


d. 3. Poſt. 


| 
| 
| 
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f. 3. Ax. 


. . 1. 
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Becauſe the point B is the centre of the circle CGH, BC 
equal? to BG; and becauſe D is the centre of the circle Gl 
DL is equal to DG, and DA, DB, parts of them, are equal; 
therefore the remainder AL is equal to the remainder e be 
But it has been ſhewn, that BC is equal to BG; wherefore Al. 
and BC are each of them equal to BG; and things that are 
equal to the ſame are equal to one another; therefore the 
ſtraight line AL is equal to BC. Wherefore from the given 
point A a ſtraight line AL has been drawn equal to the given 
ſtraight line BC. Which was to be done. 


PROP. IL PROB. 


ROM the greater of two given ſtraight lines to cut 
off a part equal to the leſs. 


Let AB and C be the two given 
ſtraight lines, whereof AB is the 
greater. It is required to cut off 
from AB, the greater, a part equal 


From the point A draw“ the 
ſtraight line AD equal to C; and 
from the ceatre à, and at the diſ- 
tance AD, deſcribe d the circle 
DEF; and becauſe A is the centre 


of the circle DEF, AE ſhall be equal to AD; but the ſtraight 
line C is likewiſe equal to AD; whence AE and C are each 
of them equal to AD; wherefore the ſtraight line AE is equal 
to? C, and from AB, the greater of two ſtraight lines, a part 


ay has been cut off equal to C the leſs. Which was to be 
ne. 


PRO P. IV. THEOREM. 


Tf two triangles have two ſides of the one equal to two 
ſides of the other, each to each; and have likewiſe 
the angles contained by thoſe fides equal to one another; 
they ſhall likewiſe have their baſes, or third fides, equal; 
and the two triangles ſhall be equal; and their other 
angles ſhall be equal, each to each, viz. thoſe to which 
the equal ſides are oppoſite. | 


Let ABC, DEF be two triangles which have the two fides 
AB, AC equal to the two fides DE, DF, each to each, = 


" oe Re me oe o ea © th 
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es to cut 


| viz. the angle ABC to the B | 


* 
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AB to DE, and AC to DF; D 
and the angle BAC equal to A 
the angle EDF, the baſe BC | 
ſhall be equal to the baſe | 
EF; and the triangle ABC 
to the triangle DEF ; and 
the other angles, to which 
the oy ſides are oppoſite, 
ſhall be equal each to each, — = 
CE F 

angle DEF, and the angle 
ACB. to DFE. | I | | 

For, if the triangle ABC be applied to DEF, ſo that the point 
A — be on D, and the ſtraight line AB upon DE; the point 
B coincide with the point E, becauſe AB is equal to DE ; 
and AB coinciding with DE, AC ſhall coincide with DF, be- 
cauſe the angle BAC is equal to the angle EDF; wherefore 
alſo the point C ſhall coincide with the point F, becauſe the 
ſtraight line AC is equal to DF: But the point B coincides with 
the point E; wherefore the baſe BC ſhall coincide with the baſe 
EF, becauſe the point B coinciding with E, and C with F, if 


the baſe BC does not coincide with the baſe EF, two ſtraight 


lines would incloſe a ſpace, which is impoſſible *. Therefore 
the baſe BC ſhall coincide with the baſe EF, and be equal to 
it. Wherefore the whole triangle ABC ſhall coincide with the 
whole triangle DEF, and be equal to it; and the other angles 
of the one ſhall coincide with the remaining angles of the other, 
and be equal to them, viz. the angle ABC to the angle DEF, 
and the angle ACB to DFE. Therefore, if two triangles have 
two ſides of the one equal to two ſides of the other, each to 
each, and have likewiſe the angles contained by thoſe fides e- 
qual to one another, their baſes ſhall likewife be equal, and the 
triangles be equal, and their other angles to which the equal 
ſides are oppoſite ſhall be equal, each to each. Which was to 
be demonſtrated. T7 x 


PROP. v. THE OR. 


— angles at the baſe of an Iſoſceles triangle are 
equal to one another ; and, if the equal fides be 
produced, the angles upon the other ſide of the baſe 
ſhall be equal. | Tf; 


qual 


s. 


ann 8 of which the fide AB is e- 


9 


— 
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Book I. gud to AC, and let the ſtraight lines AB, AC be produced to 


D aud E, the angle ABC ſhall be equal to the angle ACB, and 
the angle CBD to the angle BCE. 
In BD take 8 point F, and from AE the greater, cut off 
2 3. 1. AG equal * to AF, the leſs, and join FC, GB. 
Becauſe AF is equal to AG, and AB to AC, the two ſides 
FA, AC are equal to the two GA, AB, each to each; and 
they contain the angle FAG com- 
mon to the two triangles AFC, A 
AGB; therefore the baſe FC is e- 
b 4.7. qual® to the baſe GB, and the tri- 
angle AFC to the triangle AGB; 
and the remaining angles of the one 
are equal d to the remaining angles 
of the other, each to each, to which B 
the equal ſides are oppoſite; viz. 
the angle ACF to the angle ABG, F | 
and the angle AFC to the angle 
AGB : And becauſe the whole AF 
is equal to the whole AG, of which D | l F 
the parts AB, AC, are equal; the 
c 3. Ax. remainder BF ſhall be equal c to the remainder CG; and FC 
was proved to be equal to GB; therefore the two ſides BF, FC 
are equal to the two CG, GB, each to each; and the angle 
BFC is equal to the angle CGB, and the baſe BC is common to 
the two triangles BFC, CGB; wherefore the triangles are equal®, 1 
and their remaining angles, each to each, to which the equal 
ſides are oppoſite; therefore the angle FBC is equal to the angle 
GCB, and the angle BCF to the angle CBG: And, ſince it has 
been demonſtrated, that the whole angle ABG is equal to the 
whole ACF, the parts of which, the angles CBG, are alſo 
, equal; the remaining angle ABC is therefore equal to the re- 
maining angle ACB, which are the angles at the baſe of the 
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ö triangle ABC: And it bas alſo been proved that the angle FBC 
| is equal to the angle GCB, which are the angles upon the o- 
ther ſide of the baſe. Therefore the angles at the baſe, &c. 

E. D. : 


OROLLARY. Hence every equilateral triangle is alſo equi- 
angular. 


PROP. VI. THE OX. 


F two angles of a triangle be equal to one another, 
I: the ſides alſo which ſubtend, or are oppoſite to, the 
| equal angles, ſhall be equal to one another. 3 


. S. e. „ © 


— 
* 


7 


of 
Fd 
C- 
* 
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8 Let ABC be a triangle having the angle ABC equal to the Book I. 
angle ACB; the fide AB is alſo equal to the fide AC. — 
+ off or, if AB be not equal to AC, one of them is greater than 
the other: Let AB be the greater, and from it cut * off DB e- 8. k. 
ples — to AC, the leſs, and join DC; there- A 
* ore, becauſe in the triangles DBC, ACB, 


id = there cannot betwo triangles that have their fides 
> le which are terminated in one extremity of the baſe equal 
_ to one another, and likewiſe thoſe which are terminated 
qual®, in the other extremity. 

equal If it be poſſible, let there be two triangles ACB, ADB, up- 
: angle on the ſame baſe AB, and upon the ſame fide of it, which have 
e it has their ſides CA, DA, terminated in the extremity A of the baſe 
to the equal to one another, and likewiſe C D 
re alſo their ſides CB, DB, that are termi- 
he re- nated in B. 

14 — Join CD; then, in che caſe in 
le FB which the vertex of each of the tri- 
the o- angles is without the other triangle, 
e, &c. becauſe AC is equal to AD, the 
. angle ACD is equal » to the angle as.r 
> equi- : But the angle ACD is grea EE 
than the angle BCD; Sets the A B 
angle AD Cis greater alſo than BCD; 

other, much more then is the angle BDC greater than the angle BCD. 
9, the Apain, becauſe CB is equal to DB, the angle BDC is equal * to 

93 the angle BCD; but it has been demonſtrated to be greater 

121 than it; which is impoſſible. 


DB is equal to AC, and BC common to 
both, the two ſides DB, BC are equal to 
the two AC, CB, each - to each; and the 
angle DBC is equal to the angle ACB ; 
therefore the baſe DCis equal to the baſe 
AB, and the triangle DBC is equal to 
the triangle > ACB, the leſs to the great- 
er; which is ablard. Therefore AB is B 
not unequal to AC, that is, it is equal to 
it. Wherefore, if two angles, &c. Q. E. D. 

Cor. Hence every equiangular triangle is alſo equilateral. 


PROP. VII. THEOR. 


B 2 But 


PON the ſame baſe, and on the ſame fide of it, 8x. 


THE ELEMENTS 


Book. I. But if dne of the vertices, as D, be within the other triangle 


—— ACB; produce AC, AD to E, E; there- 


© 5. . 


fore, becauſe AC is equal to AD in the E F 
triangle ACD, the angles ECD, FDC C 
upon the other ſide of the baſe CD are 
equal * to one another, but the angle 
ECD is greater, than the angle BCD; 
wherefore the angle FDC is likewiſe 
greater than BCD; much more then is 
the angle BDC greater than the angle 
BCD. Again, becauſe CB is equal to A B 
DB, the angle BDC is equal * to the 
angle BCD; but BDC has been proved to be greater than the 
ſame BCD; which is impoſſible. The caſe in which the ver- 
tex of one triangle is upon a fide of the other, needs no de- 
monſtration. ö 
Therefore, upon the ſame baſe, and on the ſame fide of it, 
there cannot be two triangles that have their ſides which are 
terminated in one extremity of the baſe equal to one another, 
and likewiſe thoſe which are terminated in the other extremity. 


Q. E. D. | 


PROP. VIII. THE OR. 


F two triangles have two ſides of the one equal to two 
ſides of the other, each to each, and have likewiſe 
their baſes equal; the angle which is contained by the 
two ſides of the one ſhall be equal to the angle contain- 
ed by the two ſides equal to them, of the other. 


Let ABC, DEF be two triangles having the two ſides AB, 
AC, equal to the two ſides DE, DF, each to each, viz. AB to 
DE, and AC to A v 
DF; and alſo the | | 
baſe BC equal to 
the baſe EF. The 
angle BAC is e- 
qual to the angle 
EDF 


For, if the tri- \__ 1 


angle ABC be ap- B GCE F 
plied to DEF, fo 7 | d 
that the point B be on E, and the 4 line BC upon EF; 


point F. Becauſe 
| : RC 


the point C ſhall alſo coincide with 


angle - 


| angle EDF, and is _ d to it. 
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BC is to EF; therefore BC coinciding with 3F, BA and Book I. 

AC ſhall coincide with ED and DF; for, if the baſe BC coin 

cides with the baſe EF, but the ſides BA, CA do not coincide 

with the ſides ED, FD, but have a different fituation as EG, 

FG ; then, upon the ſame baſe EF, and upon the ſame fide of 

it, there can be two triangles that have their ſides which are 

terminated in one extremity of the baſe equal to one another, 

and likewiſe their fides terminated in the other extremity: But 

this is impoſlible *; therefore, if the baſe BC coincides with the 3 7. 1. 

baſe EF, the ſides BA, AC cannot but coincide with the ſides 

ED, DF; wherefore — the angle BAC coincides with the 
Therefore if two triangles, b 8. Ax. 


Q. E. P. 
PROP. IX. PROB. 


18 biſect a given rectilineal angle, that is, to divide 
it into two equal angles. 


Let BAC be the given rectilineal angle, it is required to bi- 
ſect it. 

* O any point D in AB, and from AC cut off AE equal to 2 3. 1. 

AD; join DE E, and upon it deſcribe b 1. f. 
an equilateral triangle le DEF; then A 
join AF; the ſtraight line AF biſects 
the angle BAC. 

Becauſe AD is equal to AE, and 
AF is common to the two triangles 
DAF, EAF; the two ſides DA, AF, 
are equal to the two ſides EA, AF, 
each to each ; and the baſe DF i is e- 
qual to the baſe EF; therefore the 
angle DAF is equal © to the angle c 8. 1. 
EAF; wherefore the given rectilineal TNT BAC is biſected by 
the ſtraight line AF. Which was to be done, 


PROP. X. PR OB. 


1 biſect a given finite ſtraight line, that i is, to 4. 
vide it into two equal parts, 


Let AB be the given ſtraight line; it is required to divide it 


into two equal parts. 


Deſcribe * upon it an equilateral triangle ABC, and biſect 3 7. 1. 
d the angle ACB by the ſtraight line CD. AB is cut into two b 9. 2. 


* parts in the * D. 55 SI) 


8 


— 


— — — —_ << — ꝗ ũ —— — 
"I. 


* 


e 4. 1. 


See N. 


a 3. I. 
51. 3. 


- 
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Book I. Becauſe AC is equal to CB, and CD C 
common to the two triangles ACD, 


BCD; the two fides AC, are equal 
to BC, CD, each to each; and the 
angle ACD is equal to the angle BCD; 
therefore the baſe AD is equal to the 
baſe e DB, and the ſtraight line AB is 
divided into two equal parts inthe point 
D. Wick was to be dens. mY SM B 


PROP. Xl. PROB. 


* O draw a ſtraight line at right angles to a given 
ſtraight line, from a given point in the ſame. 


Let AB be a given ſtraight line, and C a point given in it; 
it is required to draw a ſtraight line from the point C at right 
* = AB. 
uy int D in AC, and * make CE equal to CD, and 
cribe ® the equi- F 
lateral triangle DFE, and join 
FC; the ſtraight line FC drawn 
from the given point C is at 
right angles to the given 


ſtraight line AB. 
Becauſe DC is equal to CE, 
and FC common to the two 
angles DCF, EC; the two A D 1 E B 
— CF are equal to the two EC, CF, each to each; and 


the baſe DF is equal to the baſe EF; therefore the angle DCF 
is equal < to the angle ECF; and they are adjacent angles. 
But, when the adjace acent angles which one ſtraight line makes 
with another ſtraight line are equal to one another, each of them 
is called a aan d angle; therefore each of the angles DCF, 
ECF, is a right angle. Wherefore, from the given point C, in 
the given ſtraight line AB, FC has been drawn at right angles 
to = 22 was to be done. 
By help of this problem, it may be demonſtrated, that 

two  ſtraig t lines cannot have a common ſegment. | 

If it be poſſible, let the two ſtraight lines ABC, ABD have 
the ſegment AB common to both of them. From the Bache 
draw BE at right angles to AB; and becauſe ABC is a | 


a "Hine, 
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ne, the angle CBE is equal * to F 
the angle EBA; in the ſame 
manner, becauſe ABD is a a 10. Def, 
ſtraight line, the angle DBE is 611”; 0 00 

equal to the angle EBA; where- | 

fore the angle DBE is equal to 
the angle CBE, the leſs to the D 
greater; which is impoſſible; ___ 
therefore two ſtraight lines can- A B C 
not have a common ſegment. 


PROP. XII. PROB. 


* draw a ſtraight line perpendicular to a given 
ſtraight line of an unlimited length, from a given 
point without it. | 5 
Let AB be the given ſtraight line, which may be produced to 
any length both ways, and let C be a point without it. It is 
required todraw aſtraight line C 
perpendicular to AB from the 
point C. 
Take any point D upon the 
other ſide of AB, and from 
the centre C, at the diſtance 


CD, deſcribe® the circle EGF bz. Peſt, 
meeting AB in F, G; and bi- A 
ſet c. FG in H, and join CF, c 10. 1. 


CH, CG; the ſtraight line CH, drawn from the given point C, 
1s ndicular to the given ſtraight line AB. 

cauſe FH is equal to HG, and HC common to the two 
triangles FHC, GHC, the two ſides FH, HC are equal to the 
two GH, HC, each to each; and the baſe CF is equal d to the d 15. Def. 
baſe CG; therefore the angle CHF is equal e to the angle CHG; g. 
and they are adjacent angles; but when a ſtraight line ſtanding * 
on a ſtraight line makes the adjacent angles equal to one ano- 
ther, each of them is a right angle, and the ſtraight line which 
ſtands upon the other is called a perpendicular to it; therefore 
from the given point C a perpendicular CH has been drawn to 
the given ſtraight line AB. Which was to be done. 


PROP. Xl. THEOR. 
HE angles which one ſtraight line makes with ano- 
other upon the one fide of it, are either two right- 
angles, or are together * to two right angles. 
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Book I. Le the ſtraight line AB make with CD, upon one fide of 
iti, che angles CBA, ABD; theſe are either two right angles, 


or are together equal to two right angles. 
For, if the angle CBA be equal to ABD, each of them is a 
7 FS 


C 


a def. 10 right angle; but, if not, from the point B draw BE at right 


b 11. 1. 


c 2. Ax. 


d 1. Ax. 


angles d to CD; therefore the angles CBE, EBD are two right 
angles ; and becauſe CBE is equal to the two angles CBA, ABE 
together, add the angle EBD to each of theſe equals ; there- 
fore the angles CBE, EBD are equal e to the three angles CBA, 
ABE, EBD. Again, becauſe the angle DBA is equal to the. 
two angles DBE, EBA, add to theſe equals the angle ABC; 
therefore the angles DBA, ABC are equal to the three angles 
DBE, EBA, ABC; but the angles CBE, EBD have been de- 
monſtrated to be equal to the ſame three angles; and things 
that are equal to the ſame are equal d to one another; therefore 
the angles CBE, EBD are equal to the angles DBA, ABC; but 
CBE, EBD are two right angles; therefore DBA, ABC are 
together equal to two right angles. Wherefore, when a ſtraight 


line, &c. Q. E. D. 


PROP. XXV. T HE OR. 


F, at a point in a ſtraight line, two other ſtraight lines, 
upon the oppoſite ſides of it, make the adjacent angles 
together equal to two right angles, theſe two ſtraight 
lines ſhall be in one and the ſame ſtraight line. 
At the point B in the ſtraight 
line AB, let the two ſtraight lines 
BC, BD upon the oppoſite ſides 
of AB, make the adjacent angles 
ABC, ABD equal together to 
two right angles. BD is in the 
ſame ſtraight line with CB. 
For, if BD be not in the ſame ________{-—- 
ſtraight line with CB, let BE be C B 


- 


* G 
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in the ſame ſtraight line with it; therefore, becauſe the ſtraight Book I. 
line AB makes angles with the ſtraight line CBE, upon one fide =—v—— 


of it, the angles 
angles; but the angles ABC, ABD are likewiſe together equal 
to two right angles ; therefore the angles CBA, ABE are equal 
to the angles CBA, ABD: Take away the common angle ABC, 
the remaining angle ABE is equal d to the remaining angle 
ABD, the leſs to the greater, which is impoſſible ; therefore BE 
is not in the ſame ſtraight line with BC. And, in like manner, 
it may be demonſtrated, that no other can be in the ſame 
ſtraight line with it but BD, which therefore is in the ſame 
ſtraight line with CB. Wherefore, if at a point, &c, Q. E. D. 


PROP. XV. THEOR. 


F two ſtraight lines cut one another, the vertical, or 
oppoſite, angles ſhall be equal. 


Let the two ſtraight lines AB, CD cut one another in the 


point E; the angle AEC ſhall be equal to the angle DEB, and 
CEB to AED. | 


Becauſe the ſtraight line AE 
makes with CD the angles CEA, 
AED, theſe angles are together 
equal * to two right angles. 
Again, becauſe the ſtraight line 
DE makes with AB the angles A 
AED, DEB, theſe alſo are to- 
gether equal * to two right an- 
les; and CEA, AED have been 
demonſtrated to be equal to two right angles; wherefore the an- 
glesCEA, AED are equal tothe angles AED, DEB. Take away 
the common angle AED, and the remaining angle CEA is e- 
qual d to the remaining angle DEB. In the ſame manner it 
can be demonſtrated that 
Therefore, if two ſtraight lines, &c. Q. E. D. 

Cor. 1. From this it is manifeſt, that, if two ſtraight lines 
cut one another, the angles they make at the point where they 
cut, are together equal to four right angles. 

Cor. 2. And conſequently that all the angles made by any 
number of lines meeting in one point, are together equal to four 
right angles. ; 


PROP. 


C, ABE are together equal * to two right 2 13. 1. 


b 3. Ar, 


b 3. Ar. 


e angles CEB, AED are equal. . 
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a 10. 1. 


b rs. 2. 


4 4b. 


d 15.1. 


@ 16. 1. 


THE ELEMENTS 
PROP. XVI THEOR. 


FF one fide of a triangle be produced, the exterior 
— is greater than either of the interior oppoſite 
angles. 


Let ABC be a triangle, and let its ſide BC be produced to D, 
the exterior angle ACD is greater than either of the interior 
oppoſite angles CBA, BAC. 

Biſect AC in E, join BE A 
and produce it to F, and F 
make EF equal to BE; join 
alſo FC, and produce AC to 
G. 


Becauſe AE is equal to E 
EC, and BE to EF; AE, 
EB are equal to CE, EF, | 
each to each; and the angle TX 
AEB is equal d to the a B C D 
CEF, becauſe they are op- 
poſite vertical angles; there- 
fore the baſe AB is equal c G 
to the baſe CF, and the tri- 
angle AEB to the triangle CEF, and the remaining angles to 
the remaining angles, each to each, to which the equal ſides 
are oppoſite z wherefore the angle BAE is equal to the angle 
ECF; but the angle ECD is greater than the angle ECF; 
therefore the angle ACD is * than BAE: In the ſame 
manner, if the ſide BC be biſected, it may be demonſtrated that 
the angle BCG, that is d, the angle ACD, is greater than the 


angle ABC. Therefore, if one fide, &c. Q. E. D. 


PROP. XVII. THE OR. 


A NY two angles of a triangle are together leſs than 
two right angles. bY 


Let ABC be anytriangle; any 
two of its angles together are 
leſs than two right angles. 

Produce BC to D; and be- 
cauſe ACD is the exterior angle 
E ans 
greater * than the interior and ch 5 
oppoſite angle ABC; to each of B C | D 


Sl - 


han 


theſe 
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theſe add the angle ACB ; therefore the angles ACD, ACB are Book I. 
greater than the angles ABC, ACB; but ACD, ACB are to 
ether equal b to two right angles ; therefore the angles ABC, Þ 13. l. 
A are leſs than two right angles. In like manner, it may be 
demonſtrated, that BAC, ACB, as alſo CAB, ABC, are leſs than 
two right angles. Therefore any two angles, &c. Q. E. D. 


PROP. XVIII. THE OR. 


T HE greater ſide of every triangle is — to the 
greater angle. 


Let ABC be a triangle, of 
which the fide AC is greater A 
— the ſide AB; the angle 
ABC is 12 greater than the 


221 AC is greater than D 
AB, make AD equal to AB, | 23.7. 
and} join BD; and becauſe ADB B - W 
is the exterior angle of the tri- C 
angle BDC, i it is greater d than b 16. x. 


the interior and oppoſite angle DCB; but ADB is equal © to 5. 1. 
ABD, becauſe the fide AB is equal to che fide AD; therefore 

the angle ABD is likewiſe greater than the angle ACB ; where- 

fore much more is the angle ABC — than ACB. There- 

fore the greater ſide, &c. Q. E. D 


PROP. MX. THE OR. 


T* greater angle of every triangle is ſubtended by 
the greater ſide, or bas the greater fide oppoſite to it. 


Let ABC be a triangle, of which the angle ABC is greater 
pn angle BCA; the ſide * 
e | 
For, if it be not greater, AC A 
muſt either be equal to AB, or 
leſs than it; it is not equal, be- 
ma then the angle ABC would | 
equal * to the angle ACB; 0 32 
but it is not; 2 2 AC is - FEY 
not equal to AB ; neither is it C 
leſz; becauſe then the angle 
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Book I. ABC would be leſs d than the angle ACB; but it is not; there. 
ſore the ſide AC is not leſs than AB; and it has been ſhewn 


b 18. 1. 


See N. 


a 3. I. 


b F. 1. 


C19. I. 


that it is not equal to AB; therefore AC is greater than AB, 
Wherefore the greater angle, &c. Q. E. D. | | 


PROP. X. THEOR. 


NY two ſides of a triangle are together 
than the third fide. wi SY 


Let ABC be a triangle; any two ſides. of it together are 
greater than the third fide, viz. the ſides BA, AC greater than 
the fide BC; and AB, BC greater than AC; and BC, CA 
greater than AB. 

Produce BA to the point D, 
and make * AD equal to AC; 
and join DMG. 

Becauſe DA is equal to AC, 
the angle ADC is likewiſe equal 
b i: ACD; but the angle BCD 
is greater than the angle ACD; 
therefore the angle BCD is great- B 
er than the unge ADC; and be- 
cauſe the angle BCD of the triangle DCB is greater than its 
angle BDC, and that the greater e ſide 1s oppoſite to the greater 
angle; therefore the fide DB is greater than the ſide BC; but 
DB is cqual to BA and AC; therefore the ſides BA, AC are 
greater than BC. In the ſame.manner it may be demonſtrated, 
that the ſides AB, BC are greater than CA, and BC, CA great- 
er than AB, Therefore any two ſides, &c. Q. E. D. 


PROP, XL THEOR 


| FF: from the ends of the fide of a triangle, there be 


drawn two ſtraight lines to a poiat within the tri- 
angle, theſe ſhall be leſs than the other two fides of the 
triangle, but / ſhall contain a greater angle. 


Let the two ſtraight lines BD, CD be drawn from B, C, the 
ends of the fide BC of the triangle ABC, to the point D within 
it; BD and DC are leſs than the other two ſides BA, AC 
of the triangle, but contain an angle BDC greater than the 
angle BAC. : | 

oduce BD to E; and becauſe two ſides of a triangle are 
greater than the third ſide, the two ſides BA, AE of the 95 
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; there. angle ABE are greater than BE. To each of theſe add EC; Book I. 


1 ſhewn fl therefore the ſides BA, AC 0 — 
an AB. BY rte greater than BE, EC: A- 
gain, becauſe the twoſidesCE, 
ED of the triangle CED are 
greater than CD, add DB to 
Teater each of theſe; therefore the 
fides CE, EB are greater than 
CD, DB; but it has been B 
ſhewn that BA, AC are great- C 
er than BE, EC; much more 
then are BA, AC greater than BD, DC. 
Again, becauſe the exterior angle of a triangle is greater than 
the interior and oppoſite angle, the exterior angle BDC of the 
triangle CDE is greater than CED; for the ſame reaſon, the 
exterior angle CEB of the triangle ABE is greater than BAC; 
and it has been demonſtrated that the angle BDC is greater than 
the angle CEB; much more then is the angle BDC greater than 
the angle BAC. Therefore, if from the ends of, &c. Q. E. D. 
PROP. XX PROB. 
O make a triancic of which the ſides ſhall be equal See N. 
to three given raight lines, but any two whatever 
of theſe muſt be greater than the third *. 0's 
Let A, B, C be the three given ſtraight lines, of which any 
two whatever are greater than the third, viz. A and B greater 
than C; A and C greater than B; and B andC than A. It is 
required to make a triangle of which the ſides ſhall be equal to 
A, B, C, each to cach. 
Take a ſtraight line DE terminated at the point D,, but un- 
limited towards E, 2nd | 
make * DF equal to A, ins 
FG to B, and GH equal 
to C; and from the centre 
F, at the diſtance FD, de- 
th {cribe d the circle DKL;D b. 3. Poſt 
thin and from the centre G, at 
. AC che diſtance GH,deſcribe 
= > another circle HLK; 
and join KF, KG; the 
triangle KFG has its ſides 
rn equal to the three ſtraight lines, A, B, C. 
Becauſe the point F is the centre of the circle DEL, FD is 
ngle equal 
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Book I. equal e to FK; but FD is equal to the ſtraight line A; there» 

fore FK is equal to A: Again, becauſe G is the centre of the 

c. 15. Def. circle LKH, GH is equal c to GK; but GH is equal to C; 
therefore alſo GK is equal to C; and FG is equal to B; there- 
fore the three ſtraight lines KF, FG, GK, are equal to the three 
A, B, C: And therefore the triangle KFG has its three ſides 
KF, FG, GK equal to the three given ſtraight lines, A, B, C. 
Which was to be done. | 


PROP. XXIII. PROB. 


T a given point in a given ſtraight line, to make a 
rectilineal angle ęqual to a given rectilineal angle, 


Let AB be the given ſtraight line, and A the given point in 
it, and DCE che given rectilineal angle; it is required to make 
an angle at the given 
point A in the given C A 
ſtraight line AB, that | 
ſhall be equal to the 
given rectilineal angle 


any points D, E, and 
a 22. 1. je DE; and make D 
the triangle AFG the 
ſides of which ſhall be 
equal to the three 
ſtraight lines CD, DE, CE, ſo that CD be equal to AF, CE to 
AG, and DE to FG; and becauſe DC, CE are equal to FA, 
AG, each to each, and the baſe DE to the baſe FG; the angle 
b 8. 1. DCE is equal b to the angle FAG. Therefore, at the given 
point A in the given ſtraight line AB, the angle FAG is made 
equal to the given rectilineal angle DCE. Which was to be 
done. | 


PROP. XXIV. THEOMK 


See N. F two triangles have two ſides of the one equal to 


two ſides of the other, each to each, but the angle 
contained by the two ſides of one of them greater than 
the angle contained by the two fides equal to them, of 


the other; the baſe of that which has the greater angle 


ſhall be greater than the baſe of the other. 


Let 


Let ABC, DEF A ts which have the two ſides Book I. 
AB, AC equal to the two DE, DF, each to each, viz. AB e qua. 
to DE, and AC to DF; but the angle BAC greater than the 
angle EDF; the baſe BC is alſo greater than the baſe EF. 
Of the two ſides DE, DF, let DE be the fide which is not 
ter than the other, and at the point D, in the ſtraight line 
E, make the angle EDG equal to the angle BAC; and a 23. r. 
make DG equal d to AC or DF, and join EG, GF. b 3.1. 
Becauſe AB is equal to DE, and AC to DG, the two ſides 


BA, AC are equal to the two ED, DG, each to each, and the 
angle BAC is equal | 


to the angle EDG A 'D 
therefore Ne baſe BC| 

is equal c to the baſe 
EG; and becauſeDG 
is equal to DF, the 
angle DFG is equal d 
to the angle DGF; 
but the angle DGFis 
greater than theangle B 
EGF; therefore the | 
angle DFG is greater than EGF; and much more is the angle 
EFG greater than the angle EGF; end becauſe the angle EFG 

of the triangle EFG is greater than its angle EGF, and that 

the greater e ſide is oppolite to the greater angle; the fide EC , 19. 1. 
is therefore greater than the ſide EF ; but EG is equal to BC; 

and therefore alſo BC is greater than EF. Therefore, if two 
triangles, &c. Q. E. D. 


PROP. . THILO N 


C 4. 1. 


© E 


I. two triangles have two ſides of the one equal to 

two ſides of the other, each to each, but the baſe of 
the one greater than the baſe of the other; the angle 
alſo contained by the ſides of that which has the great- 
er baſe, ſhall be greater than the angle contained by the 
ſides equal to them, of the other. 


Let ABC, DEF be two triangles which have the two fides 
AB, AC equal to the two fides DE, DF, each to each, viz. AB 
equal to DE, and AC to DF; but the baſe CB is greater than 
— baſe EF; the angle BAC is likewiſe greater than the angle 

F. 
For, 
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Book I. For, if it be not greater, it muſt either be equal to it, or leſs ; 
ut che angle BAC is not equal to the angle EDF, becauſe then 


a 4. 1. 


b 24. 1. 


but it is not; there- B 


EDF. Wherefore, if two triangles, &c. Q. E. D. 


the baſe BC would 

be equal * to EF; but 

it is not; therefore 

the angle BAC is not 

— — to the angle 
F; neither is it 

leſs; becauſe then the 

baſe BC would be leſs. 

d than the baſe EF; 


fore the angle BAC | | 
is not leſs Ton the angle EDF ; and it was ſhewn that it is not 
equal to it; therefore the angle BAC is greater than the angle 


PFROFP. AZVL THILO. 


I two triangles have two angles of one equal to two 

angles of the other, each to each; and one ſide e- 
qual to one fide, viz. either the ſides adjacent to the e- 
qual angles, or the ſides oppoſite to equal angles in 
each; then ſhall the other ſides be equal, each to each; 
and alſo the third angle of the one to the third angleof 
the other. | , 


Let ABC, DEF be two triangles which have the angles ABC, 
BCA equal to the angles DEF, EFD, viz. ABC to DEF, and 
BCA to EFD; alſo one fide equal to one fide; and firſt let 
thoſe ſides be equal which are adjacent to the angles that are e. 
qual in the two tri- 
angles, viz. BC to A. D 
EF; the other fides 1 
ſhall be equal, each 
to each, viz. AB to 
DE, and AC to DF; 
and the third angle 
BAC to * third 
angle EDF. | — 

For, if AB be not B | C E | F 
equal to DE, one of them muſt be the greater. Let AB be the 
greater of the two, and make BG equal to DE, and join GC; 


therefore, becauſe BG is equal to DE, and BC to EF, the bye 


16h ; 


the angle GBC is equal to the angle DEF; therefore the baſe —— 
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ſides GB, BC are equal to the two DE, EF, each to each; and Book I; 


GC is equal* to the baſe DF, and the triangle GBC to the tri- 2 4. 2+ 
angle DEF, and the other angles to the other angles, each to 
cach, to which the equal fides are oppoſite z therefore the angle 
GCE is equal to the angle DFE; but DFE is, by the h | 
ſis, equal to the angle BCA; whetefore alſo the angle BCG is 
equal to the — BCA, the leſs to the greater, which is im- 
poſſible z therefore AB is not unequal to DE, that, is, it is equal 
to itz and BC is equal to EF; therefore the two AB, BC are 
equal to the two DE, EF, each to each; and the angle ABC is 
equal to the angle DEF; the baſe therefore AC is equal? to 
the baſe DF, and the third angle BAC to the third angle EDF. 


Next, let the ſides 
which are oppoſite to A 
equal 1 in each 
triangle be equal to 
one another, viz. AB 
to DE; likewiſe in 
this caſe, the other 
ßdes ſhall be equal, 
AC to DF, and BC B 
to EF; and alſo the 6 
third angle BAC to the third EDF. 3 

For, if BC be not equal to EF, let BC be the greater of them, 
and make BH equal to EF, and join AH ; and becauſe BH is 
equal to EF, and AB to DE; the two AB, BH are equal to 
the two DE, EF, each to each; and they contain equal angles; 
therefore the baſe AH is equal to the baſe DF, and the triangle 
ABH to the triangle DEF, and the other angles ſhall be equal, 
each to each, to which the equal ſides are oppoſite z therefore 
the angle BHA is equal to the angle EFD; but EFD is equal 
to the angle BCA; therefore alſo the angle BHA is equal to 
the angle BCA, that is, the exterior angle BHA of the triangle 
AHC is equal to its interior and oppoſite angle BCA; which is, |, , 
impoſſible d; wherefore BC is not ual to EF, that is, it is 
equal to it; and AB is equal to DE; therefore the two AB, 

BC, are equal to the two DE, FF, each to each; and they con- 
tain equal angles; wherefore the baſe AC is equal to the baſe 
DF, and the third angle BAC to the third angle DF. There- 
fore, if two triangles, &c. Q. E. D. 


c ' PROP, 
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— ———— 1 — A u—_—_—_— — ̃ ̃ 11 — ———— 
—_ 
a - * 6 
4 
, . 
* 


34 


b 35. Def. 


THE ELEMENTS 


PROP. XVII. THE OX. 


FF a ſtraight line falling upon two other ſtraight lines 
makes the alternate angles equal to one another, 
theſe two ſtraight lines ſhall be parallel. 


Let the ſtraight line EF, which falls upon the two ſtraight 
lines AB, CD make the alternate angles AEF, EFD equal to 
one another 3 AB is parallel to CD. 

For, if it be not parallel, AB and CD being produced ſhall 


meet either towards B, D, or towards A, C; 1 


duced and meet towards B, D in the point G ; therefore 

is a triangle, and its exterior angle AEF is greater * than the in- 
terior and oppoſite angle 

EFG; but it is alſo equal to 

it, whichis impoſhble; there- a 

fore AB and CD being pro- A__ 


duced do not meet + as * 
B, D. In like manner it G 


may be demonſtrated that C 7. 5 


they do not meet towards A, 
C; but thoſe ſtraight lines 


which meet neither way, though produced ever ſo far, are pa- 


rallelꝰ to one another. AB therefore is parallel to CD. 
Wherefore, if a ſtraight line, &c. Q. E. D. 


PROP. XXVII. THE OR. 


I a ſtraight line falling upon two other ſtraight lines 
makes the exterior angle equal to the interior and 


_ oppoſite upon the ſame. fide of the line; or makes the 


interior angles upon the ſame ſide together equal to two 


right angles; the two ſtraight lines ſhall be parallel to 
one another. 


Let the ſtraight line EF, which 
falls u * the two ſtraight lines 
AB, CD, make the — angle 8 


ſame ſide; or make the interior 


es on the fame fide BGH, C-— D 
fin: ogetherequal to two right ” 


EGB equal to the interior and A— . B 
oppoſite angle GHD upon the * 


angles; AB is parallel to CD. 
uſe the _ e EGB is e- 


qual to the angle GHD, and the 


ngle 


AB, CD; the alternate angles AGH, G 


OF EUCe Lr. , 33 


angle EGB equal * to the angle AGH, the angle AGH is equal Book I. 
to the angle GHD; and they are the alternate angles; therefore —v— 
AB is parallel Þ to CD. Again, becauſe the angles BGH, GHD 4 — - 
are equal e to two right angles; and that AGH, BGH, are allo, By Hyp. 
equal d to two right angles; the angles AGH, BGH are equal d 13. x. 
to the angles BGH, GHD: Take away the common angle 

BGH ; therefore the remaining angle AGH is equal to the re- 
maining angle GHD; and they are alternate angles; therefore 

AB is parallel to CD. Wherefore, if a ſtraight line, & c. Q. 

E. D. | 


PROP. XIX. THEOR. 


| * ſtraight line fall upon two parallel ſtraight lines, it see the 


makesthe alternate angles equal to one another; and gu 
the exterior angle equal tothe interior and oppoſite upon tion. 
the ſame ſide; and likewiſe the two interior angles upon 
the ſame ſide together equal to two right angles. 


Let the ſtraight line EF fall upon the —＋ ſtraight lines 
D are equal to one 

mother; and the exterior angle EGB is equal to the interior 

and oppoſite, upon the ſame ide, 

GHD; and the two interior angles 

BGH, GHD upon the ſame fide 


together equal to two Tight =_ 
e 


or, if AGH be not equal to 
GH, one of them muſt be greater f _ — 
than the other; let AGH be the C a I D 


greater; and becauſe the angle AGH 

is greater than the angle GHD, add 

to each of them the angle BGH; therefore the angles AGH, 

BGH are greater than the angles BGH, GHD; but the angles 

AGH, BGH are equal * to two right angles; therefore the 73. 1. 
angles BGH, GHD are leſs than two right angles; but thoſe | 
ſtraight lines which, with another ſtraight line falling upon them, 

make the interior angles on the ſame fide leſs than two right | 
angles, do meet“ together if continually produced; therefore * ＋ͥ 
the ſtraight lines AB, CD, if produced far enough, ſhall meet; notes on 
but they never meet, fince they are parallel by the h eſis T 


therefore the angle AGH is not unequal to the angle GHD, that 
is, it is equal to it; but the angle AGH is equal b to the angle b 15. 1. 
EGB; therefore * is equal to GHD; add to * 

5 | 


1 
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Book L. of theſe the angle BGH ; therefore the angles EGB, BGH are 


equal to the angles BGH, GHD; but EG 


c 13. I. 


a 29. I. 


b 27. 1. 


a 23. I. 


0 39. 3. 
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BGH are equal c 
to two right angles; therefore alſo BGH, GHD are equal to 


two right angles. Wherefore, if a ſtraight line, &c. Q. E. D. 


8 


PROP. XXX. THE OX. 


TRI Hr lines which are parallel to the ſame ſtraight 
line are parallel to one another. 


Let AB, CD be each of them parallel to EF; AB is alſo pa- 
rallel to CD. 
Let the ſtraight line GHE cut AB, EF, CD; and becauſe 
GHE cuts the parallel ſtraight 
lines AB, EF, the angle AGH is 
equal a to the angle GHF. A- 8 
in, becauſe the ſtraight line A ——— —B 
K cuts the parallel ſtraight lines 
EF, CD, the angle GHF is equal gy H F 
to the angle GKD; and it was 
ſhewn that the angle AGE is e- C — D 
qual to the angle GHF ; thgre- 
fore alſo AGE is equal to GKD; 
and they are alternate angles ; 
therefore AB is parallel b to CD. Wherefore ſtraight lines, 
&c. Q. E. D. | 


PROP. XXI. PROB. 
O draw a ſtraight line through a given point pa- 


rallel to a given ftraight line. 


Let A be the given point, and BC the given ſtraight line; 
it is required to draw a ſtraight line E A F 
through the point A, parallel to the - 


ſtraight line BC. 
In BC take any point D, and join 
AD; and at the point A, in the NF 


ſtraight line AD makea the angle 
DAE equal to the angle ADC; — B Þ 8 
produce the ſtraight line EA to F. 

Becauſe the ſtraight line AD, which meets the two ſtraight 
lines BC, EF, makes the alternate angles EAD, ADC equal to 
one another, EF is parallel b to BC. — the gn Ing 

A 


OF EUCLID. 


EAF is drawn through the given point A parallel to the given Book I. 


ſtraight line BC. Which was to be done. 
PR OP. XXXH. THEOR. 


1* a ſide of any triangle be produced, the exterior 
angle is equal to the two interior and oppoſite angles; 
and the three interior angles of every triangle are equal 
to two right angles. 


Let ABC be a triangle, and let one of its ſides BC be pro- 
duced to D; the exterior angle ACD is equal to the two interior 
and oppoſite angles CAB, ABC and the three interior angles 
of the triangle, viz. ABC, BCA, CAB, are together equal to two 
right angles. ada 

Through the point C dra 
CE parallel * to the ſtraight 
line AB ; and becauſe AB is 
parallel to CE and AC meets 
them, the alternate angles 
BAC, ACE are equal b: A- 
gain, becauſe AB is parallel 
to CE, and BD falls upon < 


them, the exteriorangle ECD B Cc D 


is equal to the interior and 


oppoſite angle ABC; but the angle ACE was ſhown to be equal 


to the angle BAC; therefore the whole exterior angle ACD is 
equal to the two interior and oppoſite angles CAB, ABC; to 
theſe equals add the angle ACB, and the angles ACD, ACB 
are equal to the three angles CBA, BAC, ACB; but the angles 


ACD, ACB are equal e to two right angles; therefore alſo the .,._ 1. 


angles CBA, BAC, ACB are equal to two right angles. Where- 
fore if a {ide of a triangle, & c. Q. E. D. 

Cor. 1. All the interior angles 
of any rectilineal figure, together 
with four right angles, are equal 
to twice as many right angles as 
the figure has ſides. 

For any rectilineal figure 
ABCDE can be divided into as 
many triangles as the figure has 
ſides, by drawing _ lines 


t 
from a point F within the figure 
to each of its angles. And by 


I 
| 


C 3 the 


- OO GREG OT TO TODD ,ʃ RR oo — 


Aa 2. Cor. 
is. 2; 


b 13. 1. 


4 29. I. 


b 4. 1. 


towards the ſame pad by the 
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Book I. the preceeding propoſition, all the angles of theſe triangles are 
w—y— equal to twice as many right angles as there are triangles, that 


is, as there are ſides of the figure; and the ſame angles are equal 


to the angles of the figure, together with the angles at the point 


F, which is the common vertex of the triangles : that is “, to- 
ether with four right angles. Therefore all the angles of the 
gure, together with four right angles, are equal to twice as 

many right angles as the figure has ſides. 

Cor. 2. All the exterior angles of any rectilineal figure, are 
together equal to four right angles. 
Becauſe every interior angle 

ABC, with its adjacent exterior 

ABD, is equal“ to two right | 

angles; therefore all the j interior, A 

together with all the exterior 

angles of the figure, are equal to 
twice as many right angles as 

there are ſides of the by 1 h $ C 

that is by the foregoing corol- 

lary, hay are equal to all the D B | * 

interior 3 the figure, to- 

gether with four right angles; therefore = the exterior angles 


are equal to four right angles. 


PROP. XXIII. T HE O R. 


1 ſtraight lines which join the extremities of two 
equal and parallel ftraight lines, towards the ſame 
parts, are alſo themſelves equal and parallel. 


Let AB, CD be equal and pa- 4 B 
rallel ſtraight lines, and joined 


ſtraight lines AC, BD; AC, BD 
are alſo equal and parallel, 

Join BC; and becauſe AB is 
parallel to CD, and BC meets 
them, the . angles ABC, BCD are equal 3 and becauſe 
AB is equal to CD, and BC common to the two triangles ABC, 
DCB, the two des AB, BC are equal to the two DC, CB; 
and the angle ABC is equal to the angle BCD ; therefore the 
bate ears 1s equal Þ to. he baſe BD, and the triangle ABC to the 
trian, ie BCD, and the other angles to the other angles d, each 
to each, to which the * ſides are — therefore we 

angle 
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angle ACB is equal to the angle CBD ; and becauſe the ſtraight Book I. 
line BC meets the two ſtraight lines AC, BD, and makes thb 

alternate angles ACB, CBD equal to one another, AC is pa= 
rallel e to BD; and it was ſhewn to be equal to it. Therefore, c 27. 1. 
ſtraight lines, & c. Q. E. D. | | 


. Vw Me ww 


PROP, XXXIV. THEOR. 


HE oppoſite ſides and angles of parallelograms are 
equal to one another, and the diameter biſects 
them, that is, divides them in two equal parts. 


N. B. 4 | parallelogram is a four-fided figure, of 
which the oppoſite fides are parallel; and the diameter is 
the ſtraigbt line joining two of its oppoſite angles. 


Let ACDB be a parallelogram, of which BC'is a diameter; 
the oppoſite ſides and angles of the figure are equal to one a- 
nother; and the diameter BC biſects it. | 


Becauſe AB is parallel to CD, A R 
and BC meets them, the alter- 
nate angles ABC, BCD are equal 
to one another; and becauſe 
AC is parallel to BD, and BC 
meets them, the alternate angles 6——— D 

ACB, CBD are equal? to one 8 | 

another; wherefore the two triangles ABC, CBD have two 
angles ABC, BCA in one, equal to two angles BCD, CBD in 

the other, each to each, and one fide BC common to the two 
triangles, which is adjacent to their equal angles; therefore 

their other ſides ſhall be equal, each to each, and the third 

angle of the one to the third angle of the other d, viz. the ſide 26. r. 
AB to the fide CD, and AC to BD, and the angle BAC equal 

to the angle BDC: And becauſe the angle is equal to 

the angle BCD, and the angle CBD to the angle Ach, the 
whole angle ABD is equal to the whole angle ACD : And the 

angle BAC has been ſhown to be equal to the angle BDC; 
therefore the oppoſite ſides and angles of pazallelograms are e- 

qual to one another; alſo, their diameter biſects them; for AB 

being equal to CD, and BC common, the two AB, BC are e- 
qual to the two DC, CB, each to each; and the angle ABC is 


C4 equal 
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Bosk 1. equal to the angle BCD; therefore the triangle ABC is equal 
2 to the triangle BCD, and the diameter BC divides the paral- 
© 4. N. lelogram ACDB into two equal parts. Q. E. D. 


PROP. XXV. THE OR. 


ce N, ARALLELOGRAMS upon the ſame baſe and between 
the ſame parallels, are equal to one another. 


See the 2d Let the parallelograms ABCD, EBCF be upon the ſame baſe 
Is f. BC, and between the ſame parallels AF, BC ; the parallelogram 
b ABCD ſhall be equal to the parallelogram EBCF, 
If the fides AD, DF of the paral- | . 
lelograms ABCD, DBCF oppofite to A DP F 
the baſe BC be terminated in the fame TY 
point D; it is plain that each of the 
# 34. 1. parallelograms is double“ of the tri- 
angle BDC; and they are therefore f 
equal to one another. . 
But, if the ſides AD, EF, oppoſite B C 
to the baſe BC of the parallelograms 
ABCD, EBCF, be not terminated in the ſame point; then, be- 
cauſe ABCD is a parallelogram, AD is equal* to BC; for the 
br. Ar. ſame reaſon EF is equal to BC; wherefore AD is equal® to 
EF; and DE is common; therefore the whole, or the remain- 
c 2. or 3. der, AE is equal e to the whole, or the remainder DF; AB al- 
Az. ſo is equal to DC; and the two EA, AB are therefore equal to 


A... DEE _ VFAL DF 


1 


S- : 0 B. 

the two FD, DC, each to each; and the exterior angle FDC is 

419. 2. equal d to the interior EAB, therefore the baſe EB is equal to 
. the baſe FC, and the triangle EAB equal e to the triangle FDC; 
take the triangle FDC from the trapezium ABCF, and from 

the ſame trapezium take the triangle EAB; the remainders 

f 3- Az. therefore are equal f, that is, the parallelogram ABCD is equal 
to the parallelogram EBCF. Therefore, parallelograms upon 

the ſame baſe, &c. Q. E. D. | PROP 
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Book I. 
PROP. XXXVI. THE OR. 1 


ARALLELOGRAMS upon equal baſes, and between 
the ſame parallels, are equal to one another. 


Let ABCD, EFCH be | 
parallelograms upou — — D E H 
qual baſes BC, FG, and Wis 
between the ſame paral- 
lels AH, BG; the paral- 
lelogram ABCDis equal 
to 3 _ ; | 
oin BE, z an | ; 
Rom? BC is equal toÞ C . G 
FG, and FG to » EH, BC is equal to EH; and they are paral-, ., 1. 
els, and joined towards the ſame parts by the ſtraight lines BE, 
CH : But ſtraight lines which join equal and parallel ſtraight 
lines towards the ſame parts, are themſelves equal and parallel b; h ,.. 1. 
therefore EB, CH are both equal and parallel, and EBCH is a 8 
parallelogram; and it is equal e to ABCD, becauſe it is upon 
the ſame baſe BC, and between the ſame parallels BC, AD: 
For the like reaſon, the parallelogram EFGH is equal to the 


ſame EBCH : Therefore alſo the parallelogram ABCD is equal 
to EFGH. Wherefore parallelograms, &c. Q. E. D. 


PROP. XXVII. T HE OR. 


RIANGLES upon the ſame baſe, and between the 
ſame parallels, are equal to one another. 


a 


E 3. 1. 


Let the 22 ABC, DBC be upon the ſame baſe BC and 
between the ſame parallels 
AD, BC: The wed. ABC E A D F 
is equal to the triangle DBC. 
Produce AD both ways to 
the points E, F, and through 
B draw a BE parallel to CA; 
and thro C draw CF paral- | 
lel to BD: Therefore each B TI C 
pf the figures EBCA, DBCF | 
is a parallelogram; and EBCA is equaly to DBCF, becauſe , 
they are upon the ſame baſe BC, and between the ſame parallels 
BC, EF; and the triangle ABC is the half of the parallelo- 


gram 


a 31. 1. 


35. 1. 
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d 7. Ax. 


d 7. Ax. 
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gram EBCA, becauſe the diameter A; biſects e it ; and the tri. 
- angle DBC is the half of the 
e 34. 1. 


parallelogram DBC, becauſe the 


diameter DC biſects it: But the halves of equal things are e- 
1 d; therefore the triangle ABC is 


equal to the triangle 
BC. Wherefore triangles, & c. Q. E. D. 


PROP. XXXVIII. T HE OR. 


T Rlax cs upon equal baſes, and between the ſame 
| parallels, are equal to one another. | 


Let the triangles ABC, DEF be upon 
and between the ſame parallels BF, AD: 
equal to the triangle DEF. 

Produce AD both ways to the points G, H, and through B 
draw BG parallel : to CA, and through F draw FH parallel to 
ED: Then each o | 
the figures GBCA, G | A Wo H 
DEFH is a paralle- 
logram; and they 
are equal to b one a- 
nother, becauſe they 
are upon equalbaſes 
BC, EF, and be- B 
tween the ſame pa- 


pon oqual ual baſes BC, EF, 
triangle ABCis 


CE F 


rallels BF, GH; and the triangle ABC is the half e of the paral- 


lelogram GBCA, becauſe the diameter AB biſects it; and the 

triangle DEF is the half of the parallelogram DEFH, becauſe 
the diameter DF biſects it: But the halves of equal things are 
equal d; therefore the triangle ABC is equal to 2 triangle 
DEF. Wherefore triangles, &c. Q. E. D. 


PROP. XXV THE OR. 


FE Var. triangles upon the ſame baſe, and upon the 
ſame ſide of it, are between the ſame parallels. 


Let the equal triangles ABC, DBC be upon the ſame baſe 
BC, and upon the ſame fide of it; they are between the ſame 
parallels. 


Join AD; AD is parallel to BC; for, if it is not, through the 


point A draw a AE parallel to BC, and join EC: The wang logra 
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\BC is equal b to the triangle EBC, becauſe it is upon the ſame Book I. 
aſe BC, and between tlic ſame paral- A 5 — 
els BC, AE : But the triangle ABC is — - 37. 1. 
qual to the triangle BDC; therefore 
Iſo the triangle BDC is equal to the 
angle EBC, the greater to the leſs, 
hich is impoſſible : Therefore AE is 
jot parallel to BC. In the ſame man- 
er, it can be demonſtrated that no o- 33 

her line but AD is parallel to BC; AD is therefore parallel 
o it. Wherefore equal triangles upon, &c. Q. E. D. 


PROP. XI. T H EO R. 


| QUAL triangles upon | equal baſes, in the ſame 
Ly ftraight line, and towards the ſame parts, are 
detween the ſame parallels, | 


Let the equal triangles ABC, DEF be upon equal baſes BC, 
F, in the ſame ſtraight 
ine BF, and towards the A D 
ame parts; they are be- 
veen the ſame parallels. G 
Jon AD; ad is paral- | 
| to BC: For, if it is not, | = : 
hrough A draw AG pa- | 1 2 a 31.1. 
llel to BF, and join GF: C F F | 
te triangle ABC is equald b 
o the triangle GEF, becauſe they are upon equal baſes BC, EF, 
nd between the fame parallels BF, AG : But the triangle ABC 
s equal to the triangle DEF; therefore alſo the triangle DEF 
equal to the triangle GEF, the greater to the leſs, which is 
mpoſſible: Therefore AG is not parallel to BF: And in the 
* ame manner it can be demonſtrated that there is no-other pa- 
on the lel to it but AD; AD is therefore parallel to BF, Where- 
rallels. e equal triangles, &c. Q. E. D. | 


38. 1. 


PROP. XII. T HE OR. 


| Fa parallelogram and triangle be upon the ſame | 
baſe; and between the ſame parallels ; the paral- 
logram ſhall be double of the triangle. 


Let 


44 


Book I. Let the parallelogram ABCD and the triangle EBC be up 
de ſame baſe BC, and between the ſame parallels BC, AE; th 


« 37. 1. 


b 34. 1. 


a 10. 1. 


b 23. I. 
C ZI. 1. 


d 38. 1. 


awe cry — * 


E 41. 1. 


Therefore G is a parallelo- 
gram: And becauſe BE is equal 
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arallelogram ABCD is double of the | 

— EBC. ; A D E 

Juoin AC; then the triangle ABC | 
is equal * to the triangle EBC, becauſe HI 
they are upon the ſame baſe BC, and | «b 
between the ſame parallels BC, AE. . 
But the parallelogram ABCD is 2 
double Þ of the triangle ABC, becauſe ; Let A 
the diameter AC divides it into two d EH 
equal parts; wherefore ABCD is B CF. as at 
alſo double of the triangle EBC. | hich 4 
Therefore, if a parallelogram, &c. Q. E. D. D on 
aich n 
P R O | XLII. P R O B. | ire _ 

re ca 


= deſcribe a parallelogram that ſhall be equal toi ¶ ec cor 
given triangle, and have one of its angles equ —_ 


. a Beca1 
to a given rectilineal angle. lograr 

Let ABC be the given triangle, and D the given rectilnel I © 
angle. It is required to deſcribe 


a parallelogram that ſhall hx. ch 
equal to x given triangle ABC, and have one of its angles «fil. 
qual to D. 
- Biſet * BC in. E, join AE, and at the point E in the ſtraigh 
line EC make b the angle CEF equal to D; and through A dra 
c AG parallel to EC, and thro” A F G | 


C draw CG < parallel to EF: 


to EC, the triangle ABE is like- 
wiſe equaldto the triangle AEC, 
ſince they are upon equal baſes 
BE, EC, and between the ſame 
parallels BC, AG; therefore the 
triangle ABC is double of the B E C 
triangle AEC. And the paral- 
lelo FECG is likewiſe « double e of the triangle 
caule it is upon the ſame baſe, and between the ſame 
Therefore the parallelogram FECG is equal to the triang| 
ABC, and it has one of its angles CEF equal to the give 
angle D: Wherefore there has been deſcribed a parallel 8 
FEC 


be 7CG — 4 to a given triangle ABC, having one of its Book I. 
"AE; ngles CEF equal to the given angle D. Which was to be 
ne. | 
) PROP. XLIII. THE OR. 
| HE complements of the — which are 
about the diameter of any parallelogram, are equal 
one another. | 
Let ABCD be a parallelogram, of which the diameter is AC, 
d EH, FG the parallelo- 
CFins about AC, that is, thro? A_ H D 
hich AC paſſes, and BK, 
D the — 44 pallelograms T7 Dl K ho 
hich make up the whole fi- | 
re ABCD, whichare there- 
re called the complements: 
ual toi ic complement BK is equal 
es equi the complement KD. ww 
Becauſe ABCD is a paral- B G C 
logram, and AC its diame- 
Ailing + the triangle ABC is equal * to the triangle ADC: And, 2 34. r. 
ſhall k cauſe EKHA 1s a parallelogram, the diameter of which is 
angles K, the triangle AEK is equal to the triangle AHK: By the 


me reaſon, the triangle KG is equal to the triaiigle KFC: 

hen, becauſe the triangle AEK is equal to the triangle AHK, 

d the triangle KGC to EFC; the triangle AEK, together 

th the triangle KGC is equal to the triangle AHK together 
ith the triangle KFC: But the whole triangle ABC is equal 

the whole ADC; therefore the remaining complement BK 
equal to the remaining complement KD. Wherefore the 

mplements, &c. Q. E. D. 


PROP. XLIV. PR OB. 


O a given ſtraight line to apply a parallelogram, 
which ſhall be equal to a given triangle, and have 
e of its angles equal to a given rectilineal angle. 


Let AB be the given ſtraight line, and C the given triangle, 
d D the given rectilineal angle. It is required to apply to 
e ſtraight line AB a parallelogram equal to the triangle C, 
d having an angle equal to D. = 
ake 
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46 RHE ELEMENTS 
Book. I. Make * the w_ 
—— lelogram * 4 E 4 8 
2 43. 1. BEFG equal | 
to the triangle | 
San * _ 


theangleEB 
B 1 


equal to the 
angle D, ſo 6 ; 
that BE be W * 
in the. ſame | 7 
ſtraight line Eh 
b 31. 1. with AB, andproduce FG to H; and thro' A draw d AH pa 
lel to BG or EF, and join HB. Then becauſe the ſtraight h 
HE falls upon the parallels AH, EF, the angles AHF, HFE, 
c 29. 1. together equal e to two right 2 the angles BH 
7 HFE are leſs than two right angles: But ſtraight lines whit 
with another ſtraight line make the interior angles upon 
d 12. Ax. ſame ſide leſs than two right angles, do meet d if produced 
enough: Therefore HB, FE ſhall meet, if produced; let the 
meet in K, and through K draw KL parallel to EA or FH, a 
produce HA, GB to the points L, M: Then HLEF is a p: 
lelogram, of which the diameter is HK, and AG, ME are i 


parellelograms about HK ; and LB, BF are the complements 2 
therefore LB is equal e to BF: But BF is equal to the tria ni (ame 


r C; wherefore LB is equal to the triangle C; and becauſe t 

f15. 1. angle GBE is equal f to the angle ABM, and likewiſe to 
angle D; the angle ABM is equal to the angle D: Thereſc 
the parallelogram LB is applied to the ſtraight line AB, is eq 
to the triangle C, and has the angle ABM equal to the any 
D: Which was to be done. | 


PROP. XLV. PROB. 


dee N. * deſcribe a parallelogram equal to a given recti an 
neal figure, and having an angle equal to a given rec 
rectilineal angle. 5 viz, 
| | 1 $g qu⸗ 
Let ABCD be the given rectilineal figure, and E the gireſ Bir 


rectilineal angle. It is required to deſcribe a parallelogram 
qual to ABCD, and having an angle equal to . 

242.1. Join DB, and deſcribe * the parallel FH equal to ti 
triangle ADB, and having the angle HKF equal to the angle 

b 44. 1. and to the ſtraight line cH apply d the parallelogram GM equ 
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to the triangle DBC, having the angle GHM equal to the angle Book I. 
E: and becauſe the angle E is equal to each of the angles FEH w—y—— 
GHM, the angle FEH is equal to GHM add to of theſe 
the angle KHG; therefore the angles FEH, KHG are equal to 
the angles KHG, 
HUI, but FKII D F_ GL 
MG are equal 
c to two right 
angles : there- 
fore alſo KHG, 
GHM are equal 
to two right 
angles; and 
cauſe at the point M 
Hin the ſtraight 
ine GH, the two ſtraight lines KH, HM, upon the oppoſite 
fides of it make the adjacent angles equal to two right angles 
KH is in the ſame ſtraight line d with HM; and becauſe the d r4. 1 
ſtraight line HG meets the parallels KM, FG, the alternate 
angles MHG, HGF are equal c: Add to each of theſe the 
angle HGL : Therefore the angles MHG, HGL, are equal to 
the angles HGF, HGL : But angles MHG, HGL are e- 
qual c to two right angles; wherefore alſo the angles HGF, 
HGL are equal to two right angles, and FG is therefore in the 
fame ſtraight line with GL: And becauſe KF is parallel to 
HG, and HG to ML; KF is parallel e to ML: and KM, FL <© 39. 1. 
are parallels ; wherefore KFLM is a parallelogram; and becauſe 
the triangle ABD is equal to the parallelogram HF, and the tri- 
angle DBC to the paralle m GM; the whole rectilineal 
figure ABCD is equal to the whole elo KFLM; 
therefore the parallelogram KFLM has deſcribed equal to 
the given rectilineal figure ABCD, having the angle FEM equal 
to the given angle E. Which was to be done. | 

Cor. From this it is manifeſt how to a given ſtraight line to 
apply a parallelogram, which ſhall have an angle equal to a given 
rectilineal angle, and ſhall be equal to a given rectilineal figure, 
viz. by applying d to the given ſtraight line a parallelogram e- b 44. 1. 
qual to the firſt triangle ABD, and having an angle equal to the 
given angle. | 


c 29. I. 


PROP. 


a IT. 1. 
h 3. 1. 
e 3I. I. 


d 34-1. 


e 29. 1. 


a 46. 1. 


3 


THE FSES PRE 


PROP. XLVI. PROB. 


To deſcribe a ſquare upon a given ſtraight line. 


Let AB be the given ſtraight line; it is required to deſcribe 
a ſquare upon AB. 

From the point A draw * AC at ri ght _ to AB; and 
make d AD equal to AB, and through point D draw DE 
parallel e to AB, and through B draw Be pa paralle! to AD; there. 
fore ADEB is a parallelogram : whence AB is equal d to DE, 
and AD to BE: But BA is equal to C 
AD; therefore the four ſtraight lines 
BA, AD, DE, EB are equal to one ; 
another, and the parallel ADñEB D — 
is equilateral, likewiſe all its angles | 


are right angles; becauſe the raight 
line AD meeting the parallels AB, 
DE, the angles BAD, ADE are equal 
e to two right ang les; but BAD is a 
right angle; therefore alfo ADE is a | 

right angle; but the oppoſite angles A — 

of parallelograms are equal d; therefore each of the oppoſite 
angles ABE, BED is a right angle ; wherefore the figure ADEB 
is rectangular, and it has been demonſtrated that it is equilate- 
ral; it is therefore a ſquare, and it is deſcribed upon the given 
ſtraight line AB: Which was to be done. k 

Con. Hence every parallelogram that has one A angle 
has all its angles right angles. 


PROP. XLVIL THEOR. 


15 any right angled triangle, the ſquare which is de- 
ſcribed upon the fide ſubtending the right angle, is 
equal to the 12 deſcribed upon the ſides which 
contain the right angle. 


Let ABC be a right angled triangle having the che angle 
BAC; the ſquare deſcribed upon ngl ſide BC is —_ to the 
ſquares deſcribed upon BA, AC. 


On BC deſcribe * the ſquare D, and on BA, AC the 
ſquares 


ee © 
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ſquares GB, HC; and A draw AL parallel to BI) of Book I. 


CE, and join AD, dy . 
BAG is a right angle c, b 31. 1. 
two ſtraight lines 'AC, AG c 30. del. 


upon the oppoſite ades of 
* | 


AB, mokewich] it at the point E: 
A the adjacent angles equal 
to two right angles; therefore 
CA is in the ſame ſtraight 
line d with AG; for the ſame 
reaſon, AB and AH are in 
the ſame ſtraight line; and 
becauſe the angle DBC is e- | 
qual to the angle FBA, each | 
of them being a right Ic | 
add to each the angle 

and the whole a 15 a N 
equale to the whole FBC; and becauſe the two ſides AB, BD. 4. Ar. 

are equal to the two FB, BC, each to each, and the angle DBA 

equal to the angle FBC; therefore the baſe AD is equal f to £, 1. 

the baſe FC, and the triangle ABD to the triangle FBC: Now 

the parallelogram BL is doubles of the triangle ABD, becauſe g 41. 1. 

they are upon the ſame baſe BD, and between the ſame paral- 

lels, BD, AL; and the ſquare GB is double of the triangle 

FBC, becauſe theſe alſo are upon the ſame baſe FB, and be- 

tween the ſame parallels FB, GC. But the doubles of equals 

are equal h to one another: Therefore the parallelogram BL nE. A2 

is equal to the ſquare GB: And, in the ſame manner, by join- 

ing AE, BE, it is demonſtrated that the arallelogram CL is 

equal to the ſquare HC: Therefore the whole ſquare BDEC is 

equal to the two ſquares GB, HC; and the ſquare BDEC is 

deſcribed upon the ſtraight line BC, and the ſquares GB, HC 

upon BA, AC: Wherefore the ſquare upon the fide BC is e- ! 
qual to the ſquares upon the ſides BA, AC. Therefore, in 


any right angled triangle, &c. Q. E. D. 
PROP. XLVIIL THEOR. 


FF the ſquare deſcribed upon one of the ſides of a tri- 
angle, be equal to the ſquares deſcribed upon the 
other two ſides of it; the angle contained by theſe 
two ſides is a On my ſy 


> 
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THE ELEMENTS 
If the ſ. deſcribed upon BC, one of the fides of the tri- 


angle A be equal to the ſquares upon the other ſides BA, 


b 47. 1. 


08. 1. 


AC, the angle BAC is a right angle. 
From the point A draw * AD at right angles to AC, and 

make AD equal to BA, and join DC: Then, becauſe DA is 

equal to AB, the ſquare of DA is equal to 

the ſquare of AB: To each of theſe add D 

the ſquare of AC; therefore the ſquares 

of DA, AC, are equal to the ſquares of 

BA, AC: But the — of DC is equal? A 

to the ſquares of DA, AC, becauſe DAC 

is a right angle ; and the ſquare of BC, by 


h eſis, is equal to the ſquares of BA, 
AC; therefore the ſquare of DC is equal 
to the ſquare of BC; and therefore alſo B 7 7" 
the fide DC is equal to the fide BC. And f 
becauſe the fide DA is equal to AB, and AC common to the 
two triangles DAC, BAC, the two DA, AC are equal to the 
two BA, AC; and the baſe DC is equal to the baſe BC; there- 
fore the angle DAC is equal e to the angle BAC: But DAC is 
a right angle; therefore alſo BAC is a right angle. There- 
fore, if the ſquare, &c. Q. E. D. | 
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DEFINITIONS. 


I. 

1 VERY right angled parallelogram is ſaid to be contained 

E by any two of the ſtraight lines which contain one of 
e right angles. 


IT. 

in every parallelogram, any of the parallelograms about a dia- 
meter, together with the 
two complements, is called A E. — 
a Gnomon. Thus the 
© parallelo HG, toge- 
© ther with the comple- | 
ments AF, FC, is the F We 9 
c pony, which is more H — K 
© briefly expreſſed by the G 3 
© letters AG K, or EHC, B G C 
vhich are at the oppoſite | | 
angles of the parallelograms which make the ghomon.” 


PROP. I: THEO R: 


FF there be two ſtraight lines, one of which is divid- 

1 ed into any number of parts; the rectangle con- 

tained by the two ſtraight lines, is equal to the rec- 

tangles contained by the undivided line, and the ſeve- 

ral parts of the r = 
| 2 


- 
—— 93 
— — — — —— — — — — —— — 
* 


52 


b 3. r. 
c 31. 1. 


d 34. 1. 


Book II. Let A and BC be two ſtraight lines ; and let BC be divided 
into any Ai in the points D, E; the rectangle contained by 


* 
* 


THE ELEMENTS 


the ſtraight lines A, BC is equal B D F 

to the rectangle contained by 9 

A, BD, t er with that con- 5 | 

tained by A, DE, and that con- | 

tained by A, EC. | 
From the point B draw * BF 

at right * to BC, and make — K AI 

BG equal b to A; and through | L 


and through D, E, C, drawe DR A 


EL, CH parallel to BG; then 

the rectangle BH is equal to the rectangles BK, DL, EH; and 
BH is contained by A, BC, for it is contained by GB, BC, and 
GB is equal to A; and BE is contained by A, BD, for it is 
contained by GB, BD, of which GB is equal to A; and DL is 
contained by A, DE, becauſe DK, that is, d BG, is equal to A 
and in like manner the rectangle EH is contained by A, EC: 
Therefore the rectangle contained by A, BC is equal to the ſe- 
veral rectangles contained by A, BD, and by A, DE; and alſo 
dr * Wherefore, if there be two ſtraight lines, &c. 


FEOF. ML THEOK 


I a ſtraight line be divided into any two parts, the 
1 rectangles contained by the whole and each of the 


_ are together equal to the ſquare of the whole 
ne. | . 


Let the ſtraight line AB be divided into A c B 
any two parts in the point C; the rect- — 
angle contained by AB, BC, together with 
the rectangle AB, AC, ſhall be equal to 
the ſquare of AB. 

Upon AB deſcribe * the ſquare ADEB, 
and through C draw b CF, parallel to AD 
or BE; then AE is equal to the rectangles | 
AF, CE; and AE is the ſquare of AB; 5 
and AF is the rectangle contained by BA, D E 
ä | AC; 


| 


. 


N. B. To avoid ing the word contained too frequently, the rectangle 
conainatby two night bee AB, AG i dee ſimply called the rectangle 


a ff @ wWwekh. oa: fr. op a a os oc 


BC, for it is contained by „ BE, 
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AC; for it is contained by DA, AC, of which AD is equal to 
AB; and CE is contained by AB, BC, for BE is equal to AB; 
therefore the rectangle contained by AB, AC 
the rectangle AB, BC, is equal to the ſquare of 
fore a ſtraight line, &c. Q. E. D. 


PROP. III. THE OR. 


$3 


Book II. 
— — 


ether with * 


7. a ſtraight line be divided into any two parts, the 


rectangle contained by the whole and one of the 


parts, is equal with the rectangle contained by the two 


parts, together with the ſquare of the foreſaid part. 


Let the ſtraight line AB be divided into two parts in the 
point C; the rectangle AB, BC is equal to the rectangle AC, 
CB, together with the ſquare of BC. 

Upon BC defcribe* the ſquare C R 
CDEB, and produce ED to F, and A — 
through A draw AF parallel to CD | 
or BE; then the reQtangle AE is e- | 3 
qual to the rectangles AD, CE; and 
AE is the reQtangle contained by AB, 


of which BE is equal to BC; and —4 
AD is contained by AC, CB, for CDC eee 
is equal to CB; and DB is the ſquare FF D | 

of BC; therefore the rectangle AB, 

BC is equal to the rectangle AC, CB 1 with the ſquare 
of BC. If therefore a ſtraight, & c. Q. E. D. 


PROP. IV. THE OR. 


a 46. 1. 


b 31. 1. 


F a ſtraight line be divided into any two parts, the 


ſquare of the whole line is equal to the ſquares of the 
two parts, together with twice the rectangle contained 


by the parts. 


Let che ſtraight line AB be divided into any two parts in C; 
the ſquare of AB is equal to the ſquares of AC, CB and to 
twice the rectangle contained by AC, CB. 

D 3 Upon 


4 

j 

119 
4 4 
' 
| 
_ 
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Book IT. Upon AB deſcribe * the ſquare ADEB, and join BD, and 
t=—y— through C draw CGF parallel to AD or BE, and through G 


8 46. 1. 


b 31. 1. 


Cc 29. | 
d 5. 1. 


e 6. 1. 
f 34-1. 


draw HK elto AB or DE: And becauſe CF is parallel to 
AD, and BD falls upon them, the exterior angle BGC is equal 
c to the interior and oppoſite angle ADB; but ADB is equal 


d to the angle ABD, becauſe BA is equal to AD, being ſides of 


a ſquare; wherefore the angle CGB A C B 
is equal to the angle GBC; and there- | 

fore the fide BC is equal e to the fide 
CG: But CB is equal f alſo to GK, G 
and CG to BK; wherefore the fi- H 
gure CGEB is equilateral : It is like= | | 
wiſe rectangular; for CG is parallel 
to BK, and CB meets them; the 
angles KBC, GCB are therefore e- | —— 
qual to two right angles; and KBC 9 F E 
is a right angle; wherefore GCB is a right angle; and therefore 
alſo the angles f CGK, GKB oppoſite to theſe, are right angles, 
and CGEB is e cp : But it is alſo equilateral, as was 
demonſtrated; wherefore it is a ſquare, and it is upon the fide 
CB: For the ſame reaſon HF alſo is a ſquare, and it is upon the 
fide HG, which is equal to AC: Therefore HF, CE are the 
ſquares of AC, CB; and becauſe the complement AG is equal 
g to the complement GE, and that AG is the rectangle contain- 


K 


ed by AC, CB, for GC is equal to CB; therefore GE is alſo equal 


to the rectangle AC, CB; wherefore AG, GE are equal to 
twice the rectangle AC, CB: And HF, CK are the ſquares of 
AC, CB; wherefore the four figures HF, CK, AG, GE are 
equal to the ſquares of AC, CB, and to twice the rectangle 
AC, CB: But HF, CK, AG, GE make up the whole figure 
ADEB, which is the ſquare of AB: Therefore the ſquare of AB 
is equal to the ſquares of AC, CB and twice the rectangle AC, 
CB. Wherefore if a ſtraight line, &c. Q. E. D. 

Cor. From the demonſtration, it is manifeſt that the pa- 
rallclograms about the diameter of a ſquare are likewiſe ſquares. 


PROP, 


weep We © ,., , A 22. cc un kd 0 & a 20A © www: >>. = m6 tos Lc 


— ww. 4 


C 
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Book II. 
PROP. v. THE Ox. — 


F a ſtraight line be divided into two equal parts, and 

alſo into two unequal parts; the rectangle contain- 
ed by the unequal parts, together with the ſquare of the 
line between the points of ſection, is equal to the ſquare 
of half the line. 


Let the ſtraight line AB be divided into two equal parts in 
the point C, and into two unequal parts at the point D; the 
rectangle AD, DB, together with the ſquare of CD, is equal 
to the ſquare of CB. 

Upon CB deſcribe * the ſquare CEFB, join BE, and through * 45: 2. 
D draw > DHG parallel to CE or BF; and through H draw b 31. 1. 
KLM parallel to CB or EF; and alfo through A draw AK pa- 
rallel to CL or BM: and becauſe the complement CH is e- 
qual e to the complement HF, to each of theſe add DM; 43. 1. 


therefore the whole CM 

is qual to the whole DF; BY l C — B Frys 
ut CM is equal d to * 
becauſe AC is equal 4 — L] — H M 


CB; therefore alſo AL is 
equal to DF. To each of 
. add CH, and the 
whole AH is equal to r is 
DF and CH: But AH is E G F 
the reCtangle contained by | 
AD, DB, tor DH is equal 
e to DB; and DF together with CH is the gnomon CMG; e Cor. 4. 2. 
therefore the gnomon CMG is equal to the rectangle AD, DB: 
To each of theſe add LG, which is equal « to the ſquare of CD 
therefore the gnomon CMG, together with LG, is equal to the 
rectangle AD, DB, together with the ſquare of CD: But the 
gnomon CMG and LG make up the whole figure CEFB, which 
is the ſquare of CB: Therefore the rectangle AD, DB, together 
with the ſquare of CD, ＋ to the ſquare of CB. Wherefore, 
if a ſtraight line, &c. Q. E. D. | 
From this propoſition it is manifeſt, that the difference of the 
ſquares of two unequal lines AC, CD, is equal to the rectangle 
contained by their ſum and difference, 


D4 -.-. PKOK 


1 
| 
| 
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Book IT. PROP. VL THILO IN. 
xx a ftraight line be biſected, and produced to any 


point; the rectangle contained by the whole line 


thus produced, and the part of it produced, together 
with the ſquare of half the line biſected, is equal to the 
ſquare of the ſtraight line which is made up of the 
half and the part produced. 


Let the ſtraight line AB be biſected in C, and produced to 


the point D; the rectangle AD, DB, together with the ſquare 
of CB, is equal to the ſquare of CD. 


4 46. 1. Upon CD deſcribe * the ſquare CEFD, join DE, and through 


bz!. 1. B draw BHG parallel to CE or DF, and through H draw 
KLM parallel to AD or EF, and alſo through A draw AK paral- 


el to CL or DM: and be- 
cauſe AC is equal to CB, A _ C _B D 


e36.r. the retangle AL is equalc þ : 
4 43.1 fo CH; but CH is equal a 


to HF; therefore alſo AL 
is to HF: To each of | 
theſe add CM; therefore 
the whole . is uns to | | 
e gnomon CMC: And — — 
. is the rectangle con- E G F 
p Car. 4. 2. tained by AD, DB, for DM is equal e to DB: Therefore the 
gnomon CMG is equal to the rectangle AD, DB: Add to each 
of theſe LG, which is equal to the ſquare of CB, therefore the 
rectangle AD,NB,together with the ſquare of CB is equal to the 
omon CMG and the figure LG: But the gnoman CMG and 
.LG make up the whole CEFD, which is the ſquare of 
CD ; therefore the rectangle AD, DB together with the ſquare 
of CB, is equal to the ſquare of CD. Wherefore, if a ſtraight 
line, &c. Q. E, D, 


PROP. VII. THE O R. 


I. a ſtraight line be divided into any two parts, the 

I ſquares of the whole line, and of one of the parts, are 
equal to twice the rectangle contained by the whole and 
that part, together with the ſquare of the other part. 


Let the ſtraight line AB be divided into any two parts ihe 
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$7 
the point C; the ſquares of AB, BC are equal to twice the Bock IT. 
rectangle AB, BC together with che 8 AC. — — 


Upon AB deſcribe * the ſquare AD EB, and conſtruct the a 46. r. 
figure as in the preceding propoſitions : And becauſe AG is 
equal ® to GE, add to each of them CK; the whole AK is b 43. r. 
therefore equal to the whole CE; 
therefore AK, CE, are double of C 
AK: But AK, CE are the gnomon | B 
AKF 2 ＋· 4 with the ſquare CK; H G 
therefore omon AKF, toge- 
ther with the ſquare CK, is double | — K 
of AK: But twice the rectangle AB {| 
BC is _— * for BK is e- 
ual c to BC: Therefore the | 
— AKE, together with the 5 — 1 
CK, is equal to twice the rectangle F E 
AB, BC: To each of theſe equals 
add HF, which is equal to the ſquare of AC; therefore the 
gnomon AKF, together with the ſquares CK, HF, is equal to 
twice the rectangle AB, BC and the ſquare of AC: But the 
gnomon AK, together with the ſquares CK, HF, make up 
the whole figure ADEB and CK, which are the ſquares of AB 
and BC : Therefore the ſquares of AB and: BC are equal to 
twice the rectangle AB, BC, together with the ſquare of AC. 
Wherefore, if a ſtraight line, &c. Q. E. D. 


PROP. U. THEOR 


I a ſtraight line be divided into any two parts, four 
times the rectangle contained by the whole line, and 
one of the parts, together with the ſquare of the other 
part, is equal to the ſquare of the ſtraight line which 
is made up of the whole and that part. 


Let the ſtraight line AB be divided into any two parts in the 
point C4 four times the rectangle AB, BC, together with the 
ſquare of AC, is equal to the ſquare of the ſtraight line made 
up of AB and BC together. 
Produce AB to D, ſo that BD be equal to CB, and upon 
AD deſcribe the ſquare AEFD ; and conſtruct two figures 
ſuch as in the preceding. Becauſe CB is equal to BD, and 
that CB is equal to GK, and BD to KN; therefore GK ay 34. T. 
equa 
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Book II. equal to KN: For the ſame reaſon, PR is equal to RO; and 
wy becauſe CB is equal to BD, and GK to KN, the rectangle 
b 36.z. CK is equal d to BN, and GR to RN: But CK is equal e to 
c 43. 1. M, becauſe they are the complements of the parallelogram 
CO; therefore alſo BN is equal to GR; and the four rect. 
angles BN, CK, GR, RN are therefore equal to one another, 
and ſo are quadruple of one of them CK: Again, becauſe CB 
is equal to BD, * that Ar | 
equal 4 to BK, that is, to ; 
2 * CB equal to GK, that a is, to A 
GP; therefore CG is equal to 
GP: And becauſe CG is equal to M 
GP, and PR to RO, the rectangle 
AG is equal to MP, and PL to X 
43. 1. RF: But MP is equal e to PL, 
becauſe they are the complements 
of the ou elogram _ where- 
fore AG is equal alſo to RF: — 
Therefore the four rectangles E HL F 
AG, MP, PL, RF are equal | 
to one another and fo are qua- | 
druple of one of them AG. And it was demonſtrated, that 
the four CK, BN, GR, andRN are quadruple of CK : Therefore 
the eight rectangles which contain the gnomon AOH, are qua- 
druple of AK: And becauſe AK is the rectangle contained 
by AB, BC, for BK is equal to BC, four times the rectangle 
AB, BC is quadruple of AK: But the gnomon AOH was de- 
monſtrated to be quadruple of AK; therefore four times 
the rectangle AB, BC, is equal to the gnomon AOH. To 
4 Cor. 4. a. each of theſe add XH, which is equal d to the ſquare of AC: 
Therefore four times the rectangle AB, BC together with 
the ſquare of AC, is equal to the gnomon AOH and the 
ſquare XH: But the gnomon AOH and XH make up the fi 
gure AEFD which is the ſquare of AD : Therefore four times 
the rectangle AB, BC, together with the ſquare of AC, is e- 
qual to the ſquarc of AD, that is, of AB and BC added toge- 
ther in one ſtraight line. Wherefore, if a ſtraight line, &c. 


Q. E. D. 


PROP 


OF EUCLID. 


ngle PROP. IX THEOR. 


red. I a ſtraight line be divided into two equal, and alſo 

into two unequal parts; the ſquares of the two un- 
Cg equal parts are together double of the ſquare of half 
the line, and of the ſquare of the line between the 
points of ſection. 


D 
N Let the ſtraight line AB be divided at the point C into two 
equal, and at D into two unequal parts : The ſquares of AD, 
0 DB are together double of the ſquares of AC, CD. 

From the point C draw * CE at right angles to AB, and a 11. x. 
make it equal to AC or CB, and join EA, EB ; through D draw 
| b DF parallel to CE, and through F draw FG parallel to AB; b 31. x. 
| =_ AF: Then, becauſe AC is equal to CE, the angle 
F EAC is equal e to the angle AEC; and becauſe the angle. 5. 1. 
ACE is a right angle, the two others AEC, EAC together 
make one right angle d; and they are equal to one another ; 4 32. 1 
each of them therefore is half > gs 
of a right angle. For the ſame 
reaſon each of the angles CEB, | 
EBC is half a right angle; and G F 
therefore the whole AEB is a 
* 5 _ 3 the 4 | 
le GEF is half a right angle, — I 
and EGF a right angle, for it is A CD B 5 
equal e to the interior and oppoſite angle ECB, the re- 
maining angle EFG is half a right angle; therefore the | 
angle GEF is equal to the angle EFG, and the fide EG | 
equal f to the fide GF: Again, becauſe the angle at B isf6. 1. 
half a right angle and FDB a right angle, for it is equal 
eto the interior and oppoſite angle ECB, the remaining angle 
BFD is half a right angle; therefore the angle at B is equal 
to the angle BFD, and the fide DF to f the fide DB: And be- 
cauſe AC is equal to CE, the ſquare of AC is equal to the 
ſquare of CE; therefore the ſquares of AC, CE are double of 
the ſquare of AC: But the ſquare of EA is equal g to the g 47. 1. 
ſquares of AC, CE, becauſe ACE is a right angle; therefore 
the ſquare of EA is double of the ſquare of AC: Again, be- 
cauſe EG is equal to GF, the ſquare of EG is equal to the 
dare of GF; therefore the ſquares of FG, GF are — ; 


_ 
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Book II. the ſquare of GF; but the ſquare of EF is equal to the ſquare; ¶ ach 
of EG, GF; therefore the ſquare of EF is double of the fquare 
h 34. 1. GF; and GF is equal h to CD; therefore the ſquare of EF is DBG 
double of the ſquare of CD: But the ſquare of AE is likewiſe ¶ ite; 
double of the ſquare of AC; therefore the ſquares of AE, Ema 
| are double of the ſquares of AC, CD: And the ſquare of AF is hf: 
%. equal i to the ſquares of AE, EF, becauſe AEF is a right angle; 
therefore the ſquare of AF is double of the ſquares of AC, ¶ Kecau 
CD: Bur the ſquares of AD, DF are equal to the ſquare of ¶ icht 
AF, becauſe the angle ADF is a right angle; therefore the be a. 
ſquares of AD, DF are double of the ſquares of AC, CD: And "gle 
DF is equal to DB; therefore the ſquares of AD, DB are W911 
double of the ſquares of AC, CD. If therefore a ſtraight line, I ugle 
| &c. Q. E. D. 5 ; 


PROP. X. THEOR. GP is 


JF.» fraight line be biſcQed, and produced en an ek 
point, the ſquare of the whole line thus produced, ¶ de { 
and the ſquare of the part of it produced, are together ¶ fore t 
double of the ſquare of half the line biſected, and of the ¶ tecau 
{quare of the line made up of the half and the part pro. ſquare 
duced. ble of 


Let the ſtraight line AB be biſected in C, and produced to . the 
- pew ; the ſquares of AD, DB are double of the ſquares i Are 

of AC, . 
a 11.1, From the point C draw = CE at right angles to AB: And theref 
make it equal to AC or CB, and join AE, EB; through E draw 
b3r.z. Þ EF parallel to AB, and through D draw DF parallel to CE: 
And becauſe the ſtraight line EF meets the parallels EC, FD, the 
« 29.T. angles CEF, EFD are equal e to two right angles; and therefore 
the angles BEF, EFD are leſs than two right angles: But ſtraight 
lines which with another ſtraight line make the interior angle 
d12. Ax. upon the ſame ſide leſs than two right angles, do meet d if pro- 
duced far enough : Therefore EB, FD ſhall meet, if produced 
towards B, D: Let them meet in G, and join AG: Then, becauſe 
5. 1. AC is equal to CE, the angle CEA is equal to the angle 
EAC; and the angle ACE is a right angle; therefore each of the 
32. 1. angles CEA, EAC is half a right angle f: For the ſame _ 
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ſquares ach of the angles CEB, EBC is half a right angle; therefore Book II. 
AEB is a right angle: And becauſe EBC is half a right angle. 
DBG is alſo f half a right angle, for they are vertically oppo- f 15. 1. 
ite ; but BDG is a right angle, becauſe it is equal c to the al- c 29. 1. 
ternate angle DCE ; therefore the remaining angle DGB is 
half a right angle, and is therefore equal to the angle DBG; 
wherefore alſo the fide BD is equal g to the fide DG: Again, , 6. x. 
becauſe EGF is half a ; 
ight angle, and that E 14 
the angle at F is a right | 
angle, becauſe it is e- | 
qual h to the oppoſite | | 
angle ECD, the remain- B h 34. 1. 
ng angle FEG is half a A. — D 
rght angle, and equal | | 
to the angle EGF; G 
wherefore alſo the fide 
GF is equal g to the fide FE. And becauſe EC is equal to 0 
CA, the ſquare of EC is equal to the ſquare of CA; therefore 
the ſquares of EC, CA are double of the ſquare of CA: Bo: 
the ſquare of EA is equal i to the ſquares of EC, CA; there- i 47. 1. 
gether WW fore the ſquare of EA is double of the ſquare of AC: Again, 
of the becauſe GF is equal to FE, the ſquare of GF is equal to the 
rt pro- ſquare of FE ; and therefore the ſquares of GF, FE are dou- 
ble of the ſquare of EF: But the ſquare of EG is equal i to 
the ſquares of GF, FE; therefore the ſquare of EG is double 
uced ue che ſquare of EF: And EF is equal to CD; wherefore the 
ſquare of EG is double of the ſquare of CD: But it was demon- 
ſtrated, that the ſquare of EA is double of the ſquare of AC; 
- And berefore the ſquares of AE, EG are double of the ſquares of 
Ed , CD: And the ſquare of AG is equal ; to the ſquares of 
to CE: 5 EG; therefore the ſquare of AG is double of the ſquares of 
FD. the C, CD: But the ſquares of AD, DG are equal i to the 
Late ſquare of AG; therefore the ſquares of AD, DG are double 
ſtraight of the ſquares of AC, CD: But DG is equal to DB; therefore 
| the ſquares of AD, DB are double of the ſquares of AC, CD: 
4 if pro Wherefore, if a ſtraight line, &c. Q. E. D. 


ch of the PROP. 


5 a 46. I. 


h 10. 1. 
e 3. 1. 


d 6. 2. 


© 47. 1. 


THE ELEMENTS 


— 


PROP. XI. PRO B. 


T O divide a given ſtraight line into two parts, ſo that 
the rectangle contained by the whole, and one of 
the parts, ſhall be equal to the ſquare of the other part. 


Let AB be the given ſtraight line; it is required to divide 
it into two parts, & that the rectangle contained by the whole, 
and one of the parts, ſhall be equal to the ſquare of the other 


art. 
, Upon AB deſcribe * the ſquare ABDC; biſect v AC in E, 
and join BE ; produce CA to F, and make c EF equal to EB, 
and upon AF deſctibe * the ſquare FGHA ; AB is divided in 
H, ſo that the rectangle AB, BH is equal to the ſquate of AH, 
Produce GH to K: Becauſe the ſtraight line AC is biſected 
in E, and produced to the point F, the reQtangle CF, FA, to- 
pou with the ſquare of AF, is equal d to the ſquare of EF: 
ut EF is equal to EB; therefore the rectangle CF, FA, 
ther with the ſquare of AE, is equal to the ſquare of EB: And 
ſquares of BA, AE are equal © to the F 8 


ſquare of EB, becauſe the angle EAB 
is a right angle; therefore the rect- 
angle TE, FA together with the ſquare 
of AE, is equal to the ſquares of BA, 
AE: Take away the ſquare of AE, A _|H B 
which is common to both, therefore go 
the remaining rectangle CF, FA is e- 
qual to the ſquare of AB: and the fi- E | E 
== FK is the rectangle contained by 

» FA, for AF is equal to FG; and 
AD is the ſquare of AB; therefore | | 
FK is equal to AD: Take away the 
common part AK, and the remainder C K D 
FH is equal to the remainder HD: | | 
And HD is the rectangle contained by AB, BH, for AB is e- 
qual to BD; and FH is the ſquare of AH. Therefore the 
rectangle AB, BH is equal to the ſquare of AH : Wherefore 
the ſtraight line AB is divided in H ſo, that the rectangle AB, 
BH is equal to the ſquare of AH. Which was to be done. 


PROP. 
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Book II. 


— 


PROP. XI. THEOR. 


FP obtuſe angled triangles, -if a perpendicular be 

drawn from any of the acute angles to the oppo. 
ite ſide produced, the ſquare of the ſide ſubtending the 
obtuſe angle is greater than the ſquares of the ſides con- 
taining the obtuſe angle, by twice the rectangle con- 
tained by the fide upon which, when produced, the 

rpendicular falls, and the ſtraight line intercepted 
without the triangle between the perpendicular and 
the obtuſe angle. | 


Let ABC be an obtuſe angled triangle, having the obtuſe 
angle ACB, and from the point A let AD be drawn 3 Ss 
dicular to BC produced : The ſquare of AB is greater the 
ſquares of AC, CB by twice the rectangle BC, CD. 

Becauſe the ſtraight line BD is divided into two parts in the 
point C, the ſquare of BD is equal 
d to the ſquares of BC, CD, and A 
twice the rectangle BC, CD: To b 4.2. 
each of theſe equals add the ſquare 
of DA; and the ſquaresof DB, DA 
are equal to the ſquares of BC, CD, 
DA, and twice the rectangle BC, 
CD: But the ſquare of BA 1s equal 
«to the ſquares of BD, DA, be- 
cauſe the angle at D is a right B WY ROE ate 
angle; and the ſquare of CA is e- | 
qual c to the ſquares of CD, DA: Therefore the ſquare of BA 
is equal to the ſquares of BC, CA, and twice the rectangle BC, 
CD ; that is, the ſquare of BA is greater than the ſquares of BC, 

by twice the rectangle BC, CD. Therefore, in obtuſe 

angled triangles, &c. Q. E. D. 


= PROP 


2.43, I. 


h 7.2. 


9 47. I. 


. cauſe the angle at D is a right 


THE ELEMENTS 


PROP. XII. THE OR. 


1 * every triangle, the ſquare of the ſide ſubtending 


any of the acute angles, is leſs than the ſquares of the 
ſides containing that angle, by twice the rectangle con- 
tained by either of theſe fides, and the ftraight line in- 


tercepted between the perpendicular let fall upon it 


from the oppoſite angle, and the acute angle. 


Let ABC be any triangle, and the angle at B one of its a- 
cute angles, and upon BC, one of the fides containing it, let 
fall the perpendicular = AD from the oppoſite angle: The 
ſquare of AC, oppoſite to the angle B, is leſs than the ſquares 
of CB, BA by twice the rectangle CB, BD. 

Firſt, Let AD fall within the triangle ABC; and becauſe 
the ſtraight line CB is divided 
into two parts in the point D, A 
the ſquares of CB, BD are e- 
qual b to twice the rectangle con- 
tained by CB, BD, and the ſquare 
of DC: To each of theſe equals 
add the ſquare of AD; therefore 
the ſquares of CB, BB, DA are 
equal to twice the 'rectangle CB, — 

BD, and the ſquares of AD, DC: B D C 

But the ſquare of AB is equal 

e to the ſquares of BD, DA, becauſe the angle BDA is a right 

_} ; and the ſquare 'of AC is equal to the fquares of AD, 
Therefore the ſquares of CB, BA are _—_— to the ſquare 

of AC, and twice the rectangle CB, BD, the ſquare 

of AC alone is leſs than the — of CB, BA by twice the 


rectangle CB, BD. 


Secondly, Let AD fall with» A 
out the triangle ABC: Then, be- 


angle, the angle ACB is greater 
p than a right angle; and there- 
fore the ſquare of AB is equal e to 
the ſquares of AC, CB, and twice 
the rectangle BC, CD: Totheſe e- 5 
quals add the ſquare of BC, and the B C D 
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ſquares of AB, BC are equal to the ſquare of AC, and twice Book II. 
the ſquare of BC, and twice the rectangle BC, CD: But be. 
cauſe BD is divided into two parts in C, the rectangle DB, BC 
is equal f to the rectangle BC, CD and the ſquare of BC: And f 3. 2. 
the doubles of theſe are equal : Therefore the ſquares of AB, 
BC are equal to the ſquare of AC, and twice the rectangle 
DB, BC: Therefore the ſquare of AC alone is leſs than the 
ſquares of AB, BC by twice the rectangle DB, BC. | 

Laſtly, Let the fide AC be perpendicular to A 
BC; then is BC the ſtraight line between the | 

dicular and the acute angle at B; and it | 

is manifeſt that the ſquares of AB, BC are e- 
qual g to the ſquare of AC and twice the g 47. I. 
ſquare of BC: Therefore, in every triangle, &c. 


Q. E. D. 


B C 
PROP. XIV. PROB. 


vs Yeſcribe a ſquare that ſhall be equal to a given See N. 
rectilineal figure. 


Let A be the given rectilincal figure; it is required to de- 
ſcribe a ſquare that ſhall be equal to A. 

Deſcribe * the rectangular parallelogram BCDE equal to the a 45. 1. 
rectilineal figure A. If then the ſides of it BE, ED are equal to 
one another, it is | 
aſquare,and what H 
was required is | 
now done : But 
if they are not e- 
qual, produce one B 
of them BE to F, | G 
and make EF e- C 208, 
qual to ED and bi- 
ſect BFin G: and 
from the centre G, at the diſtance GB, or GF, deſcribe the ſemi- 
circle BH F, and produce DE to H, and join GH: Therefore, 
becauſe the ſtraight line BF is divided into two equal parts in 
the point G, and into two unequal at E, the rectangle BE, 
EF, togesher with the ſquare of EG, is equal b to the ſquare of b ;, 2. 
GF: But GF is equal to GH LI the rectangle BE, EF, 

- to- 
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Book II. together with the ſquare of EG, is equal to the ſquare of GH; 
hut the ſquares of HE, EG are equal c to the ſquare of GH; 
c 47.1. Therefore the rectangle BE, EF, together with the ſquare of 
EG, is equal to the ſquares of HE, EG: Take away the ſquare 
of EG, which is common to both; and the remaining rectan- 
gle BE, EF is equal to the ſquare of EH : But the rectangle 
contained by BE, EF is the pazallclogram BD, becauſe EF is 
equal to ED; therefore BD is equal to the ſquare of EH; but 
BD is equal to the rectilineal figure A; therefore the rectili- 
neal figure A is equal to the ſquare of EH : Wherefore a ſquare Ii 
has been made equal to the given rectilineal figure A, viz. the 
{ſquare deſcribed upon EH. Which was to be done. 
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' BOOK III. 


DEFINITIONS. 


J. 
1 QU AL circles are thoſe of which the diameters are equal, Book III. 
or from the centres of which the ſtraight lines to the * 
circumferences are equal. 
© This is not a definition but a theorem, the truth of which 
© js evident; for, if the circles be applied to one another, ſo that 
their centres coincide, the circles muſt likewiſe coincide, fince 
© the ſtraight = from the centres are EI 1 


A ſtraight line is « fa to touch 
a circle, when it meets the 
circle, and being ny 
E does not cut it. 
= 
Circles are ſaid to touch one 


another, which meet, but 
do not cut one another. 
IV. 
Straight lines are ſaid to be equally di- 
ſtant from the centre of a circle, 
when the perpendiculars drawn to 
them from the centre are equal. 
V. 
And the ſtraight line on which the 
ater perpendicular falls, is ſaid to 
farther from thg centre. 


E 3 
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See N. 


a 10. 1. 
b 11. 1. 


THE ELEMENTS 
VI 


Book III. A ſegment of a circle is the figure con- 
tained by a ſtraight line and the cir- 3 


— — 


cumference it cuts off. PE. 
VII. 

« The angle of a ſegment is that which is contained by the 

« ſtraight line and the circumference.” 
VIII. 

An angle in a ſegment is the angle con- 
tained by two ſtraight lines drawn 
ſrom any point in the circumference 
of the ſegment, to the extremities 
of the ſtraight line which is the baſe 
of the ſegment. 

IX. 

And an angle is ſaid to inſiſt or ſtand 
upon the circumference intercepted 
between the ſtraight lines that con- 
tain the angle. 

X. 


The ſeCtor of a circle is the ſigure contain- 
ed by two ſtraight lines drawn from the 
gentre, and the circumference between 


them. : 


XI. | 
Similar ſegments of a circle, 
are thoſe in which the an- | 
gles are cqual, or which NY FJ 
contain equal angles. 2 N | © 


FEARS ED 


[ O find the centre of a given circle. 


Let ABC be the given circle; it is required to find its centre. 

Draw within it any ſtraight line AB, and biſeQ * it in D; 
from the point D draw b DC at right angles to AB, and pro- 
duce it to E, and biſect CE in F: The point F is the centre of 
the circle ABC. 


For, 


he 


\ 
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For, if it be not, let, if poſſible, G be the centre, and join Book III. 

GA, GD, GB: Then, becauſe DA is equal to DB, and 56 

common to the two triangles ADG, C 

BDG, the two ſides AD, DG are e- 

qual to the two BD, DG, each to 

each; and the baſe GA is equal to 

the baſe GB, becauſe they are drawn 

from the centre G * : Therefore the | 

angle ADG is equal e to the angle 8.1. 

GDB: But when a ſtraight line ſtan- 

ding upon another ſtraight line makes A B 


the adjacent angles equal to one ano-— 


ther, each of the angles is a right an- | E 
gle d: Therefore the angle GDBis a ; 3 dro. def. 1, 
right angle: But FDB is likewiſe a right angle; wherefore the | 
angle FDB is equal to the angle GDB, the greater to the leſs, 
which is impoſſible: Therefore G is not the centre of the cir- 
cle ABC : In the ſame manner it can be ſhown, that no other 
point but F is the centre; that is, F is the centre of the circle 
ABC: Which was to be found. 

Cor. From this it is manifeſt, that if in a circle a ſtraight 
line biſect another at right angles, the centre of the circle is in 
the line which biſeCts the other. 5 


P R O P. II. THE OR. 


| any two points be taken in the circumference of a 
circle, the ſtraight line which joins them ſhall fall 
within the circle. 


Let ABC be a circle, and A, B any two points in the cir- 
cumference; the ſtraight line drawn C 
from A to B ſhall fall within the circle. 
For, if it do not, let it fall, if poſſi · 
ble, without, as AEB; find a D the cen- 
tre of the circle ABC, and join AD, 
DB, and produce DF, any ſtraight line 
meeting the circumference AB to E: 
* pe DA is equal to DB, the 
angle DAB is equal b to the angle DBA — : 
and becauſe AE, a ſide of the triangle A E B "of 
E 3 DAE, 
N. B. Whenever the expreſſion © ſtraight lines from the centre, or © drawn 


from the centre,” occurs, it is to be underſtood that they are drawn to the cir- | 
erence, 


a 1. 3. 


70 THE ELEMENTS 
Book III. DAE, is produced to B, the angle DEB is greater e than the 
L=—y — angle DAE; but DAE is equal to the angle DBE; therefore 
the angle DEB is greater than the angle DBE : But to the great- 
c 16. 1. 5 8 8 . — 
er angle the greater ſide is oppoſite q DB is therefore greater 
than DE: But DB is equal to DF; wherefore DF is greater 
than DE, the leſs than the greater, which is impoſſible: There- 
fore the ſtraight line drawn from A to B does not fall without 
the circle. In the ſame manner, it may be demonſtrated that 
it does not fall upon the circumference ; it falls therefore with- 
in it. Wherefore, if any two points, &c. Q. E. D. 


d 19. I. 


PROP. IL THEOR 


F a ſtraight line drawn through the centre of a 

circle biſect a ſtraight line in it which does not paſs 

through the centre, it ſhall cut it at right angles; and, 
if it cuts it at right angles, is ſhall, biſect it. 


Let ABC be a circle; and let CD, a ſtraight line drawn 
through the centre, biſect any ſtraight line AB, which does not 
paſs — the centre, in the point F: It cuts it alſo at right 
angles. 
a 1. 3. Take E the centre of the circle, and join EA, EB. Then, 
becauſe AF is equal to FB, and FE common to the two tri- 
angles AFE, BFE, there are two fides in the one equal to two 
fides in the other, and the baſe EA is 0 
equal to the baſe EB; therefore the — 
b 8. 1. angle AFE is equal þ to the angle BFE: 
But when a ſtraight line ſtanding upon 
another makes the adjacent angles equal 
to one another, each of them is a right E 
«29, 4-4 re angle : Therefore each of the angles 
AFE, BFE is a right angle; wherefore 
the ſtraight line CD, drawn through A F 
the centre biſecting another AB that 
does not paſs through the centre, cuts 
the ſame at right angles. 8 
But let: CD cut AB at right angles; CD alſo biſects it, that 
is, AF is equal to FB. 
The ſame conſtruction being made, becauſe EA, EB from 
15.1, | the centre are equal to one another, the angle EAF is equal d 
to the angle EBF; and the right angle AFE is equal to the 
right angle BFE: Therefore, in the two triangles EAF, _ 
| ere 
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there are two angles in one equal to two angles in the other, Book III. 
and the fide EF, which is oppoſite to one of the equal angle. 


in each, is common to both; therefore the other ſides are e- 


qual e; AF therefore is equal to FB. Wherefore, if a ſtraight e 26. 1. 
line cc. Q. E. D. 


PROP.:-IV. THEOK 


IF ina circle two ſtraight lines cut one another which 
do not both paſs through the centre, they do not 
biſect each the other. 


Let ABCD be a circle, and AC, BD two ſtraight lines in 
it which cut one another in the point E, and do not both paſs 
through the centre: AC, BD do not biſect one another. 

For, if it is poſſible, let AE be equal to EC, and BE to ED: 
If one of the lines paſs through the centre, it is plain that it 
cannot be biſected by the other which 
does not paſs through thecentre: But 
if neither of them paſs through the 
centre, take * F the centre of the cir- 
cle, and join EF: and becauſe FE, a 
ſtraight line through the centre, bi- A 
ſets another AC which does not paſs 


through the centre, it ſhall cut it at C b 2. 3. 


right» angles; wherefore FEA is a 

right angle: Again, becauſe the | X 
ſtraight line FE biſects the ſtraight line BD which does not paſs 
through the centre, it ſhall cut it at right ® angles; wherefore 
FEB is a right angle: And FEA was ſhown * a right angle; 
therefore FEA. is equal to the angle FEB, the leſs to the great- 
er, which is impoſſible: Therefore AC, BD do not biſeck one 
another. Wherefore, if in a circle, &c. Q. E. D. 


p R OP. v. THE OR. 


F two circles cut one another, they ſhall not have 
the ſame centre. 


Let the two circles ABC, CDG cut one another in the 


points B, C; they have not the ſame centre. | 
E 4 For, 


D* * 
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For, if it be poſſible, let E be their centre: Join EC, and 
draw any ſtraight line EFG meet- 
ing them in F and G: And becauſe 


E is the centre of the circle ABC, bas, 
CE is equal to EF: Again, be- G 
cauſe E is the centre of the circle A 

CDG, CE is equal to EG : But, 

CE was ſhown to be equal to EF ; 
therefore EF is equal to EG, the 

leſs to the greater, which is im- 


poſſible : Therefore E is not the 
centre of the circles ABC, CDG. 
Wherefore, if two circles, &c. Q. E. D. 


PROP. VI. THE OR. 


F two circles touch one another internally, they 
ſhall not have the ſame centre. 


Let the two circles ABC, CDE, touch one another internal- 
ly in the point C : They have not the ſame centre. 

For, if they can, let it be F; join FC and draw any ſtraight 
line FEB meeting them in E and B ; O 
And becauſe F 1s the centre of the 
circle ABC, CF is equal to FB: 
Alſo, becauſe F is the centre of the 
circle CDE, CF is equal to FE: B 
And CF was ſhown equal to FB; 
therefore FE is equal to FB, theleſs A 
to the greater, which is impoſſible; 
Wherefore F is not the centre of 
the circles ABC, CDE. Therefore, 
if two circles, &c. Q. E. D. 


PROP. 


= 
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PROP. VL THEOR: 


[* any point be taken in the diameter of a circle 
which is not the centre, of all the ſtraight lines which 
can be drawn from 1t to the circumference, the great- 
eſt is that in which the centre is, and the other part of 
that diameter 1s the leaſt; and, of any others, that 
which is nearer to the line which paſſes through the cen- 
tre is always greater than one more remote: And from 
the ſame point there can be drawn only two ſtraight 


lines that are equal to one another, one upon each ſide 
of the ſhorteſt line. 


Let ABCD be a circle, and AD its diameter, in which let 
any point F be taken which is not the centre: Let the centre 
be E; of all the ſtraight lines FB, FC, FG, &c. that can be 
drawn from F to the circumference, FA is the greateſt, and 
FD, the other part of the diameter AD, is the leaſt : and of 
the others, FB is greater than FC, and FC than FG. 

Join BE, CE, GE; and becauſe two ſides of a triangle are 


15 equal to EB; therefore AE, EF, 

hat is AF, is greater than BF : A- B 
gain, becauſe BE is equal to CE, 

and FE common to the triangles C Q 
BEF, CEF, the two ſides BE, EF 

are equal to the two CE, EF; but 


he angle BEF is greater than the 
angle CEF; therefore the baſe BF 4 


he ſame reaſon, CF is greater than G H 
F: Again, becauſe GF, FE are D 
greater ® than EG, and EG is equal | 
o ED; CF, FE are greater than ED: Take away the common 
part FE, and the remainder GF is greater than the remainder 
D: Therefore FA is the greateſt, and FD the leaſt of all the 
traight lines from F to the circumference z and BF is greater 
ian CF, and CF than GF. 

Alſo there can be drawn only two equal ſtraight lines from 
he point F to the circumference, one upon each fide K — 

orte 
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greater * than the third, BE, EF are greater than BF; but AE a 20. 1. 


5 greater o than the baſe FC: For D b 24. 7. 
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Book III. ſhorteſt line FD: At the point E in the ſtraight line EF, make 
—— che angle FEH equal to the angle GET, and join FH : Then 


becauſe GE is equal to EH, and EF common to the two tri. 
angles GEF, HEF ; the two ſides GE, EF are equal to the two 
HE, EF; and the angle GEF is equal to the angle HE; there. 


fore the baſe FG is equal d to the baſe FH : But, befides FH, 
no other ſtraight line can be drawn from F to the circumfe. 
rence equal to FG: For, if there can, let it be FK; and be- 
cauſe FK is equal to FG, and FG to FH, FK is equal to FH; 
that is, a line nearer to that which paſſes through the centre, is 
equal to one which is more remote; which is impoſſible. 


Therefore, if any point be taken, &c. Q. E. D. 


PROP. VEIL  THEOR 


FF any point be taken without a circle, and ſtraight 
lines be drawn from it tothe circumference, where. 
of one paſſes through the centre; of thoſe which fal 
upon the concave circumference, the greateſt, 1s that 
which paſſes through the centre; and of the reſt, that 
which 1s nearer to that through the centre 1s always 
greater than the more remote: But of thoſe which fall 
upon the convex circumference, the leaſt 1s that between 
the point without the circle, and the diameter; and of 
the reſt, that which is nearer to the leaſt is always lels 
than the more remote: And only two equal ſtraight 
lines can be drawn from the point unto the circumte- 
rence, one upon each fide of the leaſt. 


Let ABC be a circle, and D any point without it, from which 
let the ſtraight lines DA, DE, DF, DC be drawn to the ci 
cumference, whereof DA paſſes through the centre. Of thoſe 
which fall upon the concave part of the circumference AEC 
the greateſt is AD which paſſes through the centre; and the 
nearer to it is always greater than the more remote, viz. DE 
than DF, and DF than DC: But of thoſe which fall upon the 
convex circumference HLKG, the leaſt is DG between tht 


your 


traight 
where- 
ch fall 
15 that 
t, that 
always 
ich fall 
etween 
and of 
ays lels 
ſtraight 
cumfe- 


point D and the diameter AG; and the nearer to it is always Book III. 
leſs than the more remote, viz. DK than DL, and DL tha 
DH. 

Take * M the centre of the circle ABC, and join ME, MF, a x. 3. 
MC, MK, ML, MH: And becauſe AM is equal to ME, add 
MD to each, therefore AD is equal to EM, MD; but EM, MD 
are greater d than ED; therefore alſo AD is greater than ED: b 20. 1. 
Again, becauſe ME is equal to MF, and MD common to the 
triangles EMD, FMD ; EM, MD D 
are equal to FM, MD; but the | 
angle EMD is greater than the 
angle FMD; therefore the baſe | 
ED is greater e than the baſe FD: | -.. IP 
In like manner it may be ſhewn 
that FD is greater than CD: ' /x|_\G\ B 
Therefore DAis thegreateſt; and a / | | 
DE greater than DF, and DF than * 
DC : And becauſe MK, KD are 
greater b than MD, and MK is e- 4 
qual to MG, the remainder KD + IM 4 
is greater q than the remainder , ans 
GD, that is GD is leſs than KD: | 
And becauſe MK, DK are drawn ę 17 


to the point K within the triangle 


MLD from M, D, the extremi- — | 
ties of its fide MD, MK, ED are A 
leſs e than ML, LD, whereof ME e 21. f. | 


is equal to ML; therefore the remainder DK is leſs than the 
remainder DL: In like manner it may be ſhewn, that DL is leſs 
than DH: Therefore DG is the leaſt, and DK leſs than DL, and 
DL than DH: Alſo there can be drawn only two equal ſtraight 
lines from the point D to the circumference, one upon each 
ſide of the leaſt : At the point M, in the ſtraight line MD make 
the angle DMB equal to the angle DMK, and join DB: And 
becauſe ME is equal to MB, and MD common to the triangles 
KMD, BMD, the two fides KM, MD are equal to the two BM, 
MD ; and the angle KMD is equal to the angle BMD ; there- 
fore the baſe DK is equal f to the baſe DB: But, beſides DB, f ,. r. 
there can be no ſtraight line drawn from D to the circumfe- 
rence equal to DK : For, if there can, let it be DN ; and becauſe 
DK is equal to DN, and alſo to DB ; therefore DB is equal to 
DN, that is, the nearer to the leaſt equal to the more remote, 
which is impoſſible. If, therefore, any point, &c. . a 2 1 
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F a point be taken within a circle, from which there 
fall more than two equal ſtraight lines to the circum. 
ference, that point is the centre of the circle. 


F 
Let the point D be taken within the circle ABC, from [ | 


which to the circumference there fall more than two equal paſs 
ſtraight lines, viz. DA, DB, DC, the point D is the centre of 
the circle. Le 
For, if not, let E be the centre, in th. 
join DE and produce it to the cir- G the 
cumference in F, G; then FG is ſtraig 
a diameter of the circle ABC: And F, G, 
becauſe in FG, the diameter of the DE the p 
circle ABC, there is taken the F G Fo 
—＋ D which i is not the centre, poſſi 
G ſhallbe the greateſt line from it | C AG: 
to the circumference, and DC er 21 
greater*than DB, and DB than DA: 1 FA} 
Buttheyarelikewiſe equal, whictris the ſ: 
impoſſible: Therefore E is not the mon 
centre of the circle ABC: In like manner, it may be demon- der / 
ſtrated, that no other point but D is the centre; D therefore is to G 
the centre. Wherefore, if a point be taken, &c. Q. E. D. great 
joins 
A, tl 
doe &c. 


NE circumference of a circle cannot cut another 
in more than two points. 


If it be poſſible, let the circumfe- 
rence FAB cut the circumference 


DEF in more than two points, viz. 
in B, G, F; take the centre K of the 


circle ABC, and join KB, KG, KF: E * 
And becauſe within the circle DEF G th 
there is taken the point K, from F. C 
Which to the circumference DEF 'F, 


fall more than two equal ſtraight 
lines — KG, KF, the point K is * 


ther 
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the centre of the circle DEF: But K is alſo the centre of the Book III. 
circle ABC; therefore the ſame point is the centre of two cir. —v—— 
cies that cut one another, which is impoſſible . Therefore one h ;. 3. 
circumference of a circle cannot cut another in more than two 


points. Q. E. D . 


PROP. XI. THE OR. 


F two circles touch each other internally, the ſtraight 
line which joins their centres being produced ſhall 
paſs through the point of contact. 


Let the two circles ABC, ADE, touch each other internally 
in the point A, and let F be the center of the circle ABC, and 
G the centre of the circle ADE: The A 
ſtraight hae which joins the centres 
F,G, being produccd, paſſes through 
the point A. H 

For, if not, let it fall otherwiſe, if 
poſſible, as FGDH, and join AF, 

AG: And becauſe AG, GF aregreat- GC 520.1. 
er 2 than FA, that is, than FH, for 

FA is equal to FH, both bcing from 

the ſame centre; take away the com- BD 

mon part FG; therefore the remain- 

der AG is greater then the remainder GH: But AG is equal 

to GD; therefore GD 1s greater than GH, the leſs than the 
greater, which is impoſſible. Therefore the ſtraight line which 

joins the points F, G cannot fall otherwiſe than upon the point 


A, that is, it muſt paſs through it. Therefore, if two circles, 
&. Q. E. D. 


PROP. XI. TH E OR. 


Ftwo circles touch each other externally, the ſtraight 
line which joins their centres ſhall paſs through the 
point of contact. 


Let the two circles ABC, ADE touch each other externally 
in the point A; and let F be the centre of the circle ABC, and 
G the centre of ADE: The ſtraight line which joins the points 
F, G ſhall paſs through the point of contact A. 
For, if not, let it paſs otherwiſe, if poſſible, as FCDG, and X 
join 
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Book III. join FA, AG: And becauſe F is the centre of the circle ABC 


— 


A 20. I. 


AF is equal to FC: Alſo 
becauſe Gis the centreof 
the circle ADE, AG ise- 
qual to GD : Therefore 
FA, AG are equal to FC, 
DG ; wherefore the 
whole FG is greater than 
FA, AG; But it is alſo 
leſsa; whichis impoſſible: 
Therefore the ſtraight line which joins the points F, G ſhall not 
paſs otherwiſe than through the point of contract A, that is, it 
muſt paſs through it. Therefore, if two circles, & c. Q. E. D. 


FROEFP AL Isen. 


(YE circle cannot touch another in more points 


than one, whether it touches it on the inſide or 
outſide. | 


For, if it be poſſible, let the circle EBF touch the circle ABC 
in more points than one, and firſt on the inſide, in the points 


210. 11. I. B, D; join BD, and draw * GH biſecting BD at right angles: 


b 2. 3. 


Therefore, becauſe the points B, D are in the circumference of 


E. 


O G 
each of the circles, the ſtraight line BD falls within each b of 


c Cor. 1. 3. them: And their centres are e in the ſtraight line GH which 


d 11. 3. 


biſects BD at right angles : Therefore GH paſſes through the 


point of contact d; but it does not paſs through it, becauſe the 
points B, D are without the ſtraight line GH, which is abſurd: 
Therefore one circle cannot touch another on the inſide in 

more points than one. ; 
Nor can two circles touch one another on the outſide in 
more 


more tl 
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more than one point: For, if it be poſſible, let the circle ACK Book III 
touch the circle ABC in the points A, C, and join AC: There- — 
fore, becauſe the two points A, C are in 
the circumference of the circle ACK, 
the ſtraight line AC which joins them 
ſhall fall within Þ the circle ACK : And 
the circle ACK is without the circle 
ABC; and therefore the ſtraight line 
AC is without this laſt circle ; Tas, be- 
cauſe the points A, C are in the circum- 
ference of the circle ABC, the ſtraight 
line AC muſt be within Þ the ſame cir- 


cle, which is abſurd : Therefore one \ 
circle cannot touch another on the out- ) 
fide in more than one point: And it 


has been ſhewn, that they cannot touch on the inſide in morg 
points than one: Therefore, one circle, &c. Q. E. D. 


FRUP. AV. eee. 


EU ſtraight lines in a circle are equally diſtant 
from the centre ; and thoſe which are equally 
diſtant from the centre, are equal to one another. 


Let the ſtraight lines AB, CD, in the circle ABDC, be equa] 
to one another; they are equally diſtant from the centre. 
Take E the centre of the circle ABDC, and from it draw EF, 
EG perpendiculars to AB, CD : Then, becauſe the ſtraight line 
EF, paſſing through the centre, cuts the ſtraight line AB, which 
does not paſs through the centre, at ; 
right angles, it alſobifeCts® it: Where- 2 3. 3. 
fore AF is equal to FB, and AB double a 
of AF. For the ſame reaſon, CD is A 
double of CG: And AB is equal to 
CD; therefore, AF is equal to CG: 
And becauſe AE is equal to EC, the 
ſquare of AE is equal to. the ſquare of D 
EC: But the ſquares of AF, FE are | 
equal b to the ſquare of AE, becauſe B > 48, 
the angle AF is a right angle; and, 
jor the like reaſon, the ſquares of EG, 
GC are equal to the ſquare of EC: Therefore the ſquares of 
AF, FE are equal to the ſquares of CG, GE, of which the p 
n ſquare 


b— —— — 


THE ELEMENTS 


Book III. ſquare of AF is equal to the ſquare of CG, becauſe AF is equal 
to CG; therefore the remaining ſquare of FE is equal to the 


remaining ſquare of EG, and the ſtraight line EF is therefore 
equal to EG: But ſtraight lines in a circle are ſaid to be equally 
diſtant from the centre, when the perpendiculars drawn to them 


c 4. Def. 3. from the centre are equal c: Therefore AB, CD are equally 


210. 1. 


pendicutars to BC, FG, and join EB, 


diſtant from the centre. 

Next, if the ſtraight lines AB, CD. be equally diſtant from 
the centre, that is, if FE be equal to EG; AB is equal to CD; 
For, the ſame conſtruction being made, it may, as before, be 
demonſtrated, that AB is double of AF, and CD double of 
CG, and that the ſquares of EF, FA are equal to the ſquares 
of EG, GC; of which the ſquare of FE is equal to the ſquare 
of EG, becauſe FE is equal to EG; therefore the remaining 
ſquare of AF is equal to the remaining ſquare of CG ; and the 
ſtraight line AF is therefore equal to CG : And AB is double 
of AF, and CD double of CG; wherefore AB is equal to CD. 
Therefore equal ſtraight lines, &c. Q. E. D. 


PROF. AV. THEDOR; 


Sg diameter 1s the greateſt ſtraightline in a circle; 

and, of all others, that which is nearer to the cen- 
tre is always greater than one more remote ; and the 
greater is nearer to the centre than the lets. 


Let ABCD be a circle, of which 
the diameter is AD, and the centre E; 
and let BC be nearer to the centre 
than FG; AD is greater than any 
ſtraight line BC which is not a dia- 
meter, and BC greater than FG. 

From the centre draw EH, EK per- 


EC, EF; and becauſe AE is equal to 
EB, and ED to EC, AD is equal to 
EP, EC: But EB, EC, are greater * 
than BC; wherefore, alſo AD is 


greater than BC. 


And, becauſe BC is nearer to the centre than FG, mn - 
$ 
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EH, HB are equal to the ſquares of EK, KF, of whi 
ſquare of EH is leſs than the ſquare of EK, becauſe EH is leſs 
than EK; therefore the ſquare of BH is greater than the ſquare 
of FK, and the ſtraight line BH greater than FE ; and there- 
fore BC is greater than FG. 

Next, Let BC be greater than FG; BC is nearer to the cen- 
tre than FG, that is, the ſame conſtruction being made, EH is 
leſs than EK : Becauſe BC is greater than FG, BH likewiſe is 

ter than KF: And the ſquares of BH, HE are equal to the 
— of FK, KE, of which the ſquare of BH is greater than 
the ſquare of FK, becauſe BH is greater than FK; therefore 
the ſquare of EH is leſs than — ſquare of EK, and the 


ſtraight line EH leſs than EK. Wherefore the diameter, &c. 


Q. K. D. 


PROP, XVI. THEO. 


HE ftraight line drawn at right angles to the dia-sce x. 


meter of a circle, from the extremity of it, falls 
without the circle ; and no ſtraight line can be drawn 
between that ſtraight line and the circumference from 
the extremity, ſo as not to cut the circle ; or which is 
the ſame thing, no ſtraight line can make ſa great an a- 
cute angle with the diameter at its extremity, or ſo ſmall 
an angle with the ſtraight line which is at right angles 
to it, as not to cut the circle. 


Let ABC be a circle, the centre of which is D, and the dia- 


meter AB : the ſtraight line drawn at right angles to AB from 


its extremity A, ſhall fall without the circle. 

For, if it does not, let it fall, if 
poſſible, within the circle, as AC, 
and draw DC tothe — where 
it meets the circumference: And 
becauſe DA is equal to DC, the 
angle DAC is equal * to the angle, 
ACD; but DAC is a right angle, 
therefore A. D is a right angle, 
and the angies DAC, ACD are 


leſs d than EK: But, as was demonſtrated in the preceding, Bock III. 
BC is double of BH, and FG double of FK, and the ſquares of. 
Hi the b 5. Def. 3. 


therefore equal to two Ms angles; which is impoſſible þ : b 7. z, 


Therefore 
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Book III. Therefore the ſtraight line drawn from A at right angles to BA 


C 13. 1. 


d 19. J. 


e 2. 3. 


does not fall within the circle: In the ſame manner, it may be 
demonſtrated that it does not fall upon the circumference; 
therefore it muſt fall within the circle, as AE. 

And between the ſtraight line AE and the circumference no 
ſtraight line can be drawn from the point A which does not 
cut the circle : For, if poſſible, let FA be between them, and 
from the point D draw e DG perpendicular to FA, and let it 
meet the circumference in H : And becauſe AGD is a right 
angle, and DAG leſs b than a right angle: DA is greater d than 
DG : But DA is equal to DH; 
therefore DH is greater than DG, E 
the leſs than the greater, which is 
impoſſible: Therefore no ſtraight 
line can be drawn from the point 
A between AE and the circumfe- 


rence, which does not cut the cir- 


cle, or, which amounts to the ſame B D A 
thing, however great an acute angle | 

a ſtraight line makes with the dia- 

meter at the point A, or however 

{mall an angle it makes with AE, 

the circumference paſſes between that ſtraight line and the per- 
pendicular AE. And this is all that is to be underſtood, 
< when, in the Greek text and tranſlations from it, the angle of 
© the ſemicircle is ſaid to be greater than any acute rectilineal 
© angle, and the remaining angle leſs than any rectilineal an- 
c ple.” 

9 From this it is manifeſt that the ſtraight line which is 
drawn at right angles to the diameter of a circle from the ex- 
tremity of it, touches the circle ; and that it touches it only in 
one point, becauſe, if it did meet the circle in two, it would 
fall within ite. Alſo it is evident that there can be but one 
* ſtraight ling which touches the circle in the ſame point, 


PROP. XVII. PROB. 
'.? draw a ſtraight line from a given point, either 
without or in the circumference, which ſhall touch 
a given circle, 


Firſt, let A be a given point without the given circle BCD a 
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it is required to draw a ſtraight line from A which ſhall touch Book III. 
the circle. | — 
Find * the centre E of the circle, and join AE; and from a. 3. 
the centre E, at the diſtance EA, deſcribe the circle AFG ; 
from the point D draw > DF at right angles to EA, and join b xx. x. 
EBF, AB. AB touches the circle BCD. 

Becauſe E is the centre 
of the circles BCD, AFG, 
EA is a equal to EF: And A 
ED to EB ; therefore the 
two ſides AE, EB are equal 
to the two FE, ED, and G 
they contain the angle at 
E common to the two tri- 
angles AEB, FED ; there- 
fore the baſe DF is equal 
to the baſe AB, and the 
triangle FED to the trian- 
le AEB, and the other angles to the other angles c: There-e 4. 1. 
the angle EBA is equal to the angle EDF: But EDF is a 
right angle, wherefore EBA is a right angle: And EB is drawn 
from the centre: but a ſtraight line drawn from the extremity 
of a diameter, at right angles to it, touches the circle d: There- d cor. 16. 3. 
fore AB touches the circle; and it is drawn from the given 
point A. Which was to be done. 

But, if the given point be in the circumference of the circle, 
as the point D, draw DE to the centre E and DF at right an- 
gles to DE; DF touches the circle 4. 


F 


PROP. XVIII. THEOR 


Fa ſtraight line touches a circle, the ſtraight line 
drawn from the centre to the point of contact, ſhall 
be perpendicular to the line touching the circle. 


Let the ſtraight line DE touch the circle ABC in the point 
C; take the centre F, and draw the ſtraight line FC: FC is 
perpendicular to DE. 


For, if it be not, from the point F draw FBG perpendicular 
to DE; and becauſe FGC is a right angle, GC? is Þ an acute b x7. 1. 
angle; and to the greater angle the greateſt e fide is oppoſite ; c rg. x. 
2 Therefore 
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Book III. Therefore FC is greater than FG; 
put F& is equal to FB; therefore 


9 18. 3. 


dee N. 


FB is greater than FG, the leſs 
than the ter, which is impoſ- 
ſible; Wherefore FG is not per- 
pendicular to DE: In the ſame 
manner it may be ſhewn, that no 
other is perpendicular to it beſides 
FC, that is, FC is perpendicular to 
DE. Therefore, if a ſtraight line, 
Se. O. L D. D 


© GE 


PROP. M. THEOR, 


F a ſtraight line touches a circle, and from the point 
of contact a ſtraight line be drawn at right angles ta 
the touching line, the centre of the circle ſhall be in 


that line. 


Let the ſtraight line DE touch the circle ABC, in C, and 
from C let CA be drawn at right angles to DE ; the centre of 
the circle is in CA. 

For, if not, let F be the centre, if poſſible, and join CF; 
Becauſe DE touches the circle ABC, n 
and FC is drawn from the centre to 
the point of contact, FC is perpendi- 
cular * to DE; therefore FCE is a 
right angle: But ACE is alſo a right 
angle; therefore the angle FCE is 
equal to the angle ACE, the leſs to B 
the greater, which is impoſlible : 
Wherefore F is not the centre of the 
circle ABC: In the ſame manner, it 1 7 
may be ſhewn, that no other point ; 
which is not in CA, is the centre; that is, the centre is in CA. 
Therefore, if a ſtraight line, &c. Q. E. D, 


PROP. NX. THEOR. 


| "FE angle at the centre of a circle is double of the 
angle at the circumference, upon the ſame bale, 
that is, upon the ſame part of the circumference. 


& 3 2 bY ty e 2 
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Let ABC be a circle, and BEC an angle at the centre, and Book III. 
BAC an angle at the circumference, which have the ſame ci r- 
cumference BC for their baſe; the angle A 

BEC is double of the angle BAC. : 
Firſt, let E the centre of the circle be 
within the angle BAC, and join AE, and 
roduce it to F: Becauſe EA is equal to 
the an- 


— — ———— -. 
* * 


, the angle EAB is equal * to 25.0, 
gle EBA; therefore the angles EAB, 
EBA are double of the angle EAB; but 
the angle BEF is equal d to the angles B GC 35% 


EAB, EBA; therefore alfo the angle F 


. BEF is double of the angle EAB : For 


the ſame reaſon, the angle FEC is double of the angle EAC: 
Therefore the whole angle BEC is double of the whole angle 
BAC. | : 
Again, let E the centre of the 
circle be without the angle BDC, and 
join DE and produce it to G. It | | 
may be demonſtrated, as in the firft D 
caſe, that the angle GEC is double 
of the angle GDC, and that, GEB a 
part of the firſt is double of GDB a 
part of the other; therefore the re- G 
maining angle BEC is double of the 
remaining angle BDC. "Therefore B 7 
the angle at the centre, &c. Q. E. D. 


PROP. XX THE OR. 


T* angles in the ſame ſegment of a cirele are See N. 
equal to one another. 


Let ABCD be a circle, and BAD, 
BED angles in the ſame ſegment 
BAED : The angles BAD; BED are 
equal to one another. a 

Take F the centre of the circle 
ABCD: And, firſt, let the ſegment 
BAED be greater than a ſemicircle, 
and join BF, FD : And becauſe the 
angle BFD is at the centre, and the 
angle BAD at the circumference, 
and that they have the ſame part of 
F 3 


86 


THE ELEMENTS 


Book. ITI. the circumference, viz. BCD, for their baſe ; therefore the an. 
LA yc BFD is double of the _ BAD : For the ſame reaſon, 


2 20. 3. 


2 32. I. 


» 32. 3. 


the angle BFD is double of the angle BED : Therefore the 
angle BAD is equal to the angle BED. 

ut, if the ſegment BAED be not greater than a ſemicircle 
let BAD, BED be angles in it ; theſe A. 
alſo are equal to one another: Draw 
AF to the centre, and produce it to 
C, and join CE: Therefore the ſeg- 
ment BAD C is greater than a ſemi- 
circle; and the angles in it BAC, 
BEC are equal, by he firſt caſe : For 
the ſame reaſon, becauſe CPA is 
greater than a ſemicircle, the angles 
CAD, CED are equal : Therefore C 
the whole angle BAD is equal to the | 
whole angle BED. Wherefore the angles in the ſame ſegment, 


&c. Q. E. D. 
PRO. . T HE OR. 


Tx oppolite angles of any quadrilateral figure de. 
{cribed in a circle, are together equal to two right 
angles. | 


Let ABCD be a quadrilateral figure in the circle ABCD; 
any two of its oppoſite angles are together equal to two right 
angles. 

Join AC, BD; and becauſe the three angles of every tri- 
angle are equal * to two right angles, the three angles of the 
triangle CAB, viz. the angles CAB, ABC, BCA are equal to 
two right angles: But the angle CAB D 
is equal b to the angle CDB, becauſe 
they are in the ſame ſegment BADC, C 
and the angle ACB is equal to the 
angle ADB, becauſe they are in the 
ſame ſegment ADCB : Therefore the 
whole angle ADC is equal to the an- AN 
gles CAB, ACB: To each of theſe | 
equals add the angle ABC; therefore 
the angles ABC, CAB, BCA are e- 
qual to the angles ABC, ADC: But ABC, CAB, BCA are 
equal to two right angles; therefore alſo the angles ABC, ADC 
are equal to two right angles : In the ſame manner, the angles 

| ) 


_ © 


— = = Kc ia ac 


4a © = o& = ty we: 2 


WW a 


OF EUCLID. 87 


BAD, DCB may be ſhewn to be equal to two right angles. Book III. 
Therefore, the oppoſite angles, &c. Q. E. D. 9 


PROP. XXIII. T HE OR. 


PON the ſame ſtraight line, and upon the ſame see N. 
fide of it, there cannot be two ſimilar ſegments of 
circles, not coinciding with one another. 


If it be poſlible, let the two ſimilar ſegments of circles, viz. 
ACB, ADB, be upon the ſame fide of the ſame ſtraight line 
AB, not coinciding with one another : Then, becauſe the circle 
ACB cuts the circle ADB in the 
two points A, B, they cannot cut one 
another in any other point“: One of 
the ſegments muſt therefore fall within 
the other; let ACB fall within ADB, 
and draw the ſtraight line BCD, and A B 
join CA, DA: And becauſe the ſeg- 
ment ACB is ſimilar to the ſegment ADB, and that ſimilar ſeg= _ 
ments of circles contain b equal angles; the angle ACB is equal b 11. def. z. 
to the angle ADB, the exterior to the interior, which is impoſ- 
ſible c. Therefore, there cannot be two ſimilar ſegments of a c 16. 1. 
circle upon the ſame ſide of the ſame line, which do not coin- | 
cide. Q. E. D. 


PROP. XXIV. THEOR. 


82 LA R ſegments of circles upon equal ſtraight See N. 
lines, are equal to one another. 


Fet AEB, CFD be ſimilar ſegments of circles upon the equal 
ſtraight lines AB, CD; the ſegment AEB is equal to the ſeg- 
ment CFD. 

For, if theſeg- 


ment AEB be ; | 
applied to the | 
— CFD, 
ſo as the point A 
A B C D 


be on C, and 
the ſtraight line 
'AB upon CD, tlie point B ſhall coincide with the point D, be- 

F 4 cauſe 
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Book III. cauſe AB is equal to CD: Therefore the ſtraight line AB coin- 
a ciding with CD, the ſegment AEB muſt * coincide with the 


& 23- 3. 


f 4. 1. 


ſegment CFD, and therefore is equal to it. Wherefore ſimilar 
ſegments, &c. Q. E. D. 


PROP. V. RO R 


Segment of a circle being given, to deſcribe the 
circle of which it is the ſegment. 


Let ABC be the given ſegment of a circle ; it is required to 
deſcribe the circle of which it is the ſegment. 

Biſect AC in D, and from the point D draw DB, at right 
angles to AC, and join AB: Firſt, let the angles ABD, BAD 
be equal to one another; then the ſtraight line BD is equal. 
to DA, and therefore to DC; and becauſe the three ſtraight 
lines DA, DB, DC, are all equal; D is the centre of the cir- 
cleq: From the centre D, at the diſtance of any of the three 
DA, DB, DC, deſcribe a circle; this ſhall paſs through the other 
points; and the circle of which ABC is a ſegment is deſcribed : 
And becauſe the centre D is in AC, the ſegment ABC is a ſe- 


B 


a> PN 
E D 
A C | 


micircle : But if the angles ABD, BAD are not equal to one 
another, at the point A, in the ſtraight line AB make e the angle 
BAE equal to the angle ABD, and produce BD, if neceſſary, to 
E, and join EC: And becauſe the angle ABE is equal to the angle 
BAE, the ſtraight line BE is equal e to EA: And becauſe AD 
is equal to DC, and DE common to the triangles ADE, CDE, 
the two ſides AD, DE are equal to the two CD, DE, each to 
each; and the angle ADE is equal to the angle CDE, for 
each of them is a right angle; therefore the baſe AE is equal 
to the baſe EC: But AE was ſhewn to be equal to EB, where- 
fore alſo BE is equal to EC: And the three ſtraight lines AE, 


a 
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EB, EC are therefore equal to one another; wherefore d E is Book III. 
the centre of the circle. From the centre E, at the diſtance o. 
any of the three AE, EB, EC, deſcribe a circle, this ſhall paſs d 9. 3. 


through the other points; and the circle of which ABC is a ſeg- 
ment is deſcribed : And it is evident, that if the angle ABD be 
greater than the angle BAD, the centre E falls without the 
ſegment ABC, which therefore is leſs than a ſemicircle : But 
if the angle ABD be leſs chan BAD, the centre E falls within 
the ſegment ABC, which is therefore greater than a ſemicircle: 
Wherefore a ſegment of a circle being given, the circle is deſ- 
cribed of which it is a ſegment. Which was to be done. 


PROP. XVI. THE OR. 


* equal circles, equal angles ſtand upon equal cir- 
cumferences, whether they be at the centres or cir- 
cumferences. | 


Let ABC, DEF be equal circles, and the equal angles BGC, 
EHF at their centres, and BAC, EDF at their circumferences: 
The circumference BKC is equal to the circumference ELF. 

Join BC, EF; and becauſe the circles ABC, DEF are equal, 
the ſtraight lines drawn from their centres are equal : 'There- 


fore the two fides BG, GC, are equal to the two EH, HF; 


B CE 8 
K 1 


and the angle at G is equal to the angle at H; therefore the 


baſe BC is equal to the baſe EF: And becauſe the angle at A . 1. 


is equal to the angle at D, the ſegment BAC is ſimilar ® to the 
ſegment EDF; and they are upon equal ſtraight lines BC, EF; 
but ſimilar ſegments of circles upon equal ſtraight lines are e- 


qual to one another, therefore the ſegment BAC is equal to, 24. 3. 


the ſegment EDF ; But the whole circle ABC is equal wr 
whole 
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Book III. whole DEF; therefore the remaining ſegment BKC is equal to 
=—— the remaining ſegment ELF, and the circumference BKC to 


2 20. 3. 


b 23. 1. 
c 26. 3. 


the circumference ELF. Wherefore, in equal circles, &c. 


Q. E. D. 


PROP. XVII. THE OR. 


FP equal circles, the angles which ſtand upon equal 
circumferences are equal to one another, whether 
they be at the centres or circumferences. 


Let the angles BGC, EHF at the centres, and BAC, EDF 
at the circumferences of the equal circles ABC, DEF ſtand u- 


pon the equal circumferences BC, EE: The angle BGC is e- 


qual to the angle EHF, and the angle BAC to the angle EDF. 
If the angle BGC be equal to the angle EHF, it is manifeſt 
* that the angle BAC is alſo equal to EDF. But, if not, one 


A, D 
<. 


B CE u 
. 


of them is the greater: Let BGC be the greater, and at the 
point G, in the ſtraight line BG, make b the angle BG K equal 
to the angle EHF; but equal angles ſtand upon equal circum- 
ferences e, when they are at the centre; therefore the circum- 
ference BK is equal to the circumference EF : But EF is equal 
to BC; therefore alſo BK is equal to BC, the leſs to the great- 
er, which is impoſſible : Therefore the angle BGC is not une- 
qual to the angle EHT; that is, it is equal to it: And the angle 


at A is half of the angle BGC, and the angle at D half of the 


angle EHF: Therefore the angle at A is equal to the angle at 
D. Wherefore, in equal circles, &c. Q. E. D. 


PROP. 
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ual to 


* PROP. XXVII. THE OR. 9 


N equal circles, equal ſtraight lines cut off equal cir- 


cumferences, the greater equal to the greater, and 
the leſs to the leſs. 


Let ABC, DEF be equal circles, and BC, EF equal ſtraight 
lines in them, which cut off the two greater circumferences . 
BAC, EDF, and the two leſs BGC, EHF: the greater BAC 5 

. 4 
| 


_— 


is equal to the greater EDF, and the leſs BGC to the leſs EHF. 
Take * K, L the centres of the circles, and join BK, KC,, 1. 2. 
EL, LF: And becauſe the circles are equal, the ſtraight lines 


from their centres are equal; therefore BK, KC are equal to 

EL, LF; and the baſe BC is equal to the baſe EF; therefore 

the angle BEC is equal d to the angle ELF: But equal angles b 8. r. 
ſtand upon equal e circumferences, when they are at the cen-c 26. 3. 
tres; therefore the circumference BG is equal to the circum- 
ference EHF. But the whole circle ABC is equal to the whole 

EDF; the remaining part therefore of the circumference, viz. 

BAC, is equal to the remaining part EDF. 'Therefore, in equal 
circles, &c. Q. E. D. | 


| at the 
equal 
ircum- 
1rcum- 
s equal 
: great- 
ot une» 
e angle 
f of the 
angle at 


PROP. XXX. THEOR. 


| equal circles equal circumferences are ſubtended 
by equal ſtraight lines. 


Let ABC, DEF be equal circles, and let the circumferences 
BGC, EHF alſo be equal; and join BC, EF: The ſtraight line 
BC is equal to the ſtraight line EF. | Toi 

e 
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Book III. Take K, L the centres of the circles, and join BK, KC, 
w—— EL, LF: And becauſe the circumference BGC is equal to the 


A 9 


B E F 


MO. cent 
AB 

G FL circ] 
AB 


b 27.3. circumference EHF, the angle BKC is equal b to the angle a 
ELF: And becauſe the circles ABC, DEF are equal, the ſtraight 8 


lines from their centres are equal: Therefore BK, KC are equal g 7 
to EL, LF, and they contain equal angles: Therefore the baſe 91 
04. 1. BC is equal e to the baſe EF. Therefore, in equal circles, &t. * 
Q. E. D. equ 
whe 

PROP. XX. PROB. two 

| the 

A bh biſect a given circumference, that is, to divide it AB 
into two equal parts, 2 

Let ADB be the given circumference; it is required to bi- and 
ſect it. rig] 


210.1. Join AB, and biſect · it in C; from the point C draw CD MW 34 
at right angles to AB, and join AD, DB: The circumference gle, 


ADB is biſected in the point D. x 

Becauſe AC is equal to CB, and CD common to the triangles AL 

ACD, BCD, the two fides AC, CD | D * 

are equal to the two BC, CD; and | the 

the angle ACD is equal to the angle 1s | 

BCD, becauſe each of them is a right | | 

angle; therefore the baſe AD is equal C; B * 

b. 1. d to the baſe BD. But equal ſtraight A for 
< 28. 3. lines cut off equal e circumferences, the greater equal to the Al 


greater, and the leſs to the leſs, and AD, DB are each of them gre 
4 Cor. 1. 3. leſs than a ſemicircle; becauſe DC paſſes through the centre d: | 


Wherefore the circumference AD is equal to the circumference ley 

DB: Therefore the givencircumference is bifectedin D. Which Ci 

was to be done. | an 
PROP: 


— — — 


Book III. 
PROP. XXII. THE OR. — 


N a circle, the angle in a ſemicirele is a right angle; 
but the angle in a ſegment greater than a ſemicircle 


is leſs than a right angle; and the angle in a ſegment 
leſs than a ſemicircle is greater than a right angle. 


Let ABCD be a circle, of which the diameter is BC, and 


centre E; and draw CA dividing the circle into the ſegments 


ABC, ADC, and join BA, AD, DC; the angle in the ſemi- 


circle BAC is a right angle; and the angle in the ſegment 


ABC, which is greater than a ſemicircle, is leſs than a right 
angle; and the angle in the ſegment ADC, which is leſs than 
a ſemicircle, 1s greater than a right angle. 

Join AE, and produce BA to F; and becauſe BE is equal 
to EA, the angle EAB is equal * to EBA; alſo, becauſe AEas. r. 
is equal to EC the angle EAC is 
equal to ECA; wherefore the 
whole angle BAC is equal to the 
two angles ABC, ACB ; But FAC, 
the exterior angle of the triangle 
ABC, is equal b to the two angles 
ABC, ACB; therefore the angle 
BAC is equal to the angle FAC, 
and each of them is therefore a 
right c angle: Wherefore the angle 
BAC in a ſemicircle is a right an- 

le, 
q And becauſe the two angles ABC, BAC of the triangle 
ABC are together leſs d than two right angles, and that BAC © 77. 1. 
is a right angle, ABC muſt be leſs than a right angle; and 
therefore the angle in a ſegment ABC greater than a ſemicircle, 
is leſs than a right angle. 

And becauſe ABCD is a quadrilateral figure in a circle, any 
two of its oppoſite angles are equal © to two right angles; there- e 22. 3, 
fore the angles ABC, ADC are equal ta two right angles; and 
ABCis leſs than a right angle; wherefore the other ADC is 
greater than a right angle. 

Beſides, it is manifeſt, that the circumference of the greater 
ſegment ABC falls without the right angle CAB, but the 
circumference of the leſs ſegment ADC falls within the right 
angle CAF. And this is all that is meant, when 2 ” 
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Book III. Greek text, and the tranſlations from it, the angle of the 


* 


a 71. 1. 


b 19. 3. 


e 31. 3. 


d 32. 1. 


e 22. 3. 


greater ſegment is ſaid to be greater, and the angle of the leſs 
« ſegment is ſaid to be leſs, than a right angle.” 

Cor. From this it is manifeſt, that if one angle of a triangle 
be equal to the other two, it is a right angle, becauſe the angle 
adjacent to it is equal to the ſame two; and when the adjacent 
angles are equal, they are right angles. 


PROP, XXII. THE O R. 


F a ſtraight line touches a circle, and from the point 

of contaQa ſtraight line be drawn cutting the circle, 

the angles made by this line with the line touching the 

circle, ſhall be equal to the angles which are in the al- 
ternate ſegments of the circle. 


Let the ſtraight line EF touch the circle ABCD in B, and 
from the point B let the ſtraight line BD be drawn cutting the 
circle: The angles which BD makes with the touching line EF 
ſhall be equal to the angles in the alternate ſegments of the 
circle : that is, the angle FBD is equal to the angle which is in 
the ſegment DAB, and the angle DBE to the angle in the ſeg- 
ment BCD. 

From the point B draw a BA at right angles to EF, and take 
any point Cin the circumference BD, and join AD, DC, CB; 
and becauſe the ſtraight line EF touches the circle ABCD in 
the point B, and BA is drawn at 
Tight angles to the touching line 
from the point of contact B, the 


center of the circle is d in BA; D 
t :--fore the angle ADB in a ſemi- | | 
circle is a right © angle, and conſe- C 


cuently the cther two angles BAD, 
ABD are equal d to a right angle: | 
But AB is likewiſe a right angle 
therefore the angle ALF is equal to 
the angles BAD, ABD: Take from 1 B "> 
theſe equals the common angle | 

ABD; therefore the .emaining angle DBF is equal to the an- 
gle BAD, which is in the alternate ſegment of the circle ; and 
becauſe ABCD is a quadrilateral figure in a circle, the oppoſite 


angles BAD, BCD are equai e to two right angles; — 


f the 
e leſs 


angle 
angle 
acent 
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the angles DBF, DBE, being likewiſe equal f to two right an- Book III. 
gies, are equal to the angles BAD, BCD; and DBF has been 
proved _ to BAI): Therefore the remaining angle DBE is £23: . 

equal to the angle BCD in the alternate ſegment of the circle. | 


Wherefore, if a ſtraight line, &c. Q. E. D. 


PROP, XXIII. PRO B. 


PON a given ſtraight line to deſcribe a ſegment of 5** N. 
a circle, containing an angle equal to a given 
rectilineal angle. 


Let AB be the given ſtraight line, and the angle at C the 
given rectilineal angle; it is required to deſcribe upon the 
given ſtraight line AB a ſegment of a circle, containing an an- 
gle equal to the angle C. 


Firſt, let the angle at C be a 


right angle, and bifect a AB in F, 1 
and from the centre F, at the diſ- | : 
tance FB, deſcribe the ſemicircle 
AHB ; therefore the angle AHB in a 

A 


a ſemicircle is b equal to the right "0 

angle at C. , F F B * 
But, if the angle C be not a right angle, at the point A, in 

the ſtraight line AB, make c the angle BAD equal to the angle . 23. 1. 

C, and from the point A 

draw d AE at right angles H d 11. 1. 

to AD; biſectꝰ AB in F, and 8 

from F draw a FG at right E 

angles to AB, and join GB: G 

And becauſe AF is equal to 

FB, and FG common to the 


triangles AFG, BFG, the 

two daes AF, FG are equal C A F b 
to the two BF, FG; and the 

angle AFG 1s equal to the 

angle BFG ; therefore the 
baſe AG is equal e to the baſe GB; and the circle deſeribed e 4. 1. 
from the centre G, at the diſtance GA, ſhall paſs through the 
point B; let this be the circle AHB: And becauſe from the 


point A the extremity of the diameter AE, AD is drawn p 
| right 
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Book III. right angles to AE, therefore ADf touches the circle; and he. 
_—— cauſc ABdrawn from the point H 
Cor. 16. 3. of contact A cuts the circle, 


g 32. 3+ 


* 32. 3. 


the angle DAB is equal to the C 
angle in the alternate ſegment 
AHBs : But the angle DAB / 

is equal to the angle C, there- 

fore alſo the angle C is equal 

to the angle in the ſegment D 

AHB: W herefore, upon the 

given ſtraight line AB the ſe 

ment AHB of a circle is defcribed which contains an angle e- 
qual to the given angle at C. Which was to be done. 


PROP. XXXIV. PROB. 


sf cut off a ſegment from a given circle which ſhall 
contain an angle equal to a given rectilineal angle, 


Let ABC be the given circle, and D the given rectilineal 
angle; it is required to cut off a ſegment from the circle ABC 
— ſhall contain an angle equal to the angle D. 

Draw a the ſtraight line EF touching the circle ABC in the 


int B, and at the point 
B. in th the ſtraight line © BY | 
make b the angle FBC e- 
qual to the angle D * 
Therefore, becauſe 
ſtraight line EF 2 D 
the circle ABC, and BC is 
drawn from the point of 
contact B, the angle le FBC 


is equal e to the angle in 


| the alternate ſegment BAC 


of the circle : But the angle FBC is equal to the angle D; 
therefore the angle in the le ment BAC is equal to the angle 
D : Wherefore the ſegment SIT is cut off from the given cir- 
cle ABC containing an angle equal to the given angle D: 
Which was to be done. 

PROP, 
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| Book IH, 
— 


1 be- 
8 PROP. XXV. THE OR. 


F two ſtraight lines within a circle cut one another, gee * | 


the rectangle contained by the ſegments of one of 
them is equal to the rectangle contained by the ſegments 
of the other. 


Let the two ſtraight lines AC, BD, within the circle ABCD, 
cut one another in the point E : the rectangle contained by AE, 
EC 1 to the rectangle contained by 
BE, 

If AC, BD paſs each of them through 
the centre, ſo that E is the centre; it is 
evident, that AE, EC, BE, ED, being all : 
equal, the rectangle AE, EC is likewiſe B C 
equal to the rectangle BE, ED. 

But let one of them BD paſs throug h the centre, and cut the 
other AC, which does not paſs n t an- 
gles, in the point E: Then, if BY biſected in F, F is the 
centre of the circle ABCD; join AF; And becauſe BD, 
which paſſes through the centre, cuts the ſtraight line AC, which 
does not paſs through the centre, at 
right angles in E, 
to one another: And becauſe the 
ſtraight line BD is cut into two equal 
parts in the point F, and into rwo 
unequal in the point E, the rectangle 

BE, ED together with the ſquare of 
EF, is equal® to the ſquare of FB A." | 
that is, to the ſquare of FA; but the 
ſquares of AE, EF are equal e to the 
— of FA; therefore the rectan- B 
gle BE, ED, together with the ſ 
of EF, is equal to the ſquares of AF, EF : Take away the com- 
mon ſquare of EF, and the remaining rectangle BE, ED is equal 


EC are equal! D a 3. 3 


to the . that is, to the rectangle AE, 


EC. 


Next, Let BD which paſſes through the centre, cut the o- 
ther AC, which does not paſs through the centre, in E, but 
not at right angles: Then, as before, it BD be biſected in F, F 


is the centre of the * 3 24 from F draw d FG q 12.2. 


1 


wp 


* 
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Book III. perpendicular to AC; therefore AG is equal a to GC; where. 

ore the rectangle AE, EC, together with the ſquare of EG, is 

b3.z, Equal to the — of AG: To each of theſe equals add the 
ſquare of GF; therefore the rectangle AE, EC, together with 

the ſquares of EG, GF, is equal to | 

the 7 x0 of AG, GF: But the 

c. 47.1. ſquares of EG, GF are equal «to the 

ſquare of EF; and the ſquares — 

AG, GF are equal to the ſquare o 

AF: Therefore the rectangle AE, A STS C 

EC, together with the ſquare of EF, 9 

is equal to the ſquare of AF; that B 

is, to the ſquare of FB: But the ä 

ſquare of FB is equal ® to the rectangle BE, ED, to with 

the ſquare of EF; therefore the rectangle AE, EC, together 

with the ſquare of EF, is equal to the rectangle BE, ED, to- 

gether with the ſquare of EF: Take away the common ſquare 

of EF, and the remaining rectangle AE, EC is therefore equal 

to the remaining rectangle BE, ED. 

Laſtly, Let neither of the ſtraight lines AC, BD paſs through 
the centre : 'Take the centre F, and " | | 
through E, the interſection of the 
ſtraight lines AC, DB, draw the 
diameter GEFH : And becauſe the 
rectangle AE, EC is equal, as has 
been ſhown, to the rectangle GE, 
EH; and, for the ſame reafon, the 
rectangle BE, ED is equal to the 


ſame rectangle GE, EH; therefore B 
the rectangle AE, EC is equal to 
8 e A BE, ED. Wherefore, if two ſtraight lines, &c, 


PROP. XXXVI T HE OR. 


F from any point without a circle two ſtraight lines 
be drawn, one of which cuts the circle, and the o- 
thar touches it; the reQangle contained by the whole 
line which cuts the circle, and the part of it without the 
circle, ſhall' be equal to the ſquare of the line which 
> N 


Let D be · any point without the circle ABC, and DCA, DB 
two {traight lines drawn from it, of which DCA cuts the 9 
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and DB touches the ſame: The rectangle AD, DC is equal to Book II. 
the ſquare of DB. — 

Either DCA paſſes through the centre, or it does not; firſt, 
let it pa's through the centre x, and join EB; therefore the 
angle EBD is a right . And 
becauſe the ſtraight line AC is biſec- 
ted in E, and produced to the point 
D, the rectangle AD, DC, together 
with the ſquare of EC, is equal b to 
the ſquare of ED, and CE is equal to 
EB: Therefore the rectangle AD, DC, 
together with the ſquare of EB, is e- 
qual to the ſquare of ED: But the 
{quare of ED is equal e to the ſquares 
of EB, BD, becauſe EBD is a right 
angle: Therefore the rectangle AD, 
DG, together with the ſquare of EB, 
is equal to the ſquares of EB, BD: 
Take away the common ſquare of EB; therefore the remaining 
rectangle AD, DC is equal to the ſquare of the tangent DB. 

But if DCA does not paſs through the centre of the circle pe 
ABC, take 4 the centre E, and draw EF perpendicular e to\ 1451. 
AC, and join EB, EC, ED: And becauſe the ſtraight line EF, 


b 6. 2. 


0 47. 1. 1 


which paſſes through the centre, cuts the ſtraight line AC, 


which does not paſs through the centre, D 
at right angles, it ſhall likewiſe -beſe&t x | 

it; therefore AF is equal to FC; And 

becauſe the ſtraight line AC is biſected 

in F, and produced to D, the rectangle 

AD, DC, together with the ſquare of 
FC, is equal b to the ſquare of FD: 

To cach of theſe equals add the ſquare 

of FE; therefore the rectangle AD, DC, 

together with the ſquares of CF, FE, 
is equa] to the ſquares of DF, FE : But 

the {quare of ED is equal e to the ſquares 

of DF, FE becauſe EFD is a right an- 

gle; and the ſquare of EC is equal to | 
the ſquares of CF, FE; therefore the rectangle AD, DC, to- 
gether with rhe ſquare of EC, is equal to rhe ſquare of ED: 
And CE is equal to EB; therefore the rectangle AD, DC, to- 
gether with the ſquare of EB, F, equal to the ſquare of ED: 
| | : 2 Bur 


F 3. 3. 
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Book ut. But the ſquares of EB, BD are equal to the ſquare e of ED, be. 

2 cauſe EBD is a right angle; therefore the rectangle AD, DC, 

l. together with the ſquare of EB, is equal to the ſquares of EB, 
BD : Take away the common ſquare of EB ; therefore the re- 
maining rectan AD, DC is equal to the ſquare of DB. 
Wherefore, if from any point, &c. Q. E. D. 

Cor. If from any point without a 
circle, there be drawn two ſtraight 
lines cutting it, as AB, AC, the rect- 
angles conrained by the whole lines 
and the parts of them without the 
circle, are equal to one another, viz. 
the rectangle BA, AE to the rectangle 
CA, AF: For each of them is equal 
to the ſquare of the ſtraight line AD 
which touches the circle. 


PROP.. XXVII. THE OR. 


* from a point without a circle there be drawn two 

N. I ſtraight lines, one of which cuts the circle, and the 
other meets it; if the rectangle contained by the whole 
line which cuts the circle, and the part of it without the 
circle be equal to the ſquare of the line which meets it, 
the line which meets ſhall touch the circle. 


Let any point D be taken without the circle ABC, and from 
it let two ſtraight lines DCA and DB be drawn, of which DCA 
cuts the circle, and DB meets it; if the rectangle AD, DC be 
equal to the ſquare of DB; DB touches the circle. | 
1 27. 8 Draw * the ſtraight line DE touching the circle ABC, find 
b 13.3. its centre F, and join FE, FB, FD; then FED is a right® an- 
gle: And becauſe DE touches the circle ABC, and DCA cuts 
c 36.3- it, the rectangle AD, DC is equal © to the ſquare of DE: But 
the rectangle AD, DC is, by hypotheſis, equal to the ſquare of 
DB : Therefore the ſquare of DE is equal to the ſquare of DB; 
and the Grebe ine DE equal to the fraight ine DB: Aud 
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x FE is equal to FB, wherefore DE, EF are equal to DB, By; Pork H. 
% and the baſe FD is common to the WY 
% two triangles DEF, BF; therefore D 
8. the angle DEF is equal“ to the angle 4 8. 1. 
a DBF; but DEF is a right angle, | 

therefore alſo DBF is a right angle: 

And FB, if produced, is a diameter, 

and the ſtraight line which.is drawn 

at right angles to a diameter, from the B 4 4 

extremity of it, touches © the circle : e 16, 3. 

Therefore DB touches the circle ABC. 

Wherefore, if from a point, &c. 

Q. E. D. 
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DEFINITIONS. 


I. 
Rectilineal figure is ſaid to be inſcribed in another recti- 


lineal figure, when all the angles of the inſcribed — 

are upon the ſides of the figure in which it is 

inſcribed, each upon each. | | 

II. | | 

In like manner, a figure is ſaid to be deſcribed 

about another figure, when all the ſides of 

the circumſcribed figure paſs through the an- 

gular points of the 12 about which it is deſcribed, each 
2 each. 

III. 
A rectilineal figure is ſaid to be inſcribed 
in a circle, when all the angles of the in- 


ſcribed figure are upon the circumference 
of the circle. 


IV. - 
A rectilineal figure is faid to be deſcribed about a circle, when 
each fide of the circumſcribed figure 


touches the circumference of the circle. 1 
V. 3 
In like manner, a circle is ſaid to be inſcri- 
bed in a rectilineal figure, when the cir- 
cumference of the circle touches each ſide \ / 
of the figure. 
| VI. 
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„ . 

A circle is ſaid to be deſcribed about a rec- 

tilincal figure, when the circumference of 

the circle paſſes through all the angular 

points of the figure about which it is de- 
ſcribed. wk 


A ſtraight line is ſaid to be placed in a circle, when the extre- 
mities of it are in the circumference of the circle. 


© 
PROP. I. PROB. 


Na given circle to place a ſtraight line, equal to a 
given ſtraight line not greater than the diameter of 
the circle, 
Let ABC be the given circle, and D-the given ſtraight line, 
not greater than the diameter of the circle. 


Draw BC the diameter of the circle ABC; then, if BC is 
equal to D, the thing required is done; for in the circle ABC 


a ſtraight line BC is placed e- 
qual to D; But, if it is not, BC 
J 8 a 3. I. 
s 4 
. 
the centre of the circle AEF, | 
CA is equal to CE; but D is D | 


is greater than D; make CE 
equal to CE ; therefore D is equal to CA : Wherefore, in the 


equal a to D, and from the cen- 
tre C, at the diſtance CE, de- 
ſcribe the circle AEF, and join 
CA: Therefore, becauſe C is 


circle ABC, a ſtraight line is placed equal to the given ſtraight 


line D, which is not greater than the diameter of the circle. 
Which was to be done. 
PROP K:PRAOD 


N a given circle to inſcribe a triangle equiangular to 
a given triangle, 


G4 Let 


— 


8 THE ELEMENTS 


Book IV. Let ABC be the given circle, and DEF the given triangle; 
SY it is required to inſcribe in the circle ABC a triangle equiangu- 
lar to the triangle DEF. 
a 17. 3. Draw * the ſtraight line GAH touching the circle in the 
b 23. 1. Point A, and at the point A, in the ſtraight line AHy make » 
the angle HAC equal to the angle DEF; and at the point A, 
in the ' ſtraight line 
AG, make the angle 
GAB — * to the 
angle DFE, and join 
BC: 328 
cauſe HAG tou 
the circle ABC, and 
AC is drawn from 
the point of contact, 
the angle HAC is e- 
e 32. 3. qual © to the angle 
in tho alternate ſegment of the circle: But HAC is 
to the angle DEF; therefore alſo the angle ABC is equal to 
DEF; For the ſame reaſon, the angle ACB is equal to the angle 
d 32. 1. DFE; therefore the remaining angle BAC is equal 4 to the re- 
maining angle EDF: Wherefore the triangle ABC is 2 


lar to the triangle DEF, and it is inſcribed in the circle 
Which was to be done. 


PROP. II. PRO B. 


f 


BOUT a given circle to deſcribe a triangle equi- 
angular to a given triangle. 


Let ABC be the given circle, and DEF the given triangle; 
it is required to deſcribe a triangle about the circle ABC equi- 
angular to the triangle DEF. 

Produce EF both ways to the points G, H, and find the 
centre K of the circle ABC, and from it draw any ſtraight line 
223. 1. KB; at the point K in the ſtraight line KB, make the angle 
BKA equal to the angle DEG, and the angle BK C equal to the 
angle DFH; and through the points A, B, C, draw the 
d 17. 3. ſtraight lines LAM, MBN, NCL touching d the circle ABC: 
Therefore, becauſe LM, MN, NL touch the circle ABC in the 
pain A, B, C, to which from the centre are drawn KA, KB, 

C, the angles at the points A, B, C, are right © angles: And 
becauſe the four angles of the quadrilateral figure AMBK - 

| ; — 


c 38. 3. 
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equal to foyr right angles, for it can be divided into two tri- Book Iv. 
angles: and that two of them KAM, KBM are right angles, the WWW 
other two AKB, 

AMB are _ to L 

two right angles: 8 

But the angles D 

likewiſe equal 4 to 

two right angles; A 

therefore the an- 
gles AKB, AMB E FU 
a DEG. DEF — | 

ang] , 

of which AKB is M B N 

equal to DEG; wherefore the remaining angle AMB is equal 


413. T: 


to the remaining angle DEF : In like manner, the angle LNM 


may be demonſtrated to be equal to DFE; and therefore the 
remaining angle MLN is equal © to the remaining angle EDF: e 32. x; 
Wherefore the triangle LMN is equiangular to the triangle 
DEF: And it is deſcribed about the circle Which was to 

be done. | 


* 


PROP. N. PROM 


To inſcribe a circle in a given triangle. 3 


Let the given triangle be ABC; it is required to inſcribe a 
cucle in ABC. 

Biſect * the angles ABC, BCA ” the ſtraight lines BD, CDag. 1. 
meeting one another in the point D, from which draw DE, b 12. z, 
DF, DG perpendiculars to AB, A | 
BC, CA: And becauſe the angle 
EBD is equal to the angle FBD, 
for the angle ABC is beſected by 
BD, and that the right angle 
BED is equal to the right angle 
BFD, the two triangles EBD, 
FBD have two angles of the one E 
equal to two angles of the other, 
_ the ſide BD, which is oppo- 

te to one of the equal afigles in 
each, is common 4 ig B F C 
fore their other ſides ſhall be e- 


tos TT HI ELEMENTS 
Book IV. qual ©; wherefore DE is equal to DF : For the ſame reaſon, 


\ > DG is equal to DF; therefore the three ſtraight lines DE, DF, Wl lance 
D are equal to one another, and the circle deſcribed from the other 
centre D, at the diſtance of any of them, ſhall paſs through the was te 
extremities of the other two, and touch the ſtraight lines AB, Co 

BC, CA, betauſe the angles at the points E, F, G are right falls 

angles, and the ſtraight line which is drawn from the extremity il angle, 

d 16. 3. of a diameter at right angles to it, touches d the circle: There. but, 
fore the ſtraight lines AB, BC, CA do each of them touch the angle 

circle, and the circle EFG is inſcribed in the triangle ABC. and, | 
Which was to be done. | to the 

r ſemici 

given 


PROP. . PROD. 


* O deſeribe a cirele about a given triangle. 


Let the given triangle be ABC; it is required to deſcribe 
circle about 9480. - 22 8 


210.7. Biſect AB, AcC ia the points D, E, and from theſe points 
b 11. 1. draw DF, EF at right angles d to AB, AC; DF, EF produced 


meet one another; For, if they do not meet, they are parallel, 
wherefore AB, AC, which are at right angles to them, are pa- 

rallel; which is abſurd: Let them meet in F, and join FA; 

alſo, if the point F be not in BC, join BF, CF: Then, becauſe 

AD is equal to DB, and DF common, and at right angles to 

c4. 1. AB, the baſe AF is equal e to the baſe FB: In like manner, it 

| may be ſhown that CF is equal to FA; and therefore BF is 
equal to FC; and FA, FB, FC are equal to one another; 
, whereforc 


FAA 


wherefore the circle deſcribed from the centre F, at the di- Book IV. 
ſtance of one of them, ſhall paſs. through the extremities of the 
other two : and be deſcribed about the triangle ABC, which 
was to be done. 
Cor. And it is maniſeſt, that when the centre of the circle 
falls within the triangle, each of its angles is leſs than a right 
angle, each of them being in a ſegment greater than a ſemicircle ; 
but, when the centre is in one of the ſides of the triangle, the 
angle oppoſite to this ſide, being in a ſemicircle, is a right angle; 
and, if the centre falls without the triangle, the angle oppolite 
to the fide beyond which it is, being in a ſegment leſs than a 
ſemicircle, is greater than a right angle; Wherefore, it the 
given triangle be acute angled, the centre of the circle falls 
within it; if it be a right angled triangle, the centre is in the 
fide oppoſite to the right angle; and, if it be an obruſe angled 
triangle, the centre falls without the triangle, beyond the fide 
oppolite to the obtuſe angle. 


TROP VL FROM 


T. inſcribe a ſquare in a given circle, 


Let ABCD be the given circle; it is required to infcribe a 
ſquare in ABCD. 

Draw the diameters AC, BD at right angles to one another; 
and join AB, BC, CD, DA; becauſe BE is equal go ED, for 
E is the centre, and that EA is com- | 
mon, and at right angles to BD; the A 
daſe BA is equal to the baſe AD; n 
ind, for the ſame reaſon, BC, CD : f 
are each of them cqual to BA or 
AD; therefore the quadrilateral fi- B E 5D 
pure ABCD is equilateral. It is al- 
Io rectangular ; for the ſtraight line | 
BD, being the diameter of the circle 
\BCD, BAD is a ſemicircle ; where- C 
ore the angle BAD is a cightÞ an- b 31. 3. 
de; for the ſame reaſon each of the angles ABC, BCD, CDA 
s 4 right angle; therefore the quadrilateral figure ABCD is 
Qtangular, and it has been ſhewn to be equilateral ; therefore it 
Sa ſquare; and it is inſcribed io the circle ABCD. Which was 


o de dane. 
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| 
| 


Book IV. 


ſquare about it. 


angles to one another, and through 
a 17. 3. draw FG, GH, HK, KF touchi 


angles; and becauſe the angle AEB is 
a right angle, as likewiſe is EBG, GH 
e 28.1. is parallel to AC; for the ſame rea- 
ſon, AC is parallel to FK, and in like 
manner GF, HK may each of them be 
demonſtrated to be parallel to BED; 
therefore the figures GK, GC, AK, 
FB, BK are parallelograms ; and GF 
d 34.7. is therefore equal 4 to HK, and GH 


ABCD. Which was to be done. 


circle in ABCD. 


THE ELEMENTS 
WY PROP. vn. PROB. 


To deſeribe a ſquare about a given circle. 
Let ABCD be the given cirtle; it is required to deſcribe ; 
Draw two diameters AC, BD of the circle ABCD, at right 


ng the circle ; and becauſe 
FG touches the circle ABCD, and EA is drawn from the centre 


b13.3- E to the point of contact A, the angles at A are ri t Þ angles; 
for the ſame reaſon, the angjes at the pointe CoD non 


to FK; and becauſe AC is equal to 
BD, and that AC is equal to each of the two GH, FK ; and BD 
to each of the two GF, HK: GH, FK are each of them equi 
to GF or HK; therefore the quadrilateral figure FGHK is e 
quilateral. It is alſo rectangular; for GBEA being a paralle 
logram, and AEB a right angle, AGB d is likewiſe a right u- 
gle: In the ſame manner, it may be ſhown that the angles at 
H, K, F are rigit angles; therefore the quadrilateral figure 
FGHK is rectangular, and it was demonſtrated to be equilate- 
ral; therefore it is a ſquare; and it is deſcribed about the circle 


PROP. vm. PROB, 
1 O inſcribe a circle in a given ſquare. 
Let ABCD be the given ſquare z it is required to inſcribe 


2 10. . Biſect a each of the ſides AB, AD, in the points F, E, and 
. . through E draw b EH parallel to AB or DC, and 2 


the points A, B, C, D 
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raw FK parallel to AD or BC; therefore each of the figures AK, Book Iv. 

, AH, HD, AG, GC, BG, GD is a parallelogram, and their Cv. 

oppoſite ſides are equal ; and becauſe AD is equal to AB, and aber 

that AE is the half of AD, and AF the half of AB, AE is equal 

to AF; wherefore the ſides oppoſite A E D 

to theſe are equal, viz. FG to GE; in © - 

the ſame manner, it may be demon- 

ſtrated that GH, GK are each of them 

equal ro FG or GE; therefore the G 

four ſtraight lines GE, GF, GH, GR, F K 

are equal to one another; and the cir- 

cle deſcribed from the centre G, at the | 

diſtance of one of them, ſhall paſs thro* 1 

the extremities of the other three, and RB I 
K 


touch the ſtraight lines AB, BC, CD, 

DA; becauſe the angles at the points E, F, H, 
angles, and that the ſtraight lines which is drawn from the ex- 

tremity of a diameter, at right angles to it, touches the circle e; e 16. 3. 
therefore each of the ſtraight lines AB, BC, CD, DA touches | 
the circle, which therefore is inſcribed in the ſquare ABCD. 

Which was to be done. | 


To defcribe a circle about a given ſquare. 


Let ABCD be the given ſquare ; it is required to deſcribe a 
circle about it. | 

Join AC, BD carting one another in E; and becauſe DA is 
equal to AB, and AC common to the triangles DAC, BAC, 
the two ſides DA, AC are equal to the 
two BA, AC, and the baſe is equal A D 
to the baſe BC; wherefore the angle 
DAC is equal * to the angle BAC, and 
the angle DAB is biſected by the ſtraight. 
line AC: In the ſame manner, it may be 
demonſtrated that rhe angles. ABC, BCD, B 
CDA are ſeverally biſected by the ſtraight ** 
lines BD, AC; therefore, becauſe the 
angle DAB is equal to the angle ABC, and that the an 
EAB is the half of DAB, and EBA the half of ABC; 
angle EAB is equal to the angle EBA; wherefore the ſide 
LA is equal d to the ſide EB: Ia the ſame manner, it may be b 6. 5 

| | demonſtrated 


28.1, 
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Book IV. demonſtrated that the ſtraight lines EC, ED are each of then 
\YYWequal to EA or EB; therefore the four ſtraight lines EA, EB, 


b 1. 4. 


F f. 4. 


437. 3. 


e 33+ 3 


£ 3%. I. 


EC, ED are equal to one another; and the circle deſcribed from 
the centre E, at the diſtance of one of them, ſhall paſs through 
the extremities of the other three, and be deſcribed about the 
ſquare ABCD. Which was to be done. 


FROP. 4. RON 


O deſcribe an iſoſceles triangle, having each of the 
angles at the baſe double of the third angle. 


Take any ſtraight line AB, and divide ® it in the point C, ſo 
that the rectangle AB, BC be equal to the ſquare of CA; and 
from the centre A, at the diſtance AB, deſcribe the circle BDE, 
in which place b the ſtraight line BD equal to AC, which is not 
greater than the diameter of the circle BDE; join DA, DC, 
and about the triangle ADC deſcribe < the circle ACD; the 
triangle ABD is ſuch as is required, that is, each of the angles 
ABD, ADB is double of the angle BAD. 

Becauſe the rectangle AB, BC is equal to the ſquare of AC, 
and that AC is equal ro ED, the rectangle AB, BC is equal to 
the ſquare of BD; and becauſe 
from the point B without the E. 
circle ACD two ſtraight lines 
BCA, BD are drawn to the cir- 
cumference, one of which cuts, 
and the other meets the circle, 
and that the rectangle AB, BC 
contained by the whole of the A 
cutting line, and the part of it 1 
without the circle, is equal to the | 
iquare of BD 5 meets it; C a 
the ſtraight line BD touches d | 
the — ACD; and becauſe /JD 4 
BD touches the circle, and DC B OI” D 
is drawn from the point of con- 
tat D, the angle BDC is equal e to the angle DAC in the 
alternate ſegment of the circle; to each of theſe add the angle 
CDA; therefore the whole angle BDA is equal to the two 
angles CDA, DAC; but the exterior angle BCD is equal f to 
the angles CDA, DAC; therefore alſo BDA is equal to * 

* 


If to 
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but BDA is equal * to the angle CBD, becauſe the fide AD Book IV. 


is equal to the fide AB; therefore CBD, or DBA is equal to 


BCD; and conſequently the three angles BDA, DBA, BCD, 
are equal to one anather z and becauſe the angle DBC is equal 

to the angle BCD, the fide BD is equal “ to the fide DC; buth 6. 1 
BD was made equal to CA ; therefore alſo CA is equal to CD, - 

and the angle CDA equal to the angle DAC; therefore the 
angles CDA, DAC together, are double of the angle DAC; 

But BCD is equal to the augles CDA, DAC; therefore alio 
BCD is double of DAC, and BCD is equal to each of the 
angles BDA, DBA; each therefore of the angles BDA, DBA 

is double of the angle DAB; wherefore an iſoſceles triangle 
ABD is deſcribed, having each of the angles at the baſe double 

of the third angle. Which was to be dane. 


PROE It PROM 


O inſcribe an equilateral and equiangular pentagon 
in a given circle. 


Let ABCDE be the given circle; it is required to inſcribe 
an equilateral and equiangular pentagon in the circle ABCDE. 

Veſcribe ® an iſoſceles triangle FGH, having each of the 10. 4. 
angles at G, H, double of the angle at F; and in the circle 
ABCDE inſcribe d the triangle ACD equiangular to the tri- b 2. ,. 
angle FGH, ſo thatthe angle | 
CAD be equal to the angle 
at F, and each of the angles 
ACD, CDA equal ro the 


angle at G or H; wherefore B 
each of the angles ACD, 

CDA is double of the angle 

CAD. Biſect © the angles 
ACD, CDA by the ſtraight 


lines CE, DB; and join AB, 
BC, DE, EA. ABCDE is OF 
the pentagon required. 

Becaule each of the angles ACD, CDA is double of CAD, 
and are biſected by the ſtraight lines CE, DB, the five angles 
DAC, ACE, ECD, CDB, BDA are equal to one another; but 
equal angles ſtand upon equal 4 circumferences z therefore the d 26. 3. 
tic circumferences AB, BC, CD, DE, EA are equal to - 

| | another; 


e 9. 1. 


TY 
Book IV. 
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another : And equal circumferences are ſubtended by equal · 


LY ſtraight lines; therefore the five ſtraight lines AB, BC, CD, 
E 29. 3. DE, EA are equal to one another. Wherefore the 


f 27. 3 


a II. 4. 


b 17. 3. 


c 18. 3. 


447. 1. 


ABCD E is equilateral. It is alſo equiangular; beca — 
eee If to each be 
added BCD, the whole ABCD is equal to the whole EDCB : 
2 the angle AED ſtands on the circumference ABCD, and 

AE on the circumference EDCB ; therefore the 


e BAE is equal f to the angle AED : For the ſame reaſon, 
each of the angles ABC, BCD, CDE is equal to the 


BAE, or AED: Therefore the pentagon ABEDE is eggs. 


lar; and it has been ſhown that it is equilateral. Wherefore, 


in the given circle, an equilateral and equiangular 
has been inſcribed. ” Nick wis to be dens: PIE 


\ 


PROP. XII. PROB. 


1 defcribe an equilateral and ee pentagon 
about a given circle. 


| Let ABCDE be the given circle; it is required to deſcribe 
COT cr LOT pentagon about the: cid 


Let the 4 hy ay inſcribed in the circle by the 
ts A, B, C, D, E, ſo that the 
CD, L DE. ZA are equal; and thro 
„ GH, HK, KL, LM, MG, 
we F, and join FB, FK, FC, 
ht ene 
to which FC is drawn from the 
pendicular © to KL; therefore each of the 
een aright a angle: For the fame reaſon, the an * 
po ht angles: and becauſe FC 
ret angle, are of Fk is is n 
For the 2 — the ſquare bo FK is equal to the ſquares 
of FB, BK : Therefore the ſquares of FC, CK are equal to the 
ſquares of FB, BK, of which the ſquare of FC is equal to the 


fquare of FB; the remaining ſquare of CK is therefore equal D 


* 
w 


ACRES FECETS 


_ 
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the remaining ſquare of BE, and the ſtraight ine CK equal to Book iv. 
BK: And becauſe FB is equal to FC, and FK common to the 


triangles BFK, CFK, the two BF, FK are equal to the two CF, 
FK; and the baſe BK is equal to the baſe KC; therefore the 


angle BFK is equal e to the angle KFC, and the angle BKF to 


FkC ; wherefore the a BFC is double of the angle KFC, 
and BKC double of FKC: For the ſame reaſon, the angle CFD 
is double of the angle CFL, and CLD double of CLF : And be- 
cauſe the circumference BC is equal to the circumference CD, 
the ng BFC is equal t to the 
angle CFD; and BFC is dou- 
ble of the angle KFC, and 
CFD double of CFL; therc- 
fore the angle KFC is equal to 
the _ CFL; and the right 
angle FCK is equal to the right 
angle FCL : Therefore, in the 
two triangles FEC, FLC, there 
are two angles of one equal to 
two angles of the other, each 
to each, and the ſide FC, which 
is adjacent to the equal angles in each, is common to both ; 


therefore the other ſides ſhall be equal # to the other ſides, and g 26. r. 


the third angle to the third angle: Therefore the ſtraight line 
KC is equal to CL, and the angle FKC to the angle FLC : 
And becauſe KC is equal to CL, KL is double of KC: In the 
Tame manner, it may be ſhown that HK is double of BK: And 
becauſe BK, is equal to KC, as was demonſtrated, and that KL 
is double of KC, and HE double of BK, HK ſhall be equal to 
KL : In like manner, it may be ſhown that GH, GM, ML 
are each of them equal to HK or KL: Therefore the pentagon 
GHELM is equilateral. It is alſo equiairgular ;, for, ſince the 
angle FEC is equal to the angle FLC, and that the augle HEL 
is double of the angle FRC, and KLM double of FLC, as yas 
before demonſtrated, the angle HKL is equal to KLM: And 
ia like manner it may be ſhown, that each of the angles KHG 


HGM, GML is equal to the angle HKL or : There- * 


fore the five angles GHK, HKL, KLM, LMC, MGH being 
equal to one another, the peritagon GHELM is equiangular : 
And it is equilateral, as was demonſtrated ; and it is deſcribed 
about the circle ABCDE. Which was to be done. 


\ H : PROF. 
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PROP. XII. PRO B. 
O inſcribe a circle in a given equilateral and equi. 
angular pentagon. 

Let ABCDE be the given equilateral and equiangular penta- 
| gon; it is required to inſcribe a circle in the pentagon ABCDE. 
1 . Biſect the angles BCD, CDE by the ſtraight lines CF, DF, 

and from the point F, in which they meet, draw the ſtraight lines 
FB, FA, FE : Therefore, ſince BC is equal to CD, and CF com- 
mon to the —_— BCF, DC, the two ſides BC, CF are equal 
to the two DC, CF; and the angle BCF is equal to the angle 
b 4. 1. De; therefore the baſe BF is equal ® to the baſe FD, and the 
other angles to the other angles, to which the equal fides are op- 
fite ; therefore the angle CBF is equal to the angle CDF: And 
— the angle CDE is double of CDF, and that CD is equal 
to CBA, and CDF to CBF; CBA 
is alſo double of the angle CBF; A 
therefore the — ABF is equal 
to the angle CBF; wherefore the 
angle ABC is beſected by the 
ſtraight line BF: In the ſame B 
manner, it may be demonſtrated, 
— angles BAE, AED, = 
| iſected by the ſtraight lines AF, 
12. 1. FE: From the point F draw © H 
FG, FH, FK, FL, FM 22 
diculars to the ſtraight lines 
BC, CD, DE, EA: And be- C K D 
cauſe the angle HCF is equal to 
KCF, and the right angle FHC equal to the right angle FKC; 
in the triangles FHC, EK C there are two angles of one equal 
to two angles of the other, and the ſide FC, which is oppoſite 
to one of the equal angles in each, is common to both; therefore 
26. 1. the other ſides ſhall be equal, each to each; wherefore the 


perpendicular FH is equal to the perpendicular FK: In the ſame 

manner it may be demonſtrated that FL, FM, FG are each of 

them equal to FH or FK: therefore the five ſtraight lines FG, 

FH, FK, FL, FM are equal to one another : Wherefore the cir- 

cle deſcribed from the centre F, at the diſtance of one of theſe 

five, ſhall paſs through the extremities of the other four, - 
>> 


to 
ar 
a 

ci 
of 
w 
. 


ſtraight lines FB, FA, FE: And 
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touch the ſtraight lines AB, BC, CD, DE, EA, becauſe the Book IVV. 
angles at the points G, H, k, L, M are right angles; and that VV 
NAI diameter of a 
circle at right angles to it, touches © the circle : Therefore each e 16. 3. 
of the ſtraight lines AB, BC, CD, DE EA touches the circle; 
wherefore it is inſcribed in the pentogon ABCDE. Which 

was to be done. | 


PROP, XIV. PROB. 


O deſcribe a circle about a given equilateral and 
7 equiangular pentagon. 


Let ABCDE be the given equilateral and equiangular 
tagon; it is required to deſcribe a circle about it. m_ 
Biſect the angles BCD, CDE by the ſtraight lines CF, FD, ag. 1. 
and from the point F, in which they meet, draw the ſtraight 
lines FB, FA, FE to the points B, 
A, E. It may be demonſtrated, in A 
the ſame manner as in the preceding 
opoſition, that the angles CBA, 
AE, AED are biſected by the B 


becauſe the angle BCD is equal to 
the angle CDE, and that FCD is 
the half of the angle BCD, and CDF | 
the half of CDE; the angle FCD is C D 

equal to FDC; wherefore the ſide ; | 
CF is equal® to the ſide FD: In like manner it may be demon-; b 6. 2. 
ſtrated that FB, FA, FE are each of them equal to FC or FD: 
Therefore the five ſtraight lines FA, FB, FC, FD, FE are 
equal to one another; and the circle deſcribed from the centre 

F, at the diſtance of one of them, ſhall paſs through the extre- 
mities of the other four, and be deſcribed about the equilateral . / 
and equiangular pentagon ABCDE. W hich was to be done. 


H 2 PROP. 
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PROP. XV. PROB. 


See N. T inſcribe an equilateral and equiangular hexagon 
in a given circle, | 


Let ABCDEF be the given circle; it is required to inſcribe 
an equilateral and equiangular hexagon in it. 

Find the centre G of the circle ABCDEF, and draw the di- 
ameter AGD; aud from D as a centre, at the diftance DG, 
deſcribe the circle EGCH, join EG, CG, and produce them 
to the points B, F ; and join AB, BC, CD, DE, EF, FA : The | 
hexagon ABCDEF is equilateral and equiangular. fir 

Becauſe G is the centre of the circle ABCDEF, GE is equal MW 
to GD: And becauſe D is the centre of the circle EGCH, DE fir 
is equal to DG ; wherefore. GE is equal to ED, and the tri- 1 
angle EGD is equilateral ; and therefore its three angles EGD, 8 
GDE, DEG are equal to one another, becanſe the angles at 

45. 1. the baſe of an iſoſceles triangle are equal; and the three angles 
b 32. 1. of a triangle are equal® to two right angles; therefore the 
angle EGD is the third part of two right angles: In the fame 
manner it may be demonſtrated that 
the angle DGC is alfo the third part 
of two right — And becauſe the 
ſtraight line GC makes with EB the 
413. 1. adjacent _— EGC, CGB equal*© F 
to two right augles; the remaining 
angle CGB is the third part of two 
right angles; therefore the angles 
EGD, DGC, CCB, are equal to one E 
4 15. 1. another: And to theſe are equal © the 
vertical oppoſite angles BGA, AGF, 
FGE : Therefore the ſix angles EG, 
DGC, CGB, BGA, AGF, FGE 
are equal to one another : But equal 
©26.5- angles ſtand upon equal circumfe- H 
rences ; therefore the fix circumfe- 
rences AB, BC, CD, DE, EF, FA are equal to one another: 
129.3. And equal circumferences are ſubtended by equal f ſtraight 
| lines; therefore the ſix ſtraight lines are equal to one another, 
and the hexagon ABCDEF is equilateral. It is alſo equiange- 
Jar ; for, ſince the circumference AF is equal to ED, to each of 
theſe add the circumference ABCD; therefore the whole cir- 
cumference FABCD ſhalt be equal to the whole ROE 
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and the angle AFE upon EDCBA ; therefore the angle AFE is WWW 
equal to FED: In the ſame manner it may be demonſtrated that 
the other angles of the 3 ABCDEF are each of them 
equal to the angle AFE or FED; Therefore the hexagon is 
equiangular; and it is equilateral, as was ſhown ; and it is in- 
ſcribed in the given circle ABCDEF. Which was to be done. 

Cor. From this it is manifeſt, that the ſide of the hexagon 
is equal to the ſtraight line from the centre, that is, to the ſe- 
midiameter of the circle. 

And if through the points A, B, C, D, E, F there be drawn 
ſtraight lines touching the circle, an equilateral and equiangu- 
lar hexagon ſhall be deſcribed about it, which may be demon- 
ſtrated from what has been ſaid of the pentagon; and likewiſe a 
circle may be inſcribed in a given equilateral and equiangular 
hexagon, and circumſcribed about it, by a method like to that 
pled for the pentagon, 


PROP, XVI PROB, 


O inſcribe an equilateral and equiangular quinde- se N. 
cagon in a given circle, | 


Let ABCD be the given circle; it is required to inſcribe an 
equilateral and equiangular quindecagon in the circle ABCD. 

Let AC be the fide of an equilateral triangle inſcribed “ in a a. 4. 
the circle, and AB the ſide of an equilateral and equiangular 
pentagon inſcribed d in the fame ; therefore, of ſuch equal parts b 11. 4 
as the whole circumference ABCDF contains fifteen, the cir- 
cumference ABC, being the third A 
part of the whole, contains five; and 
the circumference AB, which is the 
fifth part of the whole, contains 
three; therefore BC their difference B F 
contains two of the ſame parts: Bi- 
ſecte BC in E; therefore BE, EC E e 30. 3: 
are, each of them, the fiftcenth part | — N D 
of the whole circumference ABCD: C N ; 2 
Therefore, if the ſtraight lines BE, 

EC be drawn, and ſtraight lines equal to them be placed 94 1. 4. 
around in the whole circle, an equilateral and equiangular quin- 
eccagon ſhall be inſcribed in it. Which was to be done. 

| H 3 And 


And the angle FED ſtands upon the circumference FABCD, Book IV. 
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Book IV. And in the ſame manner as was done in the a if, 
WYV through the points of diviſion made by i 2 the quinds. 
cagon, ſtraight lines be drawn touching the an Au. 


— and equiangular quindecagon ſhall” be deſcribed about it 
And likewiſe, as in the pentagon. a circle may be inſcribed in 


— — 
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DEFINITIONS. 


I. 
Leſs magnitude is ſaid to be a part of a nagut 
tude, hen the leſs meaſures the greater, that is, when 
* the leſs is n. anmber of times exatily in the 


greater. 
II. 


A greater magnitude is ſaid to be a multiple of a leſs, RE 
greater is meaſured by the leſs, that is, when the greater 
f. „% 7 

© Ratio is a mutual relation of two magnitudes of the ſame kind Sce N, 
to one another, toes amend 


Magnitudes are ſaid to have a ratio to one another, when the 
FFF 


The firſt of four magnitudes is ſaid to have the fame ratio to 


and any equimultiples whatſoever of the ſecond and fourth; 

if the multiple of the firſt be leſs than that of th 

the multiple of the third i is alſo leſs than that of 
0 
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Book V. or, if the multiple of the firſt be greater than that of the 
\LFYV ſecond, the multiple of the third is alſo greater than that of 
the fourth. | ws | | 


Magnitudes which have the ſame ratio are called proportionals, 
N. B. When four magnitndes are proportionals, it is 
* nſually expreſſed by ſaying, the firſt is to the ſecond, as the 
© third to the fourth.” * | 


When 'of the equimultiples of four magnitudes (taken as in 
the fifth definition) the multiple of the firſt is greater than 
that of the ſecond, but the multiple of the third is not 
greater than the multiple of the fourth; then the firſt is faid 
to have to the ſecond a greater ratio than the third magni- 
tude has to the fourth; and, on the contrary, the third is 
ſaid to have to the fourth a leſs ratio than the firſt has to the 
r e | Me eo 

| VIII. 


« Analogy, or proportian, is the ſimilitude of ratios.” 
| iX wok | 


P:oportion conſiſts in three terms at leaſt. 
| | X. | 
See N. When three magnitudes are proportionals, the firſt is ſaid to 
hw have to the third the duplicate ratio of that which it has to 
| XI. 


When four magnitudes are continual proportionals, the firſt is 


the — ſtill by unity, ia any number of propor- 
Definition A, to wit, of compound ratio. 

When there are any number of magnitudes of the ſame kind, 
the firſt is ſaid to have to the laſt of them the ratio com- 
pounded of the ratio which the firſt has to the ſecond, and 
of the ratio which the ſecond has to the third, and of the 
ratio which the third has to the fourth, and ſo on unto the 

laſt magnitude. SY | 
For example, if A, B, C, D be four magnitndes of the ſamę 
" kind, the firſt A is faid to have to the laſt D the ratio com- 
_ - pounded of the ratio of A to B, and of the ratio of B to C, 
__. and of the ratio of C to D; or, the ratio of A to D is faid to 
be compounded of the ratios of A to B, B to C, and C to D: 


' ſaid to have to the fourth the triplicate ratio of that which it 
has to the ſecond, and fo on, quadruplicate, &c. increaſing | 


And 


8 * 


GB 71 2 


c 
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And if A has to B the ſame ratio which E has to F; and B Book v. 
to C, the ſame ratio that G has to H; and C to D, the ſame 


that K has to L; then, by this definition, A is ſaid to have 
to D the ratio compounded of ratios which are the ſame with 
the ratios of E to F, G to H, and K to I.: And the ſame 
thing is to be underſtood when it is more briefly expreſſed, 
by ſaying A has to D the ratio compounded of the ratios of 
E to F, G to H, and K to L. 

In like manner, the fame things being ſuppoſed, if M has to 
N the fame ratio which A has to D; then, for ſhortneſs 
ſake, M is ſaid to have to N, the ratio | compounded of the 
ratios of E to F, G to H, and K to L. 

XII. 


In rtionals, the antecedent terms are called homologous to 
— as alſo the conſequents to one another. 

Geometers make uſe of the following technical words to ſig- 
* nify certain ways of changing either the order or magni- 
© tude of I ps. lo as that they continue till to be 
"IO XIII. 


Permatando, or alternando, by permutation, or alternately z 


inferred, that the firſt has the ſame ratio to the third, which 
the ſecond has to the fourth; or that the firſt is to the third, 
as the ſecond to the fourth; As is ſhewn in the 16th prop. 
of this 5th book. 


XIV. 

Inrertendo, by inverſion ; When there are four proportionals, 
and it is inferred, that the ſecond is to the firſt, as the fourth 
to the third. Prop. B. book 5. 

XV. 


Componendo, by compoſition, when there are four proportion- 
als, and it is inferred, that the firſt, together with the ſe- 
cond, is to the ſecond, as the third together with the fourth, 
is to the fourth. 18th Pn book 5. 


it is inferred, that the exceſs of the firſt above the ſecond, is 
to the frond, as the exceſs of the third above the fourth, is 
to the fourth. 17th prop. 1 [3 

II 


gonrertendo, by converſion; when there are four proportion- 
als, and it is inferred, that the fir ſt is to its excels _— the 
econd 


Diridendo, by diviſion; when there are four proportionals, and | 


this word is uſed when there are four proportionals, and it ig Se N. 


| | 
| 
N 
| 
; 
| 
i 
| 
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Book V. ſecond, as the third to its exceſs above the fourth. Prop. E. 


book 5. 
XVIII. 

Ex aequali (ſc. diſtantia), or ex aequo, from equality of 6. 
ſtance; when there is any number of magnirndes more than 
two, and as many others, ſo that they are proportionals when 
taken two and two of each rank, and it is inferred, that the 
firſt is to the laſt of the firſt rank of magnitudes, as the firſt 
is to the laſt of the others: Of this there are the two 
« following kinds, which ariſe from the different order in 
© which the magnitudes are taken two and two. | 

XIX. 

Ex aequali, from equality; this term is uſed ſimply by itſelf, 
when the firſt magnitude is ro the ſecond of the firſt rank, 
as the firſt to the ſecond of the other rank; and as the ſe- 
cond is to the third of the firſt rank, ſo is the ſecond to the 
third of the other; and ſo on in order, and the inference is 

as mentioned in the preceding definition; whence this is 
called ordinate proportion. It is demonſtrated in 22d prop. 


book 5* —_— 


Ex acquali, in proportione perturbata, ſeu inordinata from e- 
quality, in perturbate or diſorderly proportion * ; this term is 
uſed when the firſt magnitude is to the ſecond of the fir 
rank, as the laſt but one is to the laſt of the ſecond rank; and 
as the ſecond is to the third of the firſt rank, fo is the laſt 
but two to rhe laſt but one of the ſecond rank; and as the 
third is to the fourth of the firſt rank, ſo is the third from 
the laſt to the laſt but two of the ſecond rank: and ſo on in 
a croſs order: And the inference is as in the 18th definition. 
It is demonſtrated in the 23d prop. of book 5. 


& 1 d -M--26 
2 I. 


P of the ſame, or of equal magni 
tudes, are equal to one another. 


U. That 


4. Prop. lib. 2. Archimedis de ſphaera et cylindro. 


28. 
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II. | Book V. 
Thoſe magnitudes of which the ſame, or equal magnitudes, are 


equimultiples, are equal to one another. 
A multiple of a greater magnitude is greater than the ſame 
multiple of a leſs. Me. * 
That magnitude of which a multiple is greater than the ſame 
multiple of another, is greater than that other magnitude. 


PROP. I. THEOR 


F any number of magnitudes be equimultiples of as 

many, each of each; what multiple ſoever any one 

of them is of its part, the ſame multiple ſhall all the firſt 
magnitudes be of all the other, | 


Let any number of magnitudes AB, CD be equimultiples of 
as many others E, F, each of each ; whatſoever multiple AB 


is of E, the ſame multiple ſhall AB and CD together be of E 


and F together. 

Becauſe AB is the ſame multiple of E that CD is of F, as 
many magnitudes as are in AB equal to E, ſo many are there 
in CD equal to F. Divide AB into i- 
tudes equal to E, viz. AG, GB; and CD ind A 
CH, HD equal each of them to F: The num- 
ber therefore of the magnitudes CH, HD ſhall 2 
be equal to the number of the others AG, GB: 
And becauſe AG is equal to E, and CH to | 
F, therefore AG and together are equal B 
to E and F together: For the ſame reaſon, 


and HD together are equal to E and F together. | 

Whats © many — as are in AB | 

equal to E, ſo many are there in AB, CD to- H+ 

* equal to E and F together. There- 

ore, whatſoever multiple AB is ef E, the ſame | 

„ e D 
ther. 

Therefore, if any magnitudes, how many ſoever, be equi- 
multiples of as many, each of each, whatſoever multiple an 
one of rhem is of its part, the ſame multiple ſhall all the fir 
magnitudes be of all the other: For the ſame demonſtration 

1 holds 


4 | aL Ax. 23. 
becauſe GB is equal to E, and HD to F; GB C | | 
F 


\ 
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Book V. © holds in any number of 
- © two. Q.E.D, 


THE ELEMENTS 
magnitades, which: was here applied 


PROP. I. THEOR. 


F the firſt magnitude be the ſame multiple of the ſe- 
|| cond that the third is of the fourth, and the fifth the 
ſame multiple of the fecond that the fixth is of the 
fourth ; then ſhall the firſt together with the fifth be the 
ſame multiple of the ſecond, that the third together with 
the ſixth is of the fourth, | 


Let AB the firft, be the fame multiple of C the ſecond, that 
DE the third is of P the fourth; and BG the fifth, the ſame 


with the fixth, is of F the fourth. 
Becauſe AB is the ſame multiple 
e | 
many magnitudes in AB to C, | — 
= thirs we bs DE cane en G C H F 
manner, as many as there are in BG equal to C, ſo many are 
there in EH equal to F: As many, then, as are in the whole 
AG equal to C, fo many are there in the whole DH equal to 
F: Therefore AG is the ſame multiple of C, that DH is of F; 
that is, AG the firſt and fifth together, is 
the ſame multiple of the ſecond C, that D 
DH the third and ſixth together is of the 1 


multiple of C the ſecond, that EH D 
the ſixth is of F the fourth: Then A. Sz 
is AG the firſt, together with the | 
fifth, the ſame multiple of C the | E 
ſecond, that DH the third, together 12 | | 

| 


fourth F. If therefore, the firſt be the +3; E. 
ſame multiple, &c. O. E. D. B 

| ' 
Con. From this it is plain, that, if any | 1 
© number of magnitudes AB, BG, GH, K | 


© be multiples of another C; and as many G. 
© DE, EK, KL be the fame multiples of * 
F, each of each; the whole of the firſt, 
8 0 AH, is the ſame multiple of C | | | 
4 . 

1 CLF 
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ied PROP. m. THE OR. 


| F the firſt be the ſame multiple of the ſecond, which 
the third is of the fourth; and if of the firſt and 
third there be taken equimultiples, theſe ſhall be equi- 


e multiples, the one of the ſecond, and the other of the 

* fourth. ; 8 

he Let A the firſt, be the ſame multiple of B the ſecond, that 

ith C the third is of D the fourth; and of A, C let the equimul- 
tiples EF, GH be taken : Then EF is the ſame multiple of B, 
that GH is of D. 

10 Becauſe EF is the fame multiple of A, that GH is of Cz 

he oe ins 0s mans Sromntades tn BF egates 2,25 ons bn Gl 


equal to C: Let EF be di- 
vided into the magnitudes | 
EK, KF, each equal to A, 
and GH into GL, LH, 3 
each equal to C: The num- | 
ber therefore of the magni- , 
tudes EK, KF, ſhall be e- K+ 
qual to the number of the & ' 
| others GL, LH : And be- | | 
cauſe A is the ſame multi- | | | 
are ple of B, that C is of D, | 
nole and that EK is equal to A, | 
| to and GL to C; therefore 


F; EK is the ſame multiple of E A B 
of 


1 EE TY T OE SA a. he DEAR, VT” - WS 


B, that GL is of D: For G 
the ſame reaſon, KF is the ſame multiple of B, that . of 
D; and fo, if there be more parts in EF, GH equal to 2 C: 
Becauſe, therefore, the firſt EK is the ſame multiple of the ſe- 
cond B, which the third GL is of the fourth D, and that the 
fifth KF is the ſame multiple of the ſecond B, which the ſixth | 
LH is of the fourth D; EF the firſt, together with the fifth, is 
the ſame multiple of the ſecond B, which GH the third, to-a a. 5; 
. gether with the ſixth, is of the fourth D. If, therefore, the 

firſt, &c. Q. E. D. | 
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PROP. IV. THE OR. 


Bee N. F the firſt of four magnitudes has the ſame ratio to 
the ſecond which the third has to the fourth ; then 
any equimultiples whatever of the firſt and third ſhall 
have the ſame ratio to any equimultiples of the ſecond 
and fourth, viz © the equimultiple of the firſt ſhall have 
the ſame ratio to that of the ſecond, which the equi- 
© multiple of the third has to that of the fourth.” 


Let A the firſt, have to B the ſecond, the ſame ratio which 
the third C has to the fourth D; and of A and C let there be 
taken any equimultiples whatever 
E, F; and of B and D any equi- 
multiples whatever G, H : Then 
E has the ſame ratio to G, which 
F has to H. 

Take of E and F any equimul- 
tiples whatever K, L, and of G, 
H, any equimultiples whatever M, 
N: Then, becauſe E is the ſame 
multiple of A, that F is of C; 
and of E and F have been taken 
equimultiples K, L; therefore K 
is the ſame multiple of A, that L K E 

«3.5, is of C*®: For the ſame reaſon, M 
is the ſame multiple of B, that N I. F 
is of D: And becauſe, as A is to ä 
b Hypoth. B, fois C to D®, and of A and 
C have been taken certain equi- 
multiples K, L; and of B and D 
have been taken certain equimul- | | 
tiples M, N; if therefore K be . 
ter than M, L is greater than | 

2 and if » equal ; if leſs, 

© 3. def. 5. leſs ©. And L are any equi- | 
multiples whatever of E, F; and | | 
M, N any whatever of G, H: | 
As therefore E is to G, ſo is F ; 
to H. Therefore, if the firſt, &c. 


E. D. | 
n VS Likewiſe, if the firſt has- the ſame ratio to the ſecond, 
* which the third has to the fourth, then alſo any 1 
whatever 
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whatever of the firſt and third have the ſame ratio to the ſe- Book V. 
cond and fourth: And in like manner, the firſt and the third WW 
have the ſame ratio to any equimultiples whatever of the ſecond - 
and fourth. 
Let A the firſt, have to B the ſecond, the ſame ratio which 
the third C has to the fourth D, and of A and C let E and F 
be any equimultiples whatever; then |. is to B, as F to U. 
Take of E, F any equimultiples whatever K, L., and of B, 
D any equimultiples whatever G, H; then it may be demon- 
ſtrated, as before, that K is the ſame multiple of A, that L is 
of C: And becauſe A is to B, as C is to D, and of A and C 
certain equimultiples have been taken, viz. K and L.; and of 
B and D certain equimultiples G, H; therefore, if K be greater 
than G, L is greater than H; and if equal, equal; if leſs, leſs ©: e g. def. 5, 
And, K, L are any equimultiples of E, F, and G, H any what- 
ever of B, D; as therefore E, is to B, ſo is F to D: And in the 
lame way the other caſe is demonſtrated. 


PROP. V. THEOR. 


F one magnitude be the ſame multiple of another, Sce N. 
which a magnitude taken from the firſt is of a mag- 

nitude taken from the other; the remainder ſhall be th= 

ſame multiple of the remainder, that the whole is of the - 

whole. 


] 


Let the magnitude ADB be the ſame multiple 
of CD, that AE taken from the firſt, is of CF G [ 
taken from the other; the remainder EB ſhall 
be the ſame multiple of the remainder FD, that 
the whole AB is of the whole CD. A+ 
Take AG the fame multiple of FD, that | 
AE is of CF: Therefore AE is * the ſame mul- 1. 3 
tiple of CF, that EG is of CD: But AE, by 8 
the hypotheſis, is the ſame multiple of CF, that ' 
AB is of CT) : Therefore EG is the ſame mul- E + 
tiple of CD that AB is of CD; wherefore EG Fl 
is equal to AB . Take from them the common 
magnitude AE; the remainder AG is equal to 
the remainder EB. Wherefore, ſince AE is B D 
the ſame multiple of CF, that AG is of FD, 
and that AG is equal to EB; therefore AE is the ſame multiple 
of CF, that EB is of FD: But AE is the ſame mu'tiple of regs 
that 


b . Ax. 5. 
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Book V. that AB is of CD; therefore EB is the fame mul of FD 
\WYV that AB is of CD. err 


FROP. M THEOK 


— - - 


Bee N. 1 two magnitudes be equimultiples of two others, and 

if equimultiples of theſe be taken from the firſt two. 

the remainders are either equal to theſe others, or equi- 
multiples of them. | 


| 
l 
] 


Let the two magnitudes AB, CD be equimultiples of the two 
E, F, and AG, CH taken from the firlt two be equimultiples 
of the ſame E, F ; the remainders GB, HD are cither equal 
to E, F, or equimultiples of them. 

Firſt, let GB be equal to E; HD is e- 

ual to F : Make CK equal to F ; and be- . 
dla AG is the ſame multiple of E, that A K 
CH is of F, and that GB is equal to E, C 
and CK to F; therefore AB is the ſame 
multiple of E, that KH is of F. But AB, 
by the hypotheſis, is the ſame multiple of 
E that CD is of F; therefore KH is the G+ HI. | | 


ea 
gr 
gx 
th 
of 
th 
th 
OT 
0¹ 


A 


ſame multiple of F, that CD is of F; 
« 1. Ax. 5, Wherefore KH is equal to CD?: Take a+ | | 
way the common magnitude CH, then te B D E T 
remainder KC is equal to the remainder 
HD: But KC is equal to F; HD therefore is equal to F. 

But let GB be a multiple of E; then K; 
HD is the ſame multiple of F: Make > 
CK the ſame multiple of F, that GB is A | 
of E: And becauſe AG is the ſame mul- | C 
tiple of E, that CH is of F; and GB the 
ſame multiple of E, that CK is of F: 
therefore AB is the ſame multiple of E, G 
that KH is of FU: But AB is the ſame l 
multiple of E, that CD is of F; therefore | | 

E 


] 


b 4. 5 


50er ieee 


KH is the ſame multiple of F, that CD is 
of it: wherefore KH is equal to CD: | 
Take away CH from both; therefore the B DE E 
remainder KC is equal to the remainder 

HD: And becauſe GB is the ſame multiple of E, that KC is 
of F, and that KC is equal to HD; therefore HD is the ſame 
multiple of F, that GBis of E: If therefore two magnitudes, 
&c. Q. E. D. 


PROP. 


1 
* 


5 * i Book v. 
PROP. 4 THEREOK: — 
1 the firſt of four magnitudes has to the ſecond, the See N. 
ſame ratio which the third has to the fourth ; then, if 


the firſt be greater than the ſecond, the third is alſo * 
greater than the fourth; and, if equal, equal; if leſs, leſs. 


Take any equimultiples of each of them, as the doubles of 
each; then, by def. 5th of this book, if the double of the firſt be 
greater than the double of rhe ſecond, the double of the third is 
greater than the double of the fourth ; bur, if the firſt be greater 
than the ſecond, the double of the firſt is greater than the double 
of the ſecond z wherefore alſo the double of the third is greater 
than the double of the fourth ; therefore the third is greater than 
the fourth : In like manner, if the firſt be equal to the ſecond, 
or leſs than ir, the third can be proved to be equal to the fourth, 
or leſs than it. Therefore, if the firſt, &c. Q. E. D. 


PROP. B. THE OR. 


F four magnitudes are proportior ale, they are propor- See Nx. 
I tionals alſo when taken inverſe . | 5 ; 


If the magnitude A be to B, as C is to D, tl. £1 inverſely 
B is to A, as D to C. | 

Take of B and D any equimultiples 
whatever E and F; and of A and C any e- 
quimultiples whatever G and H. Firſt, Let 
E be greater than G, then G is leſs than E; 
and, becauſe A is to B, as C is to D, and | - | 
of A and C, the firſt and third, G and H | 
are equimultiples z and of B and D, the fe- | 


cond and fourth, E and F are equimulti- & | 
| 


ples; and that G is leſs than E, H is alſo 
2 leſs than F; that is, F is greater than H; H 
if therefore E be greatet than G, F is great- 
er than H: In like manner, if E be equal 
to G, F may be ſhown to be equal to H; 
and, if leſs, leſs; and E, F are any equi- - 
multiples whatever of B and D, and G, H | 
any whatever of A and C; therefore, as B 


l be 


43.5. 
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PROP. c. THE OR. 


F the firſt be the ſame multiple of the ſecond, or the 


ſame part of it, that the third is of the fourth; the 


firſt is to the ſœpond, as the third is to the fourth. 


Let the firſt A be the ſame multiple of B 
the ſecond, that C the third is of the fourth 
D: A is to B as C is to D. 


Take of A and C any equimultiples what= 


ever E and F; and of B and D any equi- 
multiples whatever G and H: Then, becauſe 


A is the ſame multiple of B that C is of D; 


and that E is the ſame multiple of A, that 
F is of C; E is the ſame multiple of B, that 
F is of D*; therefore E and F are the ſame 
multiples of B and D: But G and H are equi- 
multiples of B and D; therefore, if E be a 
greater multiple of B, than G is, F is a great- 
er multiple of D, than H is of D; that is, 
if E be greater than G, F is greater than H : 
In like manner, if E be equal to G, or leſs; 


F is equal to H, or leſs than it. But E, F 


d x5 def. 5. 


cs. 


are equimultiples, any whatever, of A, C, 
and G, H any equimultiples whatever of B, 
D. Therefore A is to B, as C is te D®. 


Next, Let the firſt A be the ſame part 
of the ſecond B, that the third C is of 
the fourth D: A is to B, as C is to D: 
* is the — multiple of A, that D 
is of C: wherefore, by the precedin 
caſe, Bisto A, as Dis to C; and o 
verſely© A is to B, as C is to D. There- 


fore, if the firſt be the ſame multiple, &c. A B 


Q. E. D. 


_—_— 


| | 
C 


F 
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| | 1 Book v. 
PROP. D. THE OA. WIEN 


F the firſt be to the ſecond as the third to the fourth, Sc N. 
and if the firſt be a multiple, or part of the ſecond; 


the third is the ſame multiple, or the ſame part of the 
the fourth. 7 | - 4. 


the 
Let A be to B, as C is to D; and firſt 1& A be a multiple 
of B; C is the ſame multiple of D. 
Take E equal to A, and whatever mul- | 
tiple A or E is of B, make F the ſame mul- | 
tiple of D: Then, becauſe A is to B, as C is 


to D; and of B the ſecond, and D the fourth 
equimultiples have been taken E and F; 
A is to E, as C to F*: But A is equal | 
to E, therefore C is equal to F®: And F 
is the ſame multiple of D, that A is of B. A B 
Wherefore C is the ſame multiple of D, E 
DER . o 
ext, the a part of t - | 
cond B; C the third is the ſame part of the | —— 
fourth D. | foot of the 
Becauſe A is to B, as C is to D; then, | preceding 
inverſely, B is © to A, as D to C: But A is | 4 


a part of B, therefore B is a multiple of A; 
and, by the preceding caſe, D is the fame 
multiple of C, that is, C is the ſame part of D, that A is of B: 
Therefore, if the firſt, &c. Q. E. D. 


— 


PROP. VII THEO R. 


QUAL magnitudes have the ſame ratio to the fame 
magnitude; and the ſame has the ſame ratio to 
equal magnitudes. : 


Let A and B be equal magnitudes, and C any other. A and 

B have each of them the ſame ratio to C, and C has the ſame 

ratio to each of the magnitudes A and B. 

Take of A and B any re whatever D and E, ** 
2 


- 


. 
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Book V. of C uny multiple whatever F: Then, becauſe D is the ſame 
multiple of A, that E is of B, and that A is | 
41. Ax. f. equal to B; Dis * equal to E: Therefore, if | 
| D be greater than F, E is greater than F; and 
if equal, equal; if leſs, leſs: And D, E are 
any equimultiples of A, B, and F is any mul- 
6 5. def. 1 Therefore ®, as A is to C, ſo is B 
to C. 


Likewiſe C has 


| | 
e ſame ratio to A, that it D A 
has to B: For, hIving made the fame con- 
ſtruction, D may in like manner be ſhown e- K B 
| | C 


| 


qual to E: Therefore, if F be greater than DO, F 
it is likewife greater than E; and if equal, 
equal, if leſs, leſs: And F is any multiple 
whatever of C, and D, E are any equimul- 
tiples whatever of A, B. Therefore C is to 
A, as Cis to B*. Therefore equal magni- 
todes, &c. Q. E. D. | 


PROP. Vm. THE OR. 


F unequal magnitudes, the greater has a greater 

ratio to the ſame than the leſs has; and the ſame 

magnitude has a greater ratio to the leſs, than it has to 
the greater. 


Let AB, BC be unequal magnitudes, of which AB is the 
greater, and let D be any magnitude Fig. 1. 
whatever: AB has a greater ratio to D 
than BC to D: And D has a greater ra- Lf 

dio to BC than unto AB. : 

If the magnitude which is not the _ | A 

greater of the two AC, CB, be not leſs Fr 
than D, take EF, FG, the doubles of | 
AC, CB, as in Fig. 1. But, if that which C 
1s not the preater of the two AC, CB | 
be leſs than D (as in Fig. 2. and 3.) this | 
magnitude can be multiplied, ſo as to G 
become greater than D, whether it be L 
AC, or CB. Let it be multiplied, until 
it become greater than D, and let the 
other be multiplied as often; and let EF 
be the multiple thus taken of AC, and | 
FG the ſame multiple of CB: Therefore 
EF and FG are each of them greater than 


See N. 


ee rere eee ernte e' 
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OF EUCLID. 


D: And in every one of the caſes, take H the double of D, K Bock v. 
its triple, and fo on, till the multiple of D be that which firſt 


becomes greater than FG: Let L be that multiple of D which 
is firſt greater than FG, and K the multiple of D which is 
next leſs than L. 

Then, becauſe L is the muluple of D. which is the firſt that 
becomes greater than FG, the next preceding multiple K is 
not greater than FG ʒ that is, FG is not leſs than K: And ſince 
EF is the ſame multiple of AC, that FG is gf CB; FG is the 


ſame multiple of CB, that EG is of AB; Wherefore EG anda x. 5, 


FG are equimultiples of AB and CB: And it was ſhown, that 
FG was not leis than K. Fig. 2. Fig. 3. 

and, by the conſtruc- N 

fion, EF is greater than E 
D; therefore the whole ox 
EGisgrearerthanKand © 
D together: But, K to- 
gether with D, is equal 
to L; therefore EG is 


<4 


is not greater than L; 
and EG, FG are equi- 
multiples of AB, BC, 
and L is a multiple of 
D; therefore“ AB has 
to D a greater ratio than 
BC has to D. 

Alſo D has to BC a 
greater ratio than it has 
w AB: For, having 
made the ſame” con- 
ſirution, it may be | | 
ſhown, in like manner, el 
that L is greater than ; , 

FG, but that ie is not greater than EG: And L is a — of 
of 


D; and FG, EG are equimultiples of CB, AB ; therefore 
has to CB a greater ratio® than it has to AB. Wherefore, 


pnequal magnitudes, &c. Q. E. D. 
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PROP. IX. THEOR. 


AcnjTunes which have the ſame ratio to the 
ſame magnitude are equal to one another; and 
thoſe to which the ſame magnitude has the ſame ratio 
are equal to one, another, f 


Let A, B have each of them the ſame ratio to C: A is e- 


qual to B: For, if they are not equal, one of them is greater 
than the other; let A be the greater; then, by what was hen 


in the preceding propoſition, there are ſome equimultiples of 
A and B, and ſome multiple of C ſuch, that the multiple of A 
is greater than the multiple of C, but the tnultiple of B is not 
reater than that of C. Let ſuch multiples be taken, and let 
„E, be the equimultiples of A, B, and F the multiple of C, 
ſo that D may be greater than F, and E not greater than F; 
But, becauſe A is to C, as B is to C, and | 
of A, B, are taken equimultiples D, E, | 
and of C is wken a multiple F; and that 
D is greater than F; E ſhall alſo be great- 
er than F* z but E is not greater than F, * 
which is impoſſible; A therefore and B * 
are not unequal ; that is, they are equal. F 
Next, Let C have the ſame ratio to each C| * 
of the magnirudes A and B; A is equal. | 
to B : For, if they are not, one of them is B 
greater than the other; let A be the 
greater ; therefore, as was ſhown in Prop. | 
8th, there is ſome multiple F of C, and | 
ſome equimultiples E and D, of B and A 
tuch, that F is greater than E, and not greater than D ; but be- 
cauſe C is to B, as C is to A, and that F, the multiple of the 
firſt, is greater than E, the multiple of-the ſecond; F the mul- 
tiple of the third, is greater than D, the multiple of the fourth * : 
But F is not greater than D, which is impoſſible. "Therefore, 
f\ is £qual tv B. Wherefore magnitudes which, &c. Q_E. N. 
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PROP. X. THE OR. 


AT magnitude which has a greater ratio than an- $ce x. 
other has unto the ſame magnitude is the greater 
of the two: And that magnitude to which the ſame has 
a greater ratio than it has unto another magnitude is the 
lefler of the two. | f 


Let A have to C a greater ratio than B has to C: A is great--- 
er than B: For, becauſe A has a greater ratio to C, than B 
has to C, there are“ ſome equimultiples of A and B, and a 5. def. 5. 
ſome multiple of C ſuch, that the multiple of A is greater than | 
the multiple of C, but the multiple of B is not greater than it ; 
Let them be taken, and let D, E be equi- 
multiples of A, B, and F a multiple of C 
ſuch, that D is greater than F, but E is | | 
not greater than F: Therefore D is greater D 
than E: And, becauſe D and E are equi- | 
multiples of A and B, and D is greater 
than E; therefore A is ® greater than B. 

Next, Let C have a greater ratio to B 
than it has to A; B is leſs than A; For* 
there is ſome multiple F of C, and ſome 
equimultiples E and D of B and A ſuch, 
that F is than E, but is not ter 
than D: E therefore is leſs than D; and 
becauſe E and D are equimultiples of B 
and A, therefore B is ® lets than A. That 
magnicude, therefore, &c. Q. E. D. 


A. 5. 


PROP. XI. THE OR. 


ATIOS that are the ſame to the ſame ratio, are the 
ſame to one another. 


Let A be to B as C is to D; and as C to D, ſo let E be to 

F; A is to B, as E to F. | | 

Take of A, C, E, any equimultiples whatever G, H, K; and 

of B, D, F, any * whatever L, M. N. 'Therefore, 

ſince A is to B, as C to D, ads H are taken equimultiples of 
4 | 
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A, C, and L, M of B, D; if G be greater than greater 
a, be- 


H is 
than M; and if equal, equal; and if leſs, 3% Again, | 
cauſe is to D, as E is to F, and H, K are taken equimultiples 
of C, E; and M, N, of D, F: if H be greater than M, K is 
greater than N; and if equal, equal; and if leſs, leſs: But, if G 
G— ö 
L— MM NM — — 


be greater than L, it has been ſhown that H is greater than M; 
and if equal, equal; and if leſs, leſs; therefore, if G be greater 
than L, K is greater than N; and if equal, equal; and if lels, 
leſs: And G, K are any equimultiples whatever of A, E; and 
I., N any whatever of B, F: Therefore, as A is to B, ſo is E ta 


E*. Wherefore ratios that, &c. Q. E. D. 


PROP. Xl. THEOR. 


I F any number of magnitudes be proportionals, as one 
of the antecedents is to its conſequent, fo ſhall all 
the antecedents taken together be to all the conſequents. 


Let any number of magnitudes A, B, C, D, E, F, be propor- 
tionals ; that is, as A is to B, ſo C to D, and E to F: As A is 
to B, 10 ſhall A, C, E together be to B, D, F together. 


Take of A, C, E any equimultiples whatever G, H, K; 


G— H — he = 
J 

B — D—— 1 — 

1— M — . — 
and of B, D, F any equimultiples whatever L, M, N: 
becauſe A is to B, as C is tg D, and as E to F; and th 


er 


.O Fw - A* 
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equimultiples of A, C, E, and L. M, N equimultiples of Book V. 

1 b. F F; it G de greater than L, H is greater than M, and K —Y 

m than N; and if equal, equal; and if leſs, lefs *. Where-3 5. def. 5. 
fore, i f G be greater than Ie thea G, H, K together are * 
than Ly M. N together; and if equal, equal; and if leſs, 
And G, and G, H,, K together are any equimultiples of A, = 
A, C, E together; becauſe, if there be any number of magai- 
tudes equimultiples 'of as many, each of each, whatever multi- 
de one of them is of its part, the ſame multiple is the whole, 
of the whole: For the ſame 1 and L, M, N are any b 7. 3. 
equmultiples of B, and B, D, F: As therefore A is to B, ſo 


ue A, C, E AI D, F together. Wherefore, if 
wy aumber, &c. Q. E. D. 


PROP. xn. THEOR. 


Ir the firſt has to the ſecond the fame ratio which the see N, 
third bas to the fourth, but the third to the fourth a 
greater ratio than the fifth has to the ſixth ; the firſt 

hall alſo have to the ſecond a greater ratio than the 

fifth has to the ſixth, 


Let A the firſt, have the ſame ratio to B rhe ſecond, which C 
the third, has to D the fourth, but C the third, to D the fourth, 

a greater ratio than E the fifth, to F the ſixth : Alſo the firſt A 
ſhall have to the ſecond B a greater ratio than the fifth E to the 
lixth F. | 

Becauſe C has a greater ratio to D, than E to F, there are 

ſome equimultiples of C and E, and ſome of D and F ſuch, 
that the multiple of C is greater than the multiple of D, dut 


M = G- H—— 
3 1 — 
— D—— 2 


N n K— p L n 

ie multiple of E is way 1 the multiple of Fs; Let, 

ach be taken, and of C G, H be equimultiples, and K, L Sil 
quimultiples of D, F, ſo that G be greater than K, but H not 

reater than L; and whatever multiple G is of C, take M the 

ame multiple of A; and what multiple K is of D, take N the 
nc multiple of B: Then, becauſe A is to B, as C to D, by . 

0 


S2 ** 
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Book V. I . | vo Folge uimultiples: And of B and 
and K are equimultiples; if M be greater than N, G is greater 

*. rs. dun K; and if equal, equal; and if leſs, leſs*; p 
greater than K, therefore M is greater than N: But H is nor 

greater than L; and M, H are 2 of A, E; ud 
ore A has a 5 


Con. And if the firſt has a greater ratio to the ſecond, than 
the third has to the fourth, but the third the ſame ratio to the 
fourth, which the fifth has to the ſixth z it may be demonſtrated, 
in like manner, that the firſt has a greater ratio to the ſecond, 
than the fifth has to the ſixth. | 


PROP. XIV. THEOR. 


See N. F the firſt has to the ſecond, the ſame ratio which the 

third has to the fourth ; then, if the firſt be greater 

than the third, the ſecond ſhall be greater than the 
fourth; and if equal, equal; and If leſs, leſs. 


Let the firſt A, have to the ſecond B, the ſame ratio which 
the third C, has to the fourth D; if A be greater than C, Bi 
welt >wye r 
Bieca is greater a is any other magnitude, 
1 8.3. A has to B a greater ratio than C to B* ; But, as A is to B,f 


| I | 1 | 
| | 2 1 
1 1 

|... 


| | | So | | 
AB CD ABCD AB CD 
iC to D; therefore alſo C has to D a greater ratio than C ha 
brz.5. to B. But of two magnitudes, that to which the ſame has the 
c 10. 5. greater ratio is the leſſer © ; Wherefore D is Jeſs than B; that 
is, B is greater than D. 
Secondly, If A be equal to C, B is equal to D: For A is to 
49.5. B, as C, that is A, to D; B therefore is equal to D ©. 
Thirdly, If A be leſs than C, B ſhall be leſs than D: Far 
C is greater than A, and becauſe C is to D, as A is to B, Di 
ter than B, by the firſt caſe; wherefore B is leſs than U 
Therefore, if the firſt, &c. Q. E. D. | 1 
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PROP. XV. THEOR. 


# 
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AcxITUDEs have the ſame ratio to one another 
which their equimultiples have. 


Let AB be the ſame multiple of C, chat DE is of F: Cis to 
F, a3 AB to DE. 
Becauſe AB is the ſame multiple of C, that DE is of F ; there 
are as many magnitudes in AB equal to C, A 
s there are in DE equal to F; Let AB be | 
dnided into magnitudes, each equal to C, D 
+ hs m. AG, GH, HB; and DE into 1 «of | 
| tdes, each equal to F, viz. DK, KL, GG, 
reater I Aden the number of the firſt AG, GH, HB, K. 
in the fall be equal to the number of the laſt DK, | 

KL, LE: And becauſe AG, GH, HB are H. L 
all equal, and that DK, KL, LE axe alſo 
equal to one another; therefore AG is to | 
DK, as GH to KL, and as HB to LE: BG EF * 
And as one of the antecedeats to its conſe- 
quent, fo are all the antecedents together to all the conſequents 
together d; w. N , fo is AB to DE: But b 18. 3. 
AG is equal to C, DK to F: Therefore, as C is to F, ſo is 


% DE. e &c. * D. 


4 


as. 


PROP. XVI THE OR. 


| four m r of the ſame kind be proportionals, 
they alſo be proportionals when taken alter- 


ately. 


Let the fi Gp mag gnitudes A, B, C, D be proportionals, viz. 
A to B, ſsõ C to D: They ſhall alſo be pro rtionals when 
aken alternately ; that is, A is to C, as B to 

Take of A and B any equimultiples whate ver E and F and 
C and D take any <quimultiples whatever G and ms 0 


402 HE ELEMENTS 


| 

| Book V. becauſe E is the ſame multiple of A, that F is of B and tha chat L 
YyY magnitudes have the ſame ratio to one another which thei CF, th 

BIS. 5. in therefore A is to By as E is to F: Bur a (F, u 

| 

| 

| 


S* to 1 : 8 — 
| : Wherefore, as C K- — — rnultip 
PS is ro D, ITT Pr _ multip 
5. Again, becaute A” C—-:; Bs, 
G, H are equimul- B e | io th 
tiples of C, D, as C of FD 
is to D, fo is G to K 2 358 bof El 
H*; but as C is to | CHE 15 
D, ſo is E to F. Wherefore, as E is to F, ſo is G to H d. Bit A an 
when four magnitudes are proportionals, if the firſt be greater Ml iples, 


than the third, the ſecond ſhall be greater than the fourth; ang Ml ui 

£14-5- if equal, equal; if leſs, leſs . Wherefore, if E be greater thin i ben L 

G, F likewiſe is greater than H; and if equal, equal; if lefs equal; 

leſs: And E, F are any equimultiples whatever of A, B; ad Neater 

| G, H any whatever of C, D. Therefore A is to C, as B % . H 
45. del. 5. DA. If then four magnitudes, &c. Q. E. D. | 


PROP. XVI. THEOR, /- {Wi ike 


Sev. IF magnitudes, taken jointly, be proportionals, they AE, C 
ſhall alſo be proportionals when taken ſeparately; 4 
that is, if two magnitudes together have to one of them Q 
the ſame ratio which two others have to one of theſe, 
the remaining one of the firſt two ſhall have to the other 
the ſame ratio which the remaining ane of the laſt two 
has to the other of theſe. Fn 


Let AB, BE, CD, DF he the magnitudes taken jointly ¶ if the 
which are proportionals; that is, as AB to BE, fo is CD to DF; BY the 6, 
they ſhall alſo be proportionals taken ſeparately, viz. as AE wil che tb 
EB, fo CF to FD. | | 
Take of AE, EB, CF, FD any 8 w GH, * 
HK, LM, MN; and again, of EB, FD, take any Equimultiplcs EB, f. 
| whatever KX, NP: And becauſe GH is the ſame multiple of i > 
s. AE, that HK is of EB, wherefore GH is the ſame multiple of BY Tr 
AE, that GK is of AB: But GH is the ſame multiple of A nx I 
that LM is of CF; wherefore GK is the ſame multiple of I quimy' 
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* chat chat LM is of CF. Again, becauſe LM is the ſame multiple of Book V. 


CF, that MN is of FD; therefore LM is the ſame multiple of , : 
Bu , Cr, that LN is of CD: But LM was ſhown to be the fame 
* aaluple of CF, that GK is of AB; G therefore is the ſame 
— & tp of AB, that LN is of CD; that is, GK, LN are equi- 
multiples of AB, CD. Next, becauſe HK is the ſame muhiple 
- © - WEB, that MN is of FD; and that KX is | 
io the ſame multiple of EB, that NP is 
of FD; therefore HX is the ſame multiple | 
dof EB, that MP is of FD, And becauſe P 6a.s. 
AB is to BE, as CD is to DF, and that of | 
AB and CD, GK and LN are equimul- 
tples, and of EB and FD, HX and MP are - 
equimultiples z if GK be greater than HX, N 1 
then LN is greater than MP; and if equal, 
equal; and if leſs, leſs ©: But if GH be H 
greater than KX, by adding the common | DMF; 
part HK to both, GK is greater than HX; E 
a | 


0 
& 
6 


wherefore alſo LN is greater than MP; 
2nd by taking away MN from both, LM 
is greater than NP: Therefore, if GH be | 
greater than KX, LM is greater than NP. ( A 8 1 
In like manner it may be demonſtrated, 

that if GH be equal to KX, LM likewiſe is equal to NP; and 
WP if leſs, leſs: And GH, LM are any equimultiples whatever of 
;, they AE, CF, and KX, NP are any whatever of EB, FD. -There- 


ately; K d. ED. is to EB, ſo is CF to FD. If then magnitudes, 
f them 

theſe, 

: other PROB. XVII. THEOR. 

iſt two 


J magnitudes, taken ſeparately, be proportionals, they Sce N. 

2 ſhall alſo be proportionals when taken jointly, that is, 

| jointly i if the firſt be to the ſecond, as the third to the fourth, 

* de firſt and ſecond together ſhall be to the ſecond, as 
dhe third and fourth together to the fourth. 


nultiples Let AE, EB, CF, FD be proportionals; that is, as AE to 
tiple of EB, ſo is CF to FD; they ſhall alſo be proportionals when 
ple auen jointly ; that is, as AB to BE, fo CD to DF. | 
f AE, Take of AB, BE, CD, DF any equimultiples whatever GH, 
hr AB, HK, LM, MN; and again, of BE, DF, take any whatever e- 
| Uimultiples-KO, NP: And becauſe KO, NP are oo 
a o 


n 


— — - 


_ = — > — — 


* 3. An. 5. 


doe. 3. 


©6.5. 
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Book v. of BE, DF; and that KH, NM are equimutiples likewiſe 
BE, DF, if KO, the multi le of BE, be. 
| tis a multiple of the ſame BE, NP, likewiſe the multiple of Dp, 


ſhall be greater than NM, the multi 


ple 
of the ſame DF; and if KO be equal 11 
to KH, NP ſhall be equal to NM , 
and if leſs, leſs. 01 


Firſt, Let KO not be greater than 
KH, therefore NP is not greater than 
NM: And becauſe GH, HK are equi- 


multiples of AB, BE, and that AB is K 


greater 'than BE, therefore GH is 
greater than HK; but KO is not 
greater than KH, wherefore GH is 
greater than KO. In like manner it 
may be ſhewn, that LM is greater than 
NP. Therefore, if KO be not greater 
than KH, then GH, the multiple of 


AB, is always greater than KO, the GI Al CI L. 


multiple of BE; and likewiſe LM, the 


4 


T — 


B D | 


multiple of CD, greater than NP, the multiple of DF. 

Next, Let KO be greater than EH : therefore, as has been 
ſhown, NP is greater than NM: And becauſe the whole GH 
the ſame multiple of the whole AB, that HK is of BE, there 


mainder GK is the ſame multiple of 0 


the remainder AE that GH is of AB: 


which is the ſame that LM is of CD. H 
In like manner, becauſe LM is the 


ſame multiple of CD, that MN is of 

DF, the remainder LN is the ſame 

multiple of the remainder CF, that 

the whole LM is of the whole CD >: K 
But it was ſhown that LM is the ſame 
multiple of CD, that GK is of AE; 
therefore GK is the ſame multiple of 
AE, that LN is of CF; that is, GK, 
LN are equimultiples of AE, CF: 
And becauſe KO, NP are equimul- 
tiples of BE, DF, if. from KO, NP 


Gl al CI 


there be taken KH, NM, which are likewiſe equimulipls 


= 
4 

B DN. 
E F 


of BE, DF, the remainders HO, MP are either equal to BE, 


Dr, or equimultiples of them ©. Firſt, Let HO, MP, be & 
qual to BE, DF; and becauſe AE is to EB, as CF to FD, and 


than KH, which 


* _ . N 
1 N f 
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ewiſe off that GK, LN are equimultiples of AE, Cy; GK fhall be to Book v. 

|, which £3, as LN to FD 4: But HO is equal to EB, and MP to FD; ov? 

of DEM wherefore GK is to HO, as LN to MP. If therefore GK be 

greater than HO, LN is greater than MP; and if equal, equal; 

and if leſs ©, leſs. et 4. f. 
But let HO, M be equimultiples of EB, FD; and becauſe 

I J rio 3 AE, CF are taken e- 
imultiples , and , the equimalti HO, 

5 MP; if GK be greater than HO, LN 5 * 

greater than MP; and if equal, O | 

equal ; and if leſs, leſs*; which was I's. def. 3. 

NI neviſe ſhown in the preceding caſe. 

I therefore GH be greater than KO, H 

ang KH from both, GE is greater 

than HO; wherefore alſo LN is . 1 

greater than MP; and conſequently, M3} 

aiding NM to both, LM is greater K | 

thn NP: Therefore, if GH be B | NL 

D | 


* 


than KO, LM is greater than 

P. In like manner it may be ſhown, E 
that if GH be equal to KO, LM is F 
equal to NP; and if leſs, leſs. And 
in the caſe in which KO is not great- G = WK 
er than KH, it has been ſhown that 
GH is always greater than KO, and likewiſe LM than NP: 
But GH, LM are any equimultiples of AB, CD, and KO, NP 
are any whatever of BE, DF; therefore, as AB is to BE, ſo 
is CD to DF. If then magnitudes, &c. Q. E. U. 


4 
| 


| 


PROP. M. THEOR. 


I* a whole magnitude be to a whole, as a magnitude See N. 
taken from the firſt, is to a magnitude taken from 

the other ; the remainder ſhall be to the remainder, as 

the whole to the whole. 


Let the whole AB, be to the whole CD, as AF, a magnitude 
taken from AB, to CF, a magnitude taken from CD; the re- 
mainder EB (hall be to the remainder FD, as the whole AB to 
the whole CD. 7 


Becauſe AB is to CD, as AE to CF; likewiſe, —_— 16. 3. 


144 


Book v. BA is to AE, as DC to CF : And becanſe, if mags | {+ 
\FYV nitudes, taken jointly, be proportionals, they are 4A BN 
E 


Þ x7. 5. 


a 17. 6. 
b B. 5. 
© 18. 5. 


See N. 
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alſo proportionals * when taken ſeparately j there- 
fore, as BE is to DF, ſo is EA to FC; and alter- 


nately, as BE is to EA, ſo is DF to FC: But, as 
AE to CF, ſo by the hypotheſis, is AB to CD 
therefore alſo BE, the remainder, ſhall be to the. 
Femainder DF, as the whole AB to the whole CD: 
Wherefore, if the whole, &c. Q. E. D. 


| 


| 
| 


Cor. If the whole be to the whole, as a mag- | 


nitude taken from the firſt, is to a magnitude taken ; D 


fram the other; the remainder likewiſe is to the 


remainder, as the magnitude taken from the firſt to that taken 
from the other: The demonſtration is contained in the prece. 


ding. 


P RO P. E. THE OR. 


| bs four magnitudes be proportionals, they are alſo pro: 
portionals by converſion, that is, the firſt is to its ex- 


ceſs above the ſecond; as the third to its exceſs abore 


the fourth. 


Let AB be to BE, as CD to DF; then BA is to A 


AE, as DC to CF. 


Becauſe AB is to BE, as CD to DF, by divi- : | 


ſion a, AE is to EB, as CF to FD; and by inver- E 
fien®, BE is to EA, as DF to FC. Wherefore, b 
compoſition ©, BA is to AE, as DC is to CF: 1 
therefore, four, &c. Q. E. D. | 


PROP. K. THEOKR 


I there be three magnitudes, and other tliree, which, 
taken two and two, have the ſame ratio; if the fir 
be greater than the third, the fourth ſhall be greater 
than the ſixth ; and if equal, equal; and if leſs, E 


p 
F 


hed ed * © „ A a 


a nn = woEHgH © «= <> ww «a A ww vw Wd dl ct 
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Or EVCLtD. 


12 l. B. © be thee magnicades, and D, K. F ober the Bogk V. 
which, taken two and two, have the fame ratio, viz. as A is wy 
B, fo is D to E; and as B to C, fois E to pes | 4 
F. If A be greater than C, 9 2 | 
W 1 = 

8. 

Da Are Nen B 6 iy 
other magnitude, and that the greater has to 
the ſame magnitude a greater ratio 18 the leſs 
has to it ; therefore A has to B a greater ra- J 
tio than C has to B: Butas Dis to ſo is, A A 
to B; therefore? D has to E a D 

E 


—— 


* ' 


than C to B; and becauſe B is to 

by inverſion, Cis to B, as Fis to E; and.D 
was hown to have to E a greater ratio than C to 
B; therefore D has to E a greater ratio than F 


to E © : But the magnitude which has a greater 
ratio than another to the ſame magnitude, is the MR) 
two: D is therefore greater than F. d 10. 3. 


Secondly, Let A be equal to C; mant. Be- 
cauſe A and C are equal to one an- 


other, A is to B. C37. 3 e. 
But A is to B, as D to E; and C is | 1 Sik. 
to B, as F to E wherefore Dis to | IS 

E, as F to E,; and therefore D is 8 

equal to F ;. k C 


Next, Let A be leſs than C Dy | 
ſhall be leſs than F : For C is great- D ” 23 F 
er than A, and, as was ſhown in * 
the firſt caſe, C is to B, as F to E, 
and in like manner B is to A, as E | 9 
to D; therefore F is greater than | 1 ö 
D, by the firſt caſe ; and therefore | 
D is leſs than F. Therefore, if there be three, &c. Q. E. D. 


PROP. XX. THE OR. 


F there be three magnitudes, and other three, which ser x, 
] have the ſame ratio taken two and two, but in a croſs 
order ; if the firſt magnitude be greater than the third, 

the fourth ſhall be greater than the * and if equal, 

equal; and if leſs, leſs. WE. 


E | Let 
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Pock V Ce Wed „n E, F other three, | 
YVQ which have the ſame ratio, taken two and two, but in a co 


brder, viz. as AistoB, fois EtoF, and as B 
is to C, fois D to E. If A be greater than C, | | 5 
D file gone tn Fd Fey, pl | | 
than C, and B is any 
A has toB a ter ratio 
r is A to B; | io 
ter ratio than C to 21 | 


| > ©, as D to E. by iover- A 
E to D: And E was ſhown to D 
C to B; there- 


B C 

E F 
io than E to D<; | 
the 


E d, Deer 


C; 3 D ſhall be equal to F. Be- 
* to B, as C is to B: But A is 


firs. asE to D*; and therefore D is | 
25-5 equal to F. 
| Nexi, Let A be leſs than C; 
D ſhall be leſs than F: For C is 
greater than A, and, as was 


| 5 
| A B 
ſhown, C is to B, as E to P, 
and in like manner B is to A, E 
e 


P eee e e coca eee 


kd ern 


as F to E; therefore FP is great- 
than D, by caſe firſt; and 


"Therefore, if there be three, &c. 
Q.E. D. 


PROP: XXI. 7 H E OR. 


| See N. 1. there be any number of magnitudes, and as many 
6 | | others, which, taken two and two in order, have the 
= ſame ratio; the firſt fhall have to the laſt of the firſt 
. magnitudes the ſame ratio which the firſt of the others 
has to the laſt. N. B. This ir uſually cited by the word! 
8 n or * ex aequo.”* 


Fuſt, 


T. N * L ﬀ 18 


Or ZUCLID. 


'* 15 © 49 _ 
„Firſt, [Let there be three magnitudes A, B, C, and as many Book. V. — 
others D, E, F, which taken two and two, have the ſame ratio, _—- 
| that is, ſach that A is to B as D to E; and as B is to C, fois 
| r as D to E. 
Take any equimultiples whatever G 
and of B and E any is are 1 _ a, 
whatever K and L; and of C and 
F any whatever M and N : Then, 
becauſe A is to B, as D to E, and 
that G, H are equimultiples of A, | 
D, and K, I. uimultiples of B, A B C 
K M 


þ 


99 


E; as G is to ſo is* H to L: 
For the ſam? reaſon, K is to M, G 
as L to N: And becauſe there are —_ 
three magnitndes G, K, M, and | 
other three H, L, N, which, two 
and two, have the ſame ratio; if 
G be greater than M, F, is great- | 
er than N; and if equal, ual 3 2 | | 
and if leſs, leſs} and nd G, H are | 8 
any equimultiples Whatever of A, 
D, and M, N are any equimul- 
üples whatever of C, F: Therefore“, as A is toC, ſo is Des. def. 5. F 
to F. ; 9 

Next, Let there be four magnitudes, A, B, C, D, ind at N. 
four E, F, G, H, which two and two have the 
fame ratio, U. as A is to B, fois E to F; and] A: B. C. D. 
as B to C, ſo F to G; and as C to D, ſo G to E. F. G. H. 
H: A ſhall be to D, as E to H. 

Becauſe A, B, C are three magnitudes, and E, F, G other 
three, which, taken two and two, have the fame ratio; by the 
foregoing caſe, A is to C, as E to G: But C is to D, Gi 
to H; wherefore again, by the firſt caſe, A is to D, as E to 
H; and ſo on, whatever be the number of magnitudes. There- 
fore, if there be any number, &c. Q. E. D. | 
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PROP. XXII. THE OR. 


FF there be any number of magnitudes, and as many 
> others, which, taken two and two, in a croſs order, 
have the fame ratio ; the firſt ſhall have to the laſt of the 
firſt magnitudes the ſame ratio which the firſt of the o- 
thers has to the laſt. N. B. This is uſually cited by the 
words, '** ex aequali in proportione perturbata ;** or, © ex 
* aceguo perturbate.” * 


Firſt, Let there be three magnitudes A, B, C, and other 
three D, E, F, which, taken two and two, in a croſs order, 
have the ſame ratio, that is, ſuch that A is to B, as E to F; 
and as B is to C. ſo is D to E: A is to C, as D to F. 

Take of A, B, D any equimultiples whatever G, H, K; and 
of C, E, F any equimaltiples whatever L, M, N: And becauſe 
G, H are equimultiples of A, B, | | 


tiples have; as A is to B, ſo is 
G to H: And for the ſame rea- 
ſon, as Eis to F, ſo is M to N: 
But as A is to B, ſo is E to F; 
as therefore G is to H, To is M to 
N®. And becauſe as Bis to C, 
ſo is D to E, and that H, K are 
uimultiples of B, D, and L, M | Up 
ot C, E; as H il to I. fois K | | 
to M: And it has been ſhown |. | 
that G is to H, as Mto N: Then, | | 
becauſe there are three magni- | 
tudes G, H, L, and other three | | 
K, M, N which have the ſame _ 
ratio taken two and two in a croſs | | | 
order; if G be greater than L, 8 
K is greater than N; and if equal, equal; and if leſs, leſs“; 
and G, K are any equimultiples whatever of A, D; and L, N 
any whatever of CF; as, therefore, hdr take? 
7 


ſame ratio which their equimul- | | 


. © 


my yy — > ene 


wc. „ wa. oa. = © R89Vhaa 


Next, Let there be four magnitudes, A, B, C, D, and other Book v. 
four E, F, een * 


in a croſs order, have the ſame ratio, vix. A to B. C. D. 
B, as G to H; B to C, as F to G; and C to F. G. H 
D, as E to F: A is to D, as E to H. 

Becauſe A, B, C are three magnitudes, and F, G, H other 
three, which, taken two and two in a croſs order, have the 
ſame ratio; by the firſt caſe, A is to C, as 5 to H: But C is 
to D, as E is to F; wherefore again, by the firſt caſe, A is to 
D, as E to H: And fo on whatever be the number of magui- 
tudes. Therefore, if there be any number, &c. Q. E. D. 


PROP. XXIV. THE ORA. 


F the firſt has to the ſecond the ſame ratio which the see N. 

third has to the fourth; and the fifth to the ſecond, 
the ſame ratio which the ſixth has to the fourth; the 
firſt and fifth together ſhall have to the ſecond, the ſame 
ratio which the 2 and ſixth together have to 22 
fourth. 


Let AB the firſt, have to C the ſecond, the ſame ratio which 
DE the third, has to F the fourth ; and let BG the fifth, have 
to C the ſecond, the ſame ratio which EH 
the ſixth, has to F the fourth: AG, the G1 
firſt and fifth together, ſhall have to C the 
ſecond, the ſame ratio which 2 the | 
third and ſixth together, has to the 
fourth. B+ 

Becauſe BG is to C, as EH to F; by in- 
verſion, C is to BG, as F to EH: And be- 5 
cauſe, as AB is to C, ſo is DE to F; and 
as C to BG, foF to EH; ex acquali *, AB 
is ro BG, as DE to EH: And becauſe | | 
theſe magnitudes are proportionals, they | 
ſhall likewiſe be proportionals when taken A C D F 
jointly® ; as therefore AG is to GB, ſo is b 18. 5. 
DH to HE ; but as GB to C, ſo is HE to F. Therefore, ex 
aequali a, as AG is to C, fois DH to F. Wherefore, if the 
frſt, &c. Q. E. D. 

Cor. 1. If the ſame h 


4 


' 222.5. 


ypotheſis be made as in the propoſi- 


tion, the exceſs of the firſt —— 5 
3 
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18 


* Book v. the exceſs of the third and fixth to the fourth: The 


THE ELEMENTS | 1 


demonſtra- 
2 tion of this is the ſame with that of the propoſition, if divifio 


de uſed inſtead of conipoſition. 


Cor. 2. The propoſition holds true of two ranks of magni- 
nid; whatever be their number, of which each of the firſt 
rank has to the ſecond magnitude the ſame ratio that the corre- 
ſpondin one of the ſecond rank has to a fourth magnitude as 


| is it, 


a A. & 14. 


b 19. 5. 


c A. 5. 


& 1 
* 


PROP. XV. THE OR. 


Tf four magnitudes of the ſame kind are proportionals, 
the greateſt and leaſt of them together are greater 
than the other two together. 


Let the 2 mad. AB, CD, E, F be proportionals, 
viz. AB to CD, as E to F; and let AB be the greateſt of them, 
and conſequently F the leaſt *. — Lag. ogg 


er than CD, together with E. 


Take AG e al to E, and CH equal to F: Then becauſe as 
ABis to CD, fois E to F, and that 3 
equal to F; AB is to CD, as AG to CH. B. 

And deen AB che whole, is to the 


k — 


whole CD, as AG is to CH, like wiſe the G D 
remainder GB ſhall be to the remainder | | 
Hd, as the whole AB is to the whole“ al 


CD: But AB is greater than CD, there- 
fore © GB is greater than HD: And be- 
cauſe AG is equal to E, and CH to F; | 
AG * F t ther are equal to CH and | 


E together. If therefore to the un * A C E Þ | 


magnitudes GB, HD, of which G 
the greater, there be added equal magic, viz. to GB the 
two AG and F, and CH and E to H AB and F together are 


8172 9 CD and X. De if four 83 dec. 


ATIOS 1 which are a of the ſame ratios, 


R are the lame with one another. 


Let 
9 41 


— . . 
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Let A be to B, a8 D to E; and B to C, as E to F: The ra- Book V. 


tio which is compounded of the ratios of A 
to B, and B to C, which, by the definition A. B 
of compound ratio, is the ratio of A to C, is D. E. 
the ſame with the ratio of D to F, which, by F 
the ſame definition, is com of the f | 
ratios of D to E, and E to F. | 
Becauſe there are three magnitudes A, B, C, and three 
D, E, F, which, taken two and two in order, have the ſame ra- 
tio; ex acquali, A is to C,asDtoF*, | 4 22. f. 
Next, Let A be to B, as E to F, and B to C, as D to E; 
therefore, ex aeguali in proportione perturbata d, 4 * 
A is to C, as D to F; that is, the ratio of A to , B C 
C, which is compounded of the ratios of A to | > 
B, and B to C, is the ſame with the ratio of D P. E. F. 
to F, which is compounded of the ratios of D : 
to E, and E to F: And in like manner the propoſition may be 
demonſtrated, whatever be the number of ratios in either caſe. 


C. 
F 


d 3.5. 


| 


PROP. G. THE OR. 


F ſeveral ratios be the ſame with ſeveral ratios, each 80 N. 
to cach ; the ratio which 1s compounded of ratios 
which are the ſame with the firſt ratios, each to each, is 
the ſame with the ratio compounded of ratios which are 
the ſame with the other ratios, cach to cach. 


Let AbetoB,asEtoF; and C to D, as G to H: And! 
A be to B, as K to L; and C to D, as L to M: Then 


tio of K to M, by an | 
of compound ratio, is compoun 
ed of the ratios of tefumc with | x > & 


K. L. M. 
I. to M, which are the ſame with N. O. F. 
the ratios of A to B. and C to D: I 
And as E to F, fo let N be to O; and as G to H, fo let O be 
to P; then the ratio of N to P is compounded of the ratios of 
N to O, and O to P, which are the ſame with the ratios of E to 
F, and G to H: And it is to be ſhewa that the ratio of K to M, 
5 ſame with the ratio of N to P, or that K is to M, as N 
to P. 

Becauſe K is to L, as (A to B, that is, as E to F, that is, as) 
N to O; and as L to M, fois (C to D, and fois G to H, 


K 4 | apd 


= : 


_ ks. * as | * — . 
F o - I * 5 * 
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Book V. and ſo is) O to P: Ex aequsli-, K is to M, as N to P. There- 
OD fore, if ſereral ratios, Kc. O. E- DB. 


PROP. H THEOR. 


See N. 7 a ratio compounded of ſeveral ratios be the ſame 
with a ratio compounded of any other ratios, and if 
one of the firſt ratios, or a ratio compounded of any of 
the firſt, be the ſame with one of the laſt ratios, br with 
the ratio compounded of any of the laſt ; then the ratio 
compounded of the remaining ratios of the firſt, or the 
remaining ratio of the firſt, if but one remain, is the 
ſame with the ratio compounded of thoſe remaining of 

the laſt, or with the remaining ratio of the laſt. 


Let the firſt ratios be thoſe of A to B, B to C, C to D, 
D to E, and E to F; and let the other ratios be thoſe of G to 
H, H to K, K to L, and L to M: Alſo, let the ratio of A to 
® Definition F, which is compounded of * the firſt 
of com- xatios be the ſame with the ratio of G A. B. C. D. E. F. 
be to M, which is compounded of the G. H. K. L. M. 
; other ratios z And beſides, let the ra- - 
tio of A to D, which is compounded of the ratios of A to B, 


B to C, C to D, be the ſame with the ratio of C to K, which is 
compounded of the ratios of G to H, and H to K: Then the 
ratio compounded of the remaining firſt ratios, to wit, of the 
ratios of D toEandE to F, which compounded ratio is the 
ratio of D to F, is the fame with the ratio of K to M, which i 
compounded of the remaining ratios of K to L, and L to M 
the other ratios. 

Becauſe, by the hypotheſis, A is to D, as G to K, by i 
aha verſion®, D is to A, as K to G; and as A is to F, ſo is G ta 
. 5s. M; therefore , ex aequali, D is to F, as K to M. If therefore 

A ratio which is, &c. Q. E. PD. 
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PROP. KA. THEOR. 


F there be any number of ratios, and any number of See N. 
] other ratios ſuch, that the ratio compounded of ratios 

which are the ſame with the firſt ratios, each to each, 
is the ſame with the ratio compounded of ratios which 
ze the ſame, each to each, with the laſt ratios; and if 
one of the firſt ratios, or the ratio which is compounded 
of ratios which are the ſame with ſeveral of the firſt 
ratios, each to each, be the ſame with one of the laſt 
ntios, or with the ratio compounded of ratios which are 
the ſame, each to each, with ſeveral of the laſt ratios : 
Then the ratio compounded of ratios which are the ſame 
vith the remaining ratios of the firſt, each to each, or the 
remaining ratio of the firſt, if but one remain; is the 
me with the ratio compounded of ratios which are the 
me with thoſe remaining of the laſt, cach to each, or 
vith the remaining ratio of . laſt. 


R 
nd the ratios of G to H, K to L, MwN, 0e , 
e the other ratios : And let A be to B, as S to T; 
0, as T to V, and E to F, as V to X: Therefore, by the de- 


tion of compound ratio, the ratio of 8 to X is compounded 


the ratios of 8 to T, T to V, and V to * 
ne with the ratios of A to B. Cto D, E to F 
ſo, as G to H, ſo let T be to Z; and K to 
N, as a to b, O to P, as b to c; 328 
erefore, by the ſame definition, the ra 
ren 


' 
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Book V. c to d, which are the ſame, each to each, with the ratios of C 
, K to L, M te N, O to P, and Q to R: Therefore, by the 
hypotheſis, 8 is to X. as Y to d: Alſo, let the ratio of A to I, 
that is, the ratio of 8 to T, which is one of the firſt ratios, be 
the ſame with the ratio of e to g, which is compounded of the 
ratios of e to f, and f to g, which, by the hypotheſis, are the 
fame with the ratios of G to H, and K to L, two of the other 
ratiosz and jet the ratio of h to 1 be that which is com- 
pounded of the ratios of h to k, and k to l, which are the ſame 
vith the remaining firſt ratios, viz. of C to D, and E to F; 
alſo, let the ratio of m to p be that which is compounded of the 
ratios of m to n, n to o, and o to p, which are the ſame, each 
ary with the remaining other ratios, viz. of M to N, O u 
P, and Q to R: Then the ratio of h to 1 is the fame with the 

ratio of mto p, or his to I, as m to p. 


| - i: th Þ 

1. A, B; C, D; E, F. 8, T, V, X. 
S8. H; K, L; M, N; O, P; Q. R. I, 2, a, b, c, d. 
| v*S... n, 

Becauſe e is to 

Wray n 


to g, as Y to a: And A is 
4 T. as e to g; ind by the e Al 
verſion, T is to 8, 8a to T; and 8 is to X, as Y to d 
fare, ex aequali, T is to X, as à to d: Alſo, becauſe h 
as (C to D, e and k is to l, as (E to 
is, as) V to X; ex zequali, h is to l, as T to X: 
e manner, it may be demonſtrated, that m is to p, as a to d: 
2 11. 3. And i has been ſhown, that T'is to X, as à to dz Therefore 
p h is to l, as m to p. Q. E. D. 

The propoſitions G and K are uſually, for the ſake of drein 
expreſſed in the ſame terms with propoſitions F and H: And 
therefore it was proper to ſhow the true meaning of them whe 
they are ſo expreſſed ; eſpecially ſince they are very frequent 
made uſe of by geometers. 
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c, d. DEFINITIONS. 

| I. | 

CLAS corps figures 2 

and f i are thoſe which have their 4 | 
zali, en ſeveral angles equal, each to 45 8 ct 

„each, and the ſides about the 


equal angles proportionals. Is = : 


« ſuch as have their ſides about two of their angles propor- 
* tionals in ſuch manner, that a ſide of the firſt figure is to 
* ſide of the other, as the remaining fide of this other is to 
A Rraight line is fad to be cur in cxrrems and mean, ratio 
when the whole is to ter ſegment, as the greater 
The altitude of any figure is the ſtraight 
line drawn from its vertex perpendicular 
to the baſe, 


TH 


„ Reciprocal figures, viz. triangles and parallelograms, are ge. N 


| 


= F * » 
8 1 91 
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= 38. 1. 
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PROP. I THE OR. 


RtaxcLts and parallelograms of the ſame altitude 
are one to another as their baſes. 


Let the triangles ABC, ACD, and the parallelograms EC, 
CF have the ſame altitude, viz. the perpendicular drawn from 
the point A to BD: Then, as the baſe BC is to the baſe CD, 
ſo is the triangle ABC to the triangle ACD, and the parallelo. 
gram EC to the parallelogram CF. 

Produce BD both ways to the points H, L, and take any 
number of ſtraight lines BG, GH, each equal to the baſe perp 
BC; and DK, any number of them, each equal to the if th 
baſe CD; and join AG, AH, AK, AL: Then, becauſe CB, mon 
BG, GH are all equal, the triangles AHG, AGB, ABC 
are all equal*: Therefore, whatever multiple the baſe HC 
is of the baſe BC, the ſame multiple is the triangle AHC 
of the triangle ABC: For the ſame reaſon, whatever multiple 
the baſe LC is of the 


baſe CD, the ſame _— E A F T 

tiple is the triangle A \ 

of the triangle ADC: prod 

And if the baſe HC be prod 

equal to the baſe CL, the joins 
triangle AHC is alfo main 


b 5. def. 5. 


equal to the triangle 
ALC*; and if the baſe HG B 8 
HC be greater than the 4 7 
baſe CL, likewiſe the tri AHC is greater than the triangle 
ALC; and if leſs, leſs : fore, ſince there are four magn+- 
tudes, viz. the two baſes BC, CD, and the two triangles ABC, 
ACD; and of the baſe BC and the triangle ABC, the firſt and 
third, any equimultiples whatever have been taken, viz. the 
baſe HC and triangle AHC ; and of the baſe CD and triangle 
ACD, the ſecond and fourth, have been taken any equimultiples 
whatever, viz. the baſe CL and triangle ALC; and that it has 
been ſhown, that, if the baſe HC be greater than the baſe CL, 
the triangle AHC is greater than the triangle ALC; and i 
equal, equal; and if leſs, leſs: Therefore d, as the baſe BC is 
to the baſe CD, ſo is the triangle ABC to the triangle ACD. 
And becauſe the parallelogram CE is double of the _ 


e r ‚ ⁴ , ²mẽẽ] ]mſm/ / / ̃ h wVUXnm. vA — y ̃ i ETD 
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ane, — CF double, of the tri ACT), 1% vi, —- A 
and that magnirudes hate the fame ns | 
tiples have *; as the triangle ABC is to the ACD, 2125 


is the parallelogram EC to the el 8 And beate“ 
it has been ſhown, No he TEE fo is 
the triangle ABC to the triangle ACD ; and as the triangle 
ABC to the triangle ACP, fo is the parallelogram EC to the 
parallelogram CF; therefore, as the baſe BC is to the baſe CD, 
ſo is © the parallelogram — ang He weren 
fore triangles, &c. Q. E. D. 

Cox. From this it Is plain, that triangles and 
that have equal altitudes, are one to anorher as their baſes. 

Let the figures be placed fo as to have their baſes in the ſame 
ſtraight line ; and having drawn perpendiculars from the vertices 
of the triangles to the baſes, the ht line which joins the 
vertices is parallel to that in which their baſes are , becauſe the f 33. 1. 
perpendiculars are both equal and parallel to one another. Then, 
if the ſame conſtruction be made as in the propolitian, the . 
monſtration will be the fame. 


PROP. HI. THE OR. 


F a ſtraight line be drawn parallel to one of the fides sce N. 
| of a triangle, it. ſhall cut the other fides, or thoſe 
produced, proportionally : And if the fides, or the ſides 
produced, be cut A the ſtraight line which 

joins the points of ſection ſhall be parallel to the re- 
maining ſide of the triangle. 


Let DE be drawn parallel to BC, one of the ſides of the trĩ- | 
avgle ABC: BD is to DA, as CE to EA. | | 
oin BE, CD; then the triangle BDE is equal to the tri- t 
angle CDE *, becauſe they are on the fame dale DE, and be- 37. 1. | 
tween the ſame par DE, BC: ADE is another triangle, = 
and equal magnitudes have to the ſame, the ſame ratio d; there-b . - | 


fore, as the triangle BDE to the triangle ADE, fo is the tri- 
angle CDE to the triangle ADE; but as the triangle BDE to 14 
the triangle ADE, ſo is © BD to DA, r 
_ viz. the perpendicular drawn from the point E 
AB, they are to one another as their baſes 3 and for the fm 
n, 


| 1 the angle of a triangle be dirided into two equal 


produced, be cut proportionally in the | i 
EO Wy WI EA, and join DE; DE is paral- 
lel to BC. | 
The ſame conſtruction being made; becauſe as BD to DA, 
ſo is CE to EA; and as BD to DA, fo is the triangle BDE © 
the triangle ADñD E; and as CE to EA, fo is the triangle CD 
to the triangle ADE ; therefore the triangle BDE is to the 
triangle ADE, as the triangle CDE to the triangle ADE; 
that is, the triangles BDE, CDE have the ſame ratio to the 
triangle ADE; and therefore * the triangle BDE is equal to 
the triangle CDE: And they are on the ſame baſe DE ; bute- 
ual triangles on the ſame baſe are between the ſame parallels#; 
fore DE is parallel to BC. Wherefore, if a ſtraight Ine, 
&c. Q. E. DP). | m1 


PROP. m. 1 HE OR. 


angles, by a ſtraight line which alſo cuts the baſe; 

the ſegments of the baſe ſhall have the ſame ratio which 
the other ſides of the triangle have to one another: And 
if the ſegments of the baſe have the ſame ratio which the 
other ſides of the triangle have to one another, the 
ſtraight line drawn from the vertex to the point of ſec- 

© tion, divides the vertical angle into two equal angles. 


Let.the angle BAC of any triangle ABC be divided into two 
equal angles by the ſtraight line AD : BD is to DC, as BA to AC. 


parallels AD 856. 
angle CAD ® : But CAD, 12 the to ramen e | | 
gle BAD ; whetefore B. 8 3 'Y 
„ becauſe the ſtraight line 
FAE meets — AD, «= nw 88 4 
EC, the outward BAD 
is equal to the inw 


and 


polite 17 But the 


A ved 
\ 1. the angle . mee 
C 


ABC, bee 
an equently — 
5 at e e ; "eh 
is, 6 WH fide AC: And becaufe AD is drawn parallel to one of the c 6. 2. 
paral- ſides of the triangle BCE, viz. to EC, BD is to DC, as BA to 
AE*; but AE is equal to AC; therefore, as BD to DC, ſo is d 2. 6- 
Da, BA to ACE. © 7. 5. 
DE to Let now BD be to DC, as BA to AC, and join AD the 
CDE 8 into two equal angles by the ſtraight line 


The ſame conſtruction being made; becauſe, as BD to DC, 
fois BA to AC; and as BD to DC, ſo is BA to-AE 0, becauſe | 
AD is parallel ro EC; therefore BA is ro AC, as BA to AE : f 11. 3. 
Conſequently AC is equal to AE E, and the angle AEC is there- 39. 5. 
fore equal to the angle ACE ® : : But the angle AEC is equal toh 5. 2. 
the outward and oppoſite angle BAD; and the angle ACE » 
equal to the alternate angle CAD® : Wherefore alſo the an 
BAD is equal to the angle CAD: Therefore the angle BA i 
cut into two equal angles by the ſtraight line AD. mn. | 
if the angle, &c. Q. E. D. 
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PEXOUP. a THE OA. 


FF the outward angle of a triangle made by producing 

one of its ſides, be divided'into two equal angles, by 
a ſtraight line which alſo cuts the baſe produced ; the 

ments between the dividing line and the extremities 
of the baſe have the fame ratio which the other ſides of 
the triangle have to one another: And if the ſegments 
of the baſe produced, have the ſame ratio which the o- 
ther ſides of the triangle have, the ſtraight line drawn 
from the vertex to the point of ſection divides the out- 


Ward angle of the triangle into two equal angles. 
Let the outward angle CAE of any triangle ABC be divided 


A 31. 1. 


b 29. I. 
c Hyp. 


46.1. 
& 2. 6. 


f 11. 5. 


£9. 5- 
R 5.I. 


into two equal angles by the ſtraight line AD which meets the 
baſe produced ia D: BD is to DC, as BA to AC. 

Through C draw CF parallel to AD? ; and becauſe the ſtraight 
line AC meets the parallels AD, FC, the angle ACF is equal 
to the alternate angle CAD® : But CAD is equal to the angle 


DAE ©; therefore alſo DAE is equal to the angle ACF. Again, 


becauſe the ſtraight line FAE meets the parallels AD, FC, the 
ontward angle DAE is e- 
qual to the inward and op- E 
polite angle CFA : But the 
angle ACF has been proved 
equal to the angle DAE; 
therefore alſo the angle 
* equal #4 the angle 
and conſequently the by 
ſide AF is equal to the fide B C D 
AC*: And becauſe AD is parallel to FC, a fide of the tri 
BCF, BD is to DC, as BA to AF; but AF is equal to AC; 
as therefore BD is to DC, ſo is BA to AC. 

Let new BD be to DC, as BA to AC, and join AD; the 
angle CAD is equal to the angle DAE. 

The ſame conſtruction being made, becauſe BD is to DC, 
as BA to AC; and that BD is alſo to DC, as BA to AF*; 
therefore BA is to AC, as BA to AF s; wherefore AC is ou 
to AF®, and the angle AFC equal“ to the angle ACF: 4 


0 5 . 


'OF EUCLID, 


the angle AFC is equal to the outward angle EAD, and the Book VL. 
angle ACF to the alternate angle CAD; therefore alſo EAD is Yo 
equal to the angle CAD. Wherefore, if the outward, &c. 

Q. E. D. 


"PROP. IV. THEOR. 


HE ſides about the equal angle, of equiangular tri- 

angles are proportionals ;-and thoſe which are op- 

poſite to the equal angles are homologous ſides, that is, 
are the antecedents or conſequents of the ratios. 


Let ABC, DCE be equiangular triangles, having the angle 
ABC equal to the angle DCE, and the angle ACB to the angle 


DEC, and conſequently * the angle BAC equal to the angle a 32. 1. 


CDE. The ſides about the equal angles of the triangles ABC, 
DCE are proportionals ; and thoſe are the homologous ſides 
which are oppoſite to the equal angles. 

Let the triangle DCE be placed, ſo that its fide CE may be 
contiguous to BC, and in the ſame ſtraight line with it: And 
becauſe the angles ABC, ACB are together leſs than two right 
angles d, ABC and DEC, which is F hs | d 17. x. 
equal to ACB, are alſo leſs than 
two right angles ; wherefore BA, | | 
ED produced ſhall meet; let them A 
be produced and meet in the point 
F: And becauſe the angle ABC is 
equal to the angle DCE, BF is 
rallel* to CD. Again, becauſe the B 
angle ACB is equal to the an 
DEC, AC is parallel to FE“: 


4 28. 1. 


E 
Therefore FACD is a parallelogram and conſequently AF is 
equal to CD, and AC to FTD:: And becauſe AC is parallel toe ,, 1. 
FE, one of the ſides of the * FBE, BA is to AF, as BC 

z 


to CE,: But AF is equal to CD; therefore t, as BA to CD, * 2-6. 
ſo is BC to CE; and alternately, as AB to BC, fois DC to® 7. 5. 
CE®: Again, becauſe CD is parallel to BF, as BC to CE, ſo is 

FD to DE; but FD is equal to AC; therefore, as BC to CE, 

ſo is AC to DE: And alternately, as BC to CA, ſo CE to ED: 
Therefore, becauſe it has been proved that AB is to BC, as DC 

to CE, and as BC to CA, fo CE to ED, ex aequali®, BA is to w 22. 5. 
AC, as CD to DE. Therefore the ſides, &c. Q. E. D. 
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fore equiangular to the tri- 


THE ELEMENTS 


PROP. v. THEO n. 


F the ſides of two triangles, about each of their angles, 


be proportionals, the triangles ſhall be equiangular, 
and have their equal angles oppoſite to the homologous 
Res. | 


Let the triangles ABC, DEF have their ſides Joann, 
ſo that AB is to BC, as DE to EF; and BC to CA, as EF to 
FD; and conſequently, ex aequali, BA to AC, as ED to DF; 
the triangle ABC is equiangular to the triangle DEF, and their 
equal angles are oppoſite to the homologous ſides, viz. the an- 
le ABC equal to the angle DEF, and. BCA to EFD, and alſo 
AC to EDF. | | a 
At the points E, F, in the ſtraight line EF, make the angle 
FEG equal to the angle ABC, and the angle EFG equal w 
BCA; wherefore theremain- ; 1 
ing angle BAC is equal to the A D 
remaining angle EGF ®, and PA 
F 
tionals ©. Wherefore, as 
AB to BC, fois GE to EF; G 
but as AB to BC, fois DE to EF; therefore as DE to EF, fo? 
GE to EF: Therefore DE and GE have the ſame ratio to EF, 


the triangle ABC is there- 


angle GEF; and conſequent- 
ly they have their ſides op- 
poſite to the equal angles pro- 


and conſequently are equal ©: For the ſame reaſon, DF is equal 


to FG: And becauſe, in the triangles DEF, GEF, DE is equal 
to EG, and EF common, the two ſides DE, EF are equal to 
the two GE, EF, and the baſe DF is equal to the baſe GF; 
therefore the angle DEF is equal * to the angle GEF, and the 
other angles to the other angles which are. ſubtended by the e- 
qual ſides r. Wherefore the angle DFE is equal to the angle 
GFE, and EDF, to EGF : And becauſe the angle DEF is equal 
to the angle GEF, and GEF to the angle ABC ; therefore the 
angle ABC is equal to the angle DEF : For the ſame reaſon, 
the angle ACB is equal to the angle DFE, and the angle at A 


to the angle at D. Therefore the triangle ABC is equiangular 


ro the triangle DEF. Wherefore, if the ſides, &c. Q. E. 
PROD. 


OF EUCLID. 


PROP VI THE OR. 


If two triangles have one angle of the one equal to 
one angle of the other, and the ſides about the equal 
angles proportionals, the triangles ſhall be equiangular, 
and ſhall have thoſe angles equal which are oppoſite to 
the homologous ſides. | 8 5 | 


Let the triangles ABC, DEF. have the angle BAC in the otic 
equal to the angle EDF in the other, and the ſides about thoſe 
augles proportionals; that is, BA to AC, as ED to DF; the 
uiangles ABC, DEF are equiangolar, and have the angle ABC 
equal to the angle DEF, and ACB to DFE. OF OR: 

At the points D, F, in the ſtraight line DF, make the angle 2 23. 2. 
FDG equal to either of the angles BAC, EDF; and the angle 
DFG equal to the angle ; 
ACB; Wherefore the re- A. 
maining angle at B is e- 

ual to the remaining one 
: Od, 22 — 
the triangle ABC is equi- 
angular to the triangle 
DGF; and therefore as | 
BA to AC, fo is GD 5 | | 
to DF: But, by the hy- B CE F 

theſis, as BA to AC, ſo is ED to DF; as therefore ED to 

F, ſo is GD to DF; wherefore ED is equal? to DG; anda xx. f. 
DF is common to the two triangles EDF, GDF: Therefore the® 9.5 
two ſides ED, DF are equal to the two ſides CD, DF; and the : 
angle EDT is equal to the angle GDF; wherefore the baſe EF 
is equal to the baſe FG*, and the triangle EDF to the triangle: ,. 1. 
GDF, and the remaining angles to the remaining angles, each 
to each, which are ſubtended by the equal ſides: Therefore the 
angle DFG is equal to the angle DFE, and the angle at G to 
the angle at E: But the angle DFG is equal to the angle ACB; 
therefore the angle ACB is equal to the angle DFE: And the 
angle BAC is equal to the angle EDF#; wherefore alſo the re-s Hey. 
——— , angle at B is . to the remaining angle at K. 
Therefore the triangle ABC is equiangular to the triangle DEF. 
Wherefore, if two triangles, &c. Q. E. D. 
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THE ELEMENTS 


PROP. VI THEOR. 


F two triangles have one angle of the one equal to 
one angle of the other, and the fides about two other 
angles proportionals, then, if each of the remaining 
angles be either leſs, or not lefs, than a right angle; or 
if one of them be a right angle: The triangles ſhall be 
equiangular, and have thoſe angles equal about which 


the ſides are proportionals. 


Let the two triangles ABC, DEF have one angle in the one 
equal to one angle in the other, viz. the angle BAC to the an- 
gle EDF, and the ſides about two other angles ABC, DEF pro- 
portionals, ſo that AB is to BC, as DE to EF; and, io the firſt 
caſe, let each of the remaining angles at C, F be leſs than a 
right angle. The triangle ABC is -quiangular to the triangle 
DEF, viz. the angle ABC is equal to the angle DEF, and the 
remaining angle at C to the remaining angle at F. 

For, if the angles ABC, DEF be not equal, one of them is 
ater than the other: let ABC be the greater, and at the 

point B, in the ſtraight line 

AB, make the angle ABG 


equal to the angle DEF: 
And becauſe the angle at A 5 
is equal to the angle at D, 8 
and the angle ABG to the a 
B C-E 'F 


angle DEF; the remaining 

angle AGB is equal? to the | 

remaining angle DFE : Therefore the triangle ABG is equi- 
angular to the triangle DEF; wherefore © as AB is to BG, fo is 
DE to EF; but as DE to EF, fo, by hypotheſis, is AB to BC; 
therefore as AB to BC, ſo is AB to BG*; and becauſe AB 
has the ſame ratio to each of the lines BC, BG; BC is equal? 
to BG, and therefore the angle BGC is equal to the -angle 
BCG *: But the angle BCG is, by hypotheſis, leſs than a right 
angle; therefore alſo the angle BGC is leſs thawa right angle, 


and the adjacent angle AGB muſt be greater than a right angſe t. 


But it was proved thar the angle AGB is equal to the angle at F; 
therefore the angle at F is greater than a right angle : But, by the 
hypotheſis, it is leſs than a right angle; which is abſurd. * 

8 nick bn 


fo 


22828 


8 bc sgeg ga g'i sz 888 


n. B g. g. 2 gg. 5 8.8 


OF EUCLID. 165 


fore the angles ABC, DEF are not unequal, that is, they are Book VI. 
equal: And the angle at A is equal to the angle at D; where. YI 
fore the remaining angle at C is equal to the remaining angle 
at F: Therefore the triangle ABC is equiangular to the tri- 
angle DEF. | | 
Next, Let each of the angles at C, F be not leſs than a right 
angle: The triangle ABC is alſo ia this caſe equiangular to the 
triangle DEF. 
The ſame conſtruction 
being made, it may be pro- 
ved. in like manner that BC 


. A ; 
| | D 
is cqual to BG, and the | 
angle at C equal to the an- 8 
gle BGC: But the angle 2 
„ 0 I 


at C is not leſs than a right 

angle; therefore the angle EP, 

BGC is not leſs than a right angle: Wherefore two angles of 
the triangle BG are together not leſs than two right angles, 
which is impoſſible ® ; and therefore the triangle ABC may be * 7. 7+ 


proved to be equiangular to the triangle DEF, as in the firſt 
a 


©. 

Laſtly, Let one of the angles at C, F, viz. the angle at C, 
be a right angle; in this caſe likewiſe the triangle ABC is equi- 
angular to the triangle DEF. | 

For, if they be not equian- 
gular, make, at the point B of A. 
the ſtraight line AB, the angle 
ABG equal tothe angle DEF; 
then ir may be proved, as in 
the firſt cafe, that BG is e-R 

val to BC: But the angle 

CG is a right angle, there- 
fore ! the angle BG is alſo a 
right angle ; whence two of 
the angle of the triangle BGC 
are together not leſs than two 
right angles, which is impol- 
fible : Therefore the triangle 


G 
C 
A 


C 
G 
ABC ji niangular 
Aigle DEP. Wherefore” 


Wherefore, if two triangles, Kc. Q. E. D. 
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THE ELEMENTS 


PROP. vm. THEOR. 


IN a right angled triangle, if a perpendicular be drawn 

from the right angle to the baſe ; the triangles on 
each ſide of it are ſimilar to the whole triangle, and to 
one another. 


Let ABC be a right angled triangle, having the right angle 
BAC; and from the point A let AD be drawn perpendicular 
to the baſe BC : The triangles ABD, ADC are ſimilar to the 
whole triangle ABC, and to one another. | 
| Becauſe the angle BAC is equal to the angle ADB, each of 
them being a right angle, and that the angle at B is common 


to the two triangles ABC, 


b 4. 6. 
* x. def. 6. 


ABD; the remaining angle A 
ACB is equal to the remaining " 
angle BAD * : Therefore the | 
triangle ABC is equiangular to 

thetriangle ABD, and the ſides 

about their equal angles are pro- << — 
portionalsb; wherefore the tri-B 9 
angles are ſimilar © : In the like | 8 
manner it may be demonſtrated, that the triangle ADC is e- 
quiangular and ſimilar to the triangle ABC: And the triangles 
ABD, ADC, being both equiangular and ſimilar to ABC, are. 
equiangular and fimilar to each other. Therefore, ia a right 
angled, &c. Q. F. D. 


Cor. From this it is manifeſt, that the perpendicular drawn 


from the right angle of a right angled triangle to the baſe, is a 
mean proportional between the ſegments of the baſe: And alſo 
that each of the ſides is a mean proportional between the baſe, 
and its ſegment adjacent to that fide: Becauſe in the triangles 
BDA, ADC, BD is to DA, as DA to DC; and in the tri- 
angles ABC, DBA, BC is to BA, as BA to BD®; and in the 
rriargles ABC, ACD, BC is to CA, as CA to CD ®. 


PROP. 


] 


— 
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PROP. IL. PROB. 


ROM a given ſtraight line to cut off any part re, c N. 
quired. I ON 


Let AB be the given ſtraight line ; it is required to cut off 


to any part from it. 
From the point A draw a ſtraight line AC making any angle 
with AB; and in AC take any point D, and take AC the ſame 
ple multiple of AD, that AB is of the part . 
Ml which is to be cut off from it; join BC, A 
he and draw DE parallel to it: Then AE is 


the part required to be cut off. | 
Becauſe ED is parallel to one of the ſides 
of the triangle ABC, viz. to BC, as CD is 
to DA, ſo is BE to EA; and, by com 
ſition ®, CA is to AD, as BA to AE : But 
CA is a multiple of AD; therefore © BA 
is the ſame multiple of AE : Whatever part 
therefore AD is of AC, AE is the ſame B C 
part of AB: Wherefore, from the ſtraight 
line AB the part required is cut off. Which was to be done. 


. O divide a given ſtraight line ſimilarly to a given 

| divided ſtraight line, that is, into parts that ſhall 

5 have the ſame ratios to one another which the parts of 

2 the divided given ſtraight line have. 

ſo | | 

e, Let AB be the ſtraight line given to be divided, and AC the 

es divided line; it is required to divide AB ſimilarly to AC. 

ri- Let AC be divided in the points D, E; and let AB, AC be , 

he placed ſo as to contain any angle, and join BC, and through the 
points D, E, draw * DF, EG parallels to it; and through D. 31. I. 

1 draw DHK parallel to AB : Therefore each of the figures FH, 


HB, is a parallelogram as we DH is equal to FG, and b 34. 1. 
| 14 HK 
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Book VI. HK to GB: And becauſe HE is pa- A 
deer | 


6 2. 6. 


b 2. 6. 


BG, and HD te GF; therefore, as F 


and make BD equal to AC; and having B 


@ 31. 2. 


| wind a fourth proportional to A, B, 


agle DKC, as CE to ED, ſo is 
KI to HD: But KH is equal to 


CE to ED, fo is BG to GF: Again, G LOS. 
becauſe FD is parallel to EG, one of * [ 8 
the fides of the triangle AG E. as ED 3 — 

to DA, ſo is GF to FA: But it has K C. 
been proved that CE is to ED, as 

BG to GF; and as ED to DA, fo GF to FA: Thirefori the 
given — line AB js divided ſimilarly ro AC. Which was 
to be 


PROP. XI. PROB. 
12 — a third proportional to two given ftraight 


Let AB, AC be the two given traight ines, and Jet then 
de placed ſo as to contain any angle; it is 
required o find a third proportional to AB, A. 

Produce AB, AC to the points D, E; 


joined BC, through P, draw DE parallel e 


* Becauſe BC is parallel to DE, a fide of 
the triangle ADE, AB is ® to BD, as AC to D > 
CE: Bur BD is equal to AC; as therefore E 
AB to AC, fo is AC to CE. . 


fraight lines c Which 
was to be done. 


PROP. XII. P R O B. 
| its — a fourth proponional to three given ſtraight 


Let A, B, be th te gen an les i eg 
Take 
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Tube tron Sohn Rang 2 Hi Sang any angle Er: Book Vt. 
and upon theſe make DG r _— 


equal to A, GE equal to B, 
— DH equal to C; and 
having joined GH, draw EF 
parallel * to it through the 
point E: And becaute GH 
X is parallel to EF, one of the 
4 ſides of the triangle DEF, 
' DG is to GE, as DH to 
the HF®; but DG i is equal to E F | b 2. C. 
* A, GE to B, and DH to C; 
therefore, as Ais to B, fois C to HF. Wherefore to the 
three given ſtraight lines, A, B,Ca fourth he Das HFis . 
foand. Which was to de done. 


2 31. 1. 


one. p 
* T” find a mean . between two given 
ſtraight lines. 


Let AB, 6 ſtraight lines; it is required 
to find a mean proportional between them. 

Place AB, BC in a ſtraight line, and upon AC deſcribe the 
ſemicircle ADC, and from the 
point B draw * BD at right an- 
gles to AC, and join AD, DC. 

\ Becauſe the angle ADC in a 
5 ſemicirele is a right angle ®, and 
ren decauſe in the right a angled tri- 
ich angle ADC, DB is drawa from 


the right angle perpendicular to 
the baſe, DB is a mean propor A B C 


tional between AB, BC fl — of the baſe © : Therefore e Cor. 8. 6, 
between the two given ftraight lines AB, BC, a mean propor- 
_ Nonal DB is found. Which was to be done. 


-A IT. 1. 
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PROP. XIV. THEOR. 


QUAL parallelograms which have one angle of the 
F. one equal to one angle of the other, have their 
ſides about the equal angles reciprocally proportional: 
And parallelograms that have one angle of the one equal 
to one angle of the other, and their ſides about the e- 


qual angles reciprocally proportional, are equal to one 
another. RE | 


Let AB, BC be equal parallelograms, which have the angles 
at B equal, and let the ſides DB, BE be placed in the ſame 
ſtraight line; wherefore alſo FB, BG are in one ſtraight line * ; 
The ſides of the parallelograms AB, BC about the equal angles, 
— reciprocally proportional; that is, DB is to BE, as GB to 
B : | 


Complete the parallelogram FE ; and becauſe the parallelo- 
gram AB is equal to BC, and A | 
that FE is another parallelo- . F 3 
Tram, AB is to FE, as BC to * \ * 
5 5.5. FE: But as AB to FE, fo is 1 5 2 
e 1. 6 the baſe DB to BEC“; and, as D B E 
BC to FE, ſo is the baſe GB to 
BF; therefore, as DB to BE, | 
411-5. ſo is GB to BF 4. Wherefore, | 
the ſides of the parallelograms | Ge C 
AB, BC about their equal an- | | 
5 gles are 9 . 
ut, let the ſides about the equal angles be reciprocall 
portional, viz. as DB to BE, ſo GB e BF the — 
AB is equal to the parallelogram BC. 
Becauſe, as DB to BE, ſo is GB to BF; and as DB to BE, 
ſo is the parallelogram AB to the parallelogram FE; and as 
GB to. BF, ſo is the parallelogram BC to the parallelogram FE; 
therefore as AB to FE, fo : to FE A: Wherefore the 2 
lelogram AB is equal to the parallelogram BC. Therefore 
9 equal parallelograms, &c. Q. E. D. | 


2 14. * 


PROP. 
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- PROP. XV. THEOR. 


QUAL triangles which have one angle of the one 
equal to one angle of the other, have their, ſides 
about the equal angles reciprocally proportional : And 
triangles which have one angle in the one equal to one 


angle in the other, and their fides about the equal angles 


reciprocally proportional, are equal to one another. 


Let ABC, ADE be equal triangles, which have the angle 
BAC equal to the angle DAE ; the ſides about the equal angles 
of the triangles are reciprocally proportional; that is, CA is to 
AD, as EA to AB. | , | 

Let the triangles be placed ſ d that their fides CA, AD be 
in one ſtraight line; wherefore alſo EA and AB are in one 


ſtraight line; and join BD. Becauſe the triangle ABC is e- 14. 2. 


qual to the triangle ADE, and 
that ABD is another triangle ; B mw D 
therefore as the triangle CAB is to [<& 
the triangle BAD, ſo is triangle 
EAD to triangle DAB® : But as 
triangle CAB to triangle BAD, ſo 
is the baſe CA to AD; and as 
triangle EAD to triangle DAB, fo 
is the baſe EA to AB © ; as there- C 
fore CA to AD, ſo is EA to AB ©; 
wherefore the ſides of the triangles ABC, ADE about the equal 
angles are reciprocally proportional. | | 
ut let the ſides of the triangles ABC, ADE about the equal 

angles be reciprocally proportional, viz. CA to AD, as EA to 
AB; the triangle ABC is equal to the triangle AE. 

Having joined BD as 3 becauſe, as CA te AD, ſo is 
EA to AB; aud as CA to AD, fo is triangle ABC to triangle 
BAD*©; and as EA to AB, ſo is triangle EAD to triangle 
BAD © ; therefore © as triangle BAC to triangle BAD, fo is tri- 
angle EAD to triangle BAD; that is, the triangles BAC, EAD 
have the ſame ratio to the triangle BAD: Wherefore the tri- 


d 7. 5+ 
e 1. 6. 


| E d 11. 5. 


angle ABC is equal © to the triangle ADE. Therefore equal*® 9: 5+ 


triangles, '&c. Q. E. D. 


r RO. 
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WY PROP. xv. THEOR. 


F four ſtraight lines be proportionals, the rectan gle Ml Q. E. 
contained by the extremes is equal to the reQtangl 
contained by the means: And if the rectangle contained 
by the extremes be equal to the rectangle contained by 
the means, the four ſtraight liries are proportionals. 


Let the four ſtraight lines, AB, CD, E, F be proportionals, 
viz. as AB to CD, E to F; the rectan le contained by AB, 
F is equal to the reftangie contained by CD, E. 

2 11. 1. From the points A, C draw * AG, CH at right angles to 
AB, CD; and make AG ual to F, and CH equal to E, and 
complete the parall hee BY, DH : — as AB to CD, 

ſo is E to F; Ar is ual to CH, and F to AG; AB 

b 7. 3. is to CD, as CH to AG: T efore the ſides of the paralle. 
lograms BG, DH about the equal angles are reciprocally pro- 
portional; but parallelograms which have their ſides about e- 

© 74.6. qual angles reciprocally Proportional, are equal to one another*; 
therefore the parallelogram BCG is equal to the — 
DH: And the parallelogram 


BG is contained by the E 3 | 

ſtraight lines AB, F; becauſe EF — — * 

AG is equal to F; and the | 
amDHiscontain= G 

ed by CD and E; becauſe - | ae 

CH is equal to E : There- | 

fore the rectangle contained 1 | 

by the ſtraight lines AB, F | . L 

is equal to that whichis con- \ | wr 

tained by CD and E. 

And if the rectangle contained by the ſtraight lines AB, F 
be equal to that which is contained by CD, E theſe four Ine 
are proportionals, viz. AB is to CD, asE to F. 

The ſame conſtruction bein made, becanſe the reCtangle 
contained by the ſtraight lines AB, F is equal to that which is 
contained by CD, E, and that the FoRaagie BG is contained by 
AB, F, becauſe AG is equal to F; and the rectangle DH 
by CD, E, becauſe CH is equal to E; therefore the parallelograt 


B is equal to the parallelogram DH ; ; and they are ug. 


0 EUCLID. 173 


lur: But the Gdes about the equal angles of equal parallelo- Book VI. 

grams are reciprocally proportional * NA a8 AB to CD, Pots 
ſo is CH to AG; and-CH'is equal to E, and AG to F: As | 
therefore AB is to CD, fo E to F. Wherefore, if four, &c. 

— ngle Q. E- D. 


1 PROP. XVI. THE OR. 

F three ſtraight lines be proportionals, the rectangle 
contained by the extremes is equal to the ſquare of 
the mean: And if the rectangle contained by the ex- 
tremes be equal to the ſquare of the mean, the three 
ſtraight lines are proportionals. WTO LI 


Let the three ſtraight lines A, B, C be proportionals, viz. as 
A to B, ſo B to C; the rectangle contained by A, C is equal 
to the ſquare of B. 

Take D equal to B; and becauſe as A to B, ſo B to C, and 
that B is equal to D; A is* to B, as D to C: But if four 7.5: 
ſtraight lines be pro- 
portionals, the rectan- 
— gle contained by the RF ————— 
extremes is equal to D—— 
that which is contained 4 8 Gd 
by the means®: There- C * 
fore the rectangle con | 
tained by A, C is equal | C 
to that contained by' Ll —_ A 
B, D: But the rec- A. B 
tangle contained by B, | 
D is the ſquare of B; becauſe B is equal to D: Therefore the 
rectangle contained by A, C is equal to the ſquare of B. 

And if the rectangle contained by A, C be equal to the 
ſquare of B; A is to B, as B to C. 3 2745 x 
The ſame conſtruction being made, becauſe the rectangle 
contained by A, C is equal to the ſquare of B, and the ſquare 
of B is _ to the rectangle contained by B, D, becauſe B is 
equal to D; therefore the rectangle contained by A, C is equal 
to that contained by B, D: But if the rectangle contained by 
the extremes be equal to that contained by the means, the four 
Rraight lines are proportionals® : Therefore A is to B, as D 4 

| - I 


— 
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See N. 


® 23. 1. 


w 32. 1. 


4 22.5. 


gain, at the points 


the angle DFE, and 
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Book VI. C;, but B is equal to D; wherefore as A to B, ſo B to ©: 
— | 


Therefore, if three ſtraight lines, &c. Q. E. D. 


PROP. XVIII. PRO B. 


PON a given ſtraight line to deſcribe a reftilineyl 
figure ſimilar, and ſimilarly ſituated to a given 
rectilineal figure. 8 


8 | , „ 
Let AB be the giren ſtraight line, and CDEF the given rec- 
tilineal figure of four ſides; it is required upon the given 
ſtraight line AB to deſcribe a rectilineal figure ſimilar, and ſimi- 
larly ſituated to CDEF. Th | 

Join DF, and at the points A, B in the ſtraight line AB, 
make * the angle BAG <qual to the angle at C, and the angle 
ABG equal to the angle CDF; therefore the remaining angle 
CFD is equal to the remaining angle AGB® : Wherefore the 
triangle FCD is e- | | 

uiangular to the AH 

NE CAB: Aa- G | E 


G, B in the ſtraight th te. 
line GB make* the L 
angle BGH equalto 


„K 
the angle GBH e- A B 66 
to FD; there- 

ore the remaining angle FED is equal to the remaining angle 
GHPB, and the triangle FDE equiangular to the triangle GBH: 
Then, becauſe the angle AGB is equal to the angle CFD, and 
BGH to DFE, the whole angle AGH is equal to the whole 
CFE : For the fame reaſon, the angle ABH is equal to the angle 
CDE; alſo the angle at A is equal to the angle at C, and the 
angle GHB to FED: Therefore the rectilineal figure ABHG is 
equiangular to CDEF : But likewiſe theſe figures have their ſides 
about the equal angles proportionals: Becauſe the triangles GAB, 
FCD being equiangular, BA is to AG, as DC to CF; and 
becauſe AG is to GB, as CF to FD; and as GB to GH, ſo, 
by reaſon of the equiangular triangles BGH, DFE, is FD to 
FE; therefore, ex aequali 4, AG is to GH, as CF to FE: In 
the ſame manner it may be proved that AB is to BH, as CD to 
DE: And GH is to BB, as FE to ED. Wherefore, _— 
| dle 


o 


to ©; 


or 'krcLID. 


the rectilineal figures ABHG, CDEF are equiangular, and have Book VI. 
their ſides about the equal angles proportionals, they are ſimilar XY | 
to one another ©, | 3 


Next, Let it be required to deſcribe upon a given ſtraight line 


AB, a rectilineal figure ſimilar, and ſimilarly firuated to the 


rectilineal figure CDKEF. | 
Join DE, and upon the given ſtraight line AB deſcribe the 
rectilineal figure ABH G fimilar, and fimilarly ſituated to the 
quadrilateral figure CDEF, by the former caſe; and at the 
points B, H in the ſtraight line BH, make the angle HBL e- 
cual to the angle EDK, and the angle BHL equal to the angle 
DEK; therefore the remaining angle at K is equal to the te- 
maining angle at L: And becauſe the figures ABHG, CDEF 
are ſimilar, the angle GHB is equal to the angle FED, and 
BHL is equal to DEK; wherefore the whole angle GHL is 
equal to the whole angle FEK : For the ſame reaſon the angle 
ABL is equal to the angle CDK: Therefore the five ſided fi- 
cures AGHLB, CFEKD are equiangular; and becauſe the fi- 
gures AGHB, CFED are ſimilar, GH is to HB, as FE to ED; 


and as HB to HL, ſo is ED to EK ©; therefore, ex aequali , c 4. 6. 
GH is to HL, as FE to EK : For the ſame reaſon, AB is to BL, © 22. 5+ 


as CD to DK: And BL is to LH, as© DK to KE, becauſe the 
triangles BLH, DKE are equiangular : Therefore, becauſe the 
five ſided figures AGHLB, CFEK D are equiangular, and have 
their ſides about the equal angles proportionals, they are ſimilar 
to one another: And in the ſame manner a rectilineal figure of 
fix or more ſides may be deſcribed upon a given ſtraight line 
ſimilar to one given, and ſo on. Which was to be done. 


PROP. XX. THE OR. 


Iurl Ax triangles are to one another in the duplicate 
0 ratio of their homologous ſides. 


Let ABC, DEF be fimilar triangles, having the angle B equal 
to the angle E, and let AB be to BC, as DE to EF, ſo that the 
ſide BC is homologous to EF: the triangle ABC has to the, 
triangle DEF, the duplicate ratio of that which BC has to EF. 


Take BG a third proportional to BC, EF®, ſo that BC is tov xr. 6. 


EF, as EF to BG, and join GA : Theo, becauſe as AB to BC, 


lo DE to EF; alternately ©, AB is to DE, as BC to EF: Bute 26. 5. 
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as BC to EF, ſo is EF to BG; therefore as AB to DE, ſo is 
EF to BG: Wherefore the fides of the triangles ABG, DEF 
which are abont the equal angles, are reciprocally proportional; 
But triangles which have the ſides about two equal angles reci. 
procally proportional | 

are equal to one ano- A 

ther: Therefore the ; 
triangle ABG is equal 
to the triangle DEF: 
And becauſe as BC is 
to EF, ſo EF to BG; 
and that if three — — 
ſtraight lines be pro- B G 
portionals, the firſt is 


t 10. def. . ſaĩd ? to have to the third the duplicate ratio of that which it has 


E 1. 6. 


to the ſecond; BC therefore has to BG the duplicate ratio of 
that which BC has to EF: But as BC to BG, ſo is © the triangle 
ABC to the triangle ABG. Therefore the triangle ABC has to 
the triangle ABG the duplicate ratio of that which BC has to 
EF: But the triangle ABG is equal to the triangle DEF; where. 
fore alſo the triangle ABC has to the triangle DEF the duplicate 
ratio My 2 which BC has to EF. Therefore ſimilar triangles, 
Kc. Q. E. D. | 1 

Cor. From this it is manifeſt, that if three ſtraight lines be 
proportionals, as the firſt is to the third, ſo is any triangle up- 
on the firſt to a ſimilar, and ſimilarly deſcribed triangle upon 
the ſecond, MER 


PROP. XX. THEOR. ' 


ImiLar polygons may be divided into the ſame num- 
8 ber of ſimilar triangles, having the ſame ratio to one 
another that the polygons have; and the polygons have 
to one another the duplicate ratio of that which their 
homologous ſides have, 1 


Let ABCDE, FGHEL be ſimilar polygons, and let AB be 


the homologous ſide to FG: The polygons ABCDE, FGHEL 
may be divided into the fame number of ſimilar triangles, 
whereof each to each has the ſame ratio which the polygons 
have; and the polygon ABCDE has to the polygon FGHKL 
the duplicate ratio of that which the ſide AB has to the ſide FG, 

Join BE, EC, GL, LH : And becauſe the polygon 2 


= 


TM” --$. 


or EVCtLID. | 150 


ſimilar to the polygon FGHKL, the angle BAE is equal to the Beok VI. 
angle GFL“, and BA is to AE, as GF to FL.: Wherefore, YL 
becauſe the triangles ABE, FGL have an angle ia one equal "T7 
to an angle in the other, and their ſides about theſe equal angles ' 
proportionals, the triangle ABE is 5 d, and there-d 6. 6. 
fore ſimilar to the triangle FGL ©; wherefore the angle ABE. 6. 

is equal to the angle FGL : And, becauſe the polygons are ſi- 

milar, the whole angle ABC is equal“ to the whole angle FGH; 

therefore the remaining angle EBC is equal to the remaining” | + 
angle LGH: And becauſe the triangles ABE, FGL are ſimilar, 

EB is to BA, as LG to GF“; and alfo, becauſe the polygons 

are ſimilar, AB is to BC, as FG to GH*; therefore, ex ae- 

quali*, EB is to BC, as LG to GH; that is, the ſides about « 22. f. 
the equal angles EBC, LGH are proportionals; therefore d 

the triangle EBC is equiangular to the triangle LGH, and 

ſimilar to it*. 
For the fame 


reaſon, the tri- = T1 

angle ECD B N 220 

likewiſe is ſi - E * L. 2 G 

milar to the | 1 

triangle LHK: / „ 

Therefore the bo 
D C 


"I— 


# »% 


ſimilar — 2 K. H 

ns ABCD » 

GHEKL are divided into the ſame number of ſimilar triangles. 

Alſo theſe triangles have, each to each, the ſame ratio which 
the : polygons have to one another, the antecedents being ABE, 
EBC, ECD, and the conſequents FGL, LGH, LHK: And 
the polygon ABCDE has to the polygon FGHEKL the dupli- 
——_— that which the fide AB has to the homologous 

de FG. 

Becauſe the triangle ABE is ſimilar to the triangle FGL, 
ABE has to FGL the duplicate ratio © of that which the ſide * 19. 6. 
BE has to the fide GL: Fer the ſame reaſon, the triangle BEC 
has to GLH the duplicate ratio of that which BE has to GL: 
Therefore, as the triangle ABE to the triangle FGL, ſo is the? 1701. 
triangle BEC to the triangle GLH. Again, becauſe the tri- 
angle EBC is ſimilar to the triangle LGH, EBC has to LGH 
the duplicate ratio of that which the ſide EC has to the ſide 
LH: For the ſame reaſon, * triangle ECD has to the 2 
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Book VI. LHR, the duplicate ratio of that which EC has to LH: Ag 
1 therefore the trigngle EBC to the triangle LGH, fo is* the 
triangle ECD to the triangle LHK : But it has been proved that 
the triangle EBC is likewiſe to the triangle LGH, as the triangle 
ABE to the triangle FGL. Therefore, as the triangle ABE is 
to the triangle FG, fo is triangle EBC to triangle LGH, and 
triangle ECD to triangle LHK : And therefore, as one of the 
antecedents to one of the conſequents, ſo are all the antecedents 
# 12. 3. to all the conſequents*. Wherefore, as the triangle ABE to the 
triangle FGL, fo is the polygon ABCDE to the polygon 
FGHEL : But the triangle ABE has to the triangle FGL, the 
duplicate ratio of that which the fide AB has to the homologous 
ſide FG. Therefore alſo the polygon ABCDE has to the poly- 
gon FGHEL the duplicate ratio of that which AB has to the 
homologous ſide FG. W herefore ſimilar polygons, &c. Q. E. D. 
Cox. 1. In like manner, it may be proved, that ſimilar four 
ſided figures, or of any number of ſides, are one to another in 
the duplicate ratio of their homologous ſides, and it has already 
been proved in triangles. Therefore, univerſally ſimilar recti- 
lineal figures are to one another in the duplicate ratio of their 
homologous ſides. 
Cor. 2. And if to AB, FG, two of the homologous ſides, 
1 10. def. g. 3 third proportional M be taken, AB has to M the duplicate 
ratio of that which AB has - FG i But the four ſided figure or 
| lygon upon AB has to the four ſided e or polygon u 

G [ikewiſe the duplicate ratio of that hs AB has ro EG: 

Therefore, as AB is to M, ſo is the figure upon AB to the 
1 Cor.19.6. upon FG, which was alſo proved in triangles '. Therefore, 
univerſally, it is manifeſt, that if three ſtraight lines be propor- 
tionals, as the firſt is to the third, ſo is any rectilineal figure up- 
on the firſt, to a ſimilar and ſimilarly deſcribed rectilineal figure 
upon the ſecond. 
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PROP. 


* 


PROP. XL THEO KR. 


EcTILINEAL figures which are ſimilar to the ſame 
rectilineal figure, are alſo ſimilar to one another. 


Let each of the rectilineal figures A, B be ſimilar to the rec- 
tilineal figure C : The figure A is ſimilar to the figure B. 
Becauſe A is ſimilar to C, they are equiangular, and alſo 
have their ſides about the equal angles proportionals . Again * x. def. 6. 
becauſe B is ſimilar to N 
C. they are equiangu- 
lar, and have their ſides N 
about the equal angles A /B\ 


proportionals“: There- 


fore the figures A, B F wth 
are each of them equi- | 

angular to C, and have the ſides about the equal angles of each 
of them and of C proportionals. Wherefore the rectilineal fi- 


gures A and B are equiangular ®, and have their ſides about the x. Ax. 1. 


equal angles proportionals ©. Therefore A is ſimilar to B. i. ;. 
E. D. 


P RO P. XXI. THE OR. 
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FF four ſtraight lines be proportionals, the ſimilar rec- 
tilineal figures ſimilarly deſcribed upon them ſhall al- 
ſo be proportionals ; and if the fimilar reQilineal figures 
ſimilarly deſcribed upon four ſtraight lines be propor- 
tionals, thoſe ſtraight lines ſhall be proportionals. 


ure 


Let the four ſtraight lines AB, CD, EF, GH be propor- 
tionals, viz. AB to CD, as EF to GH, aud upon AB, CD let 
the ſimilar reQilineal figures KAB, LCD be ſimilarly deſcri- 
bed; and upon EF, GH the ſimilar rectilineal figures MF, NH 
in — manner: The rectilineal figure KAB is to LCD, as MF 
to NH. 
To AB, CD take a third proportional * X; and to EF, GH a 15. 6. 
a third proportional O: And becauſe AB is to CD, as EF to 
GH, and that CD is b to X, as GH to O; wherefore, ex ae- 11. f. 
Wali, as AB to X, ſo EF to O: But as AB to X, ſo is 4 the® 22. f. 
M 2 recttilineal + £*" 


P. 
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Book VI. rectilineal KAB to the rectilineal LCD, and as EF to O, ſo is 
WYM «4 the reftilineal MF to the rectilineal NH ; Therefore, as KAB 


4 2. Cor. 


20. 6. 
b x2. 5. 


© x2. 6. 
f 18. 6. 


9 9. 5. 


See N. 


BCD equal to the angle ECG: The ratio of the parallelogram 
is compounded of the ratios of their ſides. | 


to LCD, fo® is MF to NH. 
And if the rectilineal KAB be to LCD, as MF to NH; the 
ſtraight line AB is to CD, as EF to GH. | 
Make © as AB to CD, fo EF to PR, and upon PR deſcribe f 
the rectilineal figure SR ſimilar and fimilarly fituated to either 


* 1. 
9 X 
1 A — om 


n 


by = 
f O 8 9 
5 — — Ld — v P R 


of the figures MF, NH : Then, becauſe as AB to CD, fo is EF 
to PR, and that upon AB, CD are deſcribed the ſimilar and 
ſimilarly ſituated rectilineals KAB, LCD, and upon EF, PR, 
in like manner, the ſimilar rectilineals MF, SR; KAB is to 
LCD, as MF to SR; but, by the hypotheſis, KAB is to LCD, 
MF to NH; and therefore the rectilineal MF having the 
ratio to Ach of the two NH, SR, theſe are equal* to one 


another: They are alſo ſimilar, and fimilarly ſituated ; there- 


fore GH is equal to PR: And becauſe as AB to CD, ſo is EF 
to PR, and that PR is equal to GH; AB is to CD, as EF to 
GH. If therefore four ſtraight lines, &c. Q. E. D. 


PROP. XXIII. THE OR. 


E parallelograms have to one another 
the ratio which is compounded of the ratios of 


their ſides. 


Let AC, CF be equiangular parallelograms, having the angle 
AC to the parallelogram CF, is the ſame with the ratio which 
Let 
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to CG, ſo is the . \ 
AC to the parallelogram CH ©; | BY @ 41.6. 
B 
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Let BC, CG be placed in a ſtraight line; therefore DC and Book vi. 
CE are alſo in a ſtraight line * ; and complete the parallelogram , © - 
DG; and, taking any ſtraight line K, make® as BC to CG, b 14. 6. 
ſo K to L; and as to CE, ſo make“ L to M: Lherefore 
the ratios of K to L, and L to M, are the ſame with the ratios 
of the ſides, viz. of BC to CG, and DC to CE. But the ra- 
tio of K to M is that which is ſaid to be compounded © of thee A. def. 5. 
ratios of K to L, and L to M : Wherefore alſo K has to M the 
ratio compounded of the ratios A D H 
of the ſides : And becaule as BC 


but as BC to CG, ſo is K to L; * 
therefore K is © to L, as the pa- 3 
rallelogram AC to the parallelo- 
gram CH: Again, becauſe as DC 
to CE, ſo is the parallelogram 
CH to the parallelogram CF; but 
as DC to CE, fo is L to M; KLM EF 
wherefore L is to M, as the pa- 

rallelogram CH to the parallelogram CF: Therefore, ſince it 

has been proved, that as K to L, ſo is the parallelogram AC to 

the parallelogram CH; and as L to M, ſo the parallelogram CH 

to the parallelogram CF; ex aequali :, K is to M, as the paral-f 23. 3. 
lelogram AC to the re CF: But K has to M the 

ratio which is compounded of the ratios of the ſides; therefore 
alſo the parallelogram AC has to the parallelogram CF the ratio 
which is compounded of the ratios of the Wherefore 


equiangular parallelograms, &c. Q. E. D. 


PROP. XXIV. THE OR. 


HE parallelograms about the diameter of any pa- see u. 


rallelogram, are ſimilar to the whole, and to one 
another. 


Let ABCD be a parallelogram, of which the diameter is 
AC; and EG, HK the parallelograms about the diameter : The 
parallelograms EG, HK are ſimilar both to the wh le parallelo- 
gram ABCD, and to one another. a 
Becauſe DC, GF are parallels, the angle ADC is equal * toa 29. 1. 
the angle AGF; For the ſame reaſon, becauſe BC, EF are pa- 
M 3 rallels, 
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Book VI. rallels, the angle ABC is equal to the angle AEF: And each 
» of the angles BCD, EFG is equal to the oppoſite angle DAB e, 
34+ 1. 
and therefore are equal to one another, wherefore the paral- 
lelograms ABCD, AEFG are equiangular : And becauſe the 
angle ABC is equal to the angle” AEF, and the angle BAC 
common to the two — BAC, E AF, thev are equiangu. 


4. 6. lar to one another; therefore © as AB 
to BC. ſo is AE to EF: And becauſe B 


. 

| the oppoſite ſides of parallelograms Wi 
47.3. are equal to one another d, AB is 4 to NI 4 
AD, as AE to AG; and DC to CB, G — 
as GF to FE; and alſo CD to DA. 
as FG to GA: Therefore the ſides of 
the parallelograms ABCD, AEFG a- a 
bout the equal angles are proportion- F 

als; aud they are therefore ſimilar to 
e 1. def. 6. oue another ©: For the ſame reaſon, the parallelogram ABCD 
is ſimilar to the parallelogram FHCK. Wherefore each of the 
parallelograms GE, KH | is ſimilar to DB: But rectilineal fi- 
gures which are ſimilar to the ſame rectilineal figure, are alſo 
f 21.6. ſimilar to one another ?; therefore the parallelogram GE is ſi- 


milar to KH. Wherefore the parallelograms, &c. Q. E. D. 


C 


PROP. XXV. PROD 


bee N. O deſcribe a rectilineal figure which ſhall be ſimi- 
lar to one, and equal to another given rectilineal 
figure, 


Let ABC be the given rectilineal figure, to which the figure 

to be deſcribed is required to be ſimilar, and D that to which 

it muſt be equal. Itis required to deſcribe a rectilineal figure 
ſimilar to ABC, and equal to D. 

2 Cor. 45.1. Upon the ſtraight line BC deſcribe * the parallelogram BE 
equal to the figure ABC; alſo upon CE deſcribe * the paralle- 
logram CM equal to D, and having the angle FCE equal 
to the angle CBL: Therefore BC and CF are in a ſtraight 

8 {29. r. line b, as alſo LE and EM: Between BC and CF find © a mean 

« 1 © & *- proportional GH, and upon GH deſcribe © the rectilineal f- 

112.6 gure KGH ſimilar and ſimilarly ſituated to the figure ABC: 
And becanſe BC is to GH as GH to CF, and if three ſtraight 


e 2. Cor. liucs be proportionals, as the firſt is to the third, ſo is © the 


— figure 


r 


7 7 0 w 


was to be done. 
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figure npon the firſt to the ſimilar and ſimilarly deſcribed fi- Book V. 
gure upon the ſecond ; therefore as BC to CF, ſo is the refti- WWW 
lineal figure ABC to KGH : But as BC to CF, fois * the pa- f l. 6. 
rallelogram BE to the parallelogram EF: Therefore as the rec- 
tilineal figure ABC is to KGH, fo is the parallelogram BE to 
the parallelogram EF: And the reRilineal figure ABC is equal g zz. 5. 


A. 


K 
B 


e 3 

| | G H 

L E M 

to the parallelogram BE ; therefore the rectilineal figure EGH + 

is equal“ to the parallelogram EF: But EF is equal to the fi- h 14. 5. 
gure D; wherefore alſo KG H is equal to D; and it is ſimilar 


to ABC. Therefore the rectilineal figure KGH has been de- 
ſcribed ſimilar to the figure ABC, and equal to D. Which 


PROP. XVI. THE OR. 


F two ſimilar parallelograms have a common angle, and 
1 be ſimilarly ſituated; they are about the ſame diameter. 


Let the parallelograms ABCD, AEF G be ſimilar and ſimi- 
larly ſituated, and have the angle DAB common. ABCD and 
AEFG are about the ſame diameter. 

For, if not, let, if poſſible, the 
parallelogram BD have its dia- | 
meter AHC in a different ſtraight A S D 
line from AF the diamerer of the | 
parallelogram EG, and Jet GF | 
meet AHC in H; and through + 8 
H draw HK parallel to AD or 
BC: Therefore the parallelograme 
ABCD, Ak HG being about the 3 C 
ſame diameter, they are ſimilar | | 
to one another: Wherefore as DA to AB, ſo is ® GA to ARK :a 24. 6. 
But becauſe ABCD and AEFG are ſimilar parallelograms, d . def. 6. 

M 4 as 
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os 


e 11.5. 


dg. 5, 


CB: Ot all the paralleJograms applied to any other parts k 


THE ELEMENTS 


as DA is to AB, ſo is GA to AE; therefore © as GA to AE, ſo 
GA to AK; wherefore GA has the ſame ratio to each of the 
ſtraight lines AE, AK; and conſequently AK is equal* to AE, 
the leſs to the greater, which is impoſſible : Therefore ABCD 
and AKHG are not about the ſame diameter; wherefore ABCD 
and AEFG muſt be about the ſame diameter. 'Therefore, if 


two ſimilar, &c. Q. E. D. 


To underſtand the three following propoſitions more eaſily, 


. © it is to be obſerved, | 
© 1, That a parallelogram is ſaid to be applied to a ſtraight 


© line, when it is deſcribed upon it as one of its ſides. . gr. 
© the parallelogram AC is ſaid to be applied to the ſtraight line 
6 AB. 

© 2. But a parallelogram AE is ſaid to be applied to a ſtraight 


© line AB, deficient by a parallelogram, when AD the baſe of 


© AEisleſs than AB, and there- 
© fore AE is leſs than the paral- E 


cC__G 
© lelogram AC deſcribed upon | 8 | | 
n 


Ag in the ſame angle, and be- 
© tween the ſame parallels, by 
* the parallelogram DC; and A | 
© DC is therefore called the de- 
© fe of AE. 

©3- And a parallelogram AG is faid to be applied to a ſtraight 
©* line AB, exceeding by a parallelogram, when AF the baſe of 
© AG is greater than AB, and therefore AG exceeds AC the 
5 parallelogram deſcribed upon AB in the ſame angle, and be- 
* ryeen the ſame parallels, by the parallelogram BG. 


PRO FP. XXVIE THEOR, 


F all parallelograms applied to the ſame ſtraight 
line, and deficient by parallelograms, ſimilar and 
ſimilarly fituated to that which is deſcribed upon the 
half of the line; that which is applied to the half, and 
is ſimilar to its defect, is the greateſt. 


Let AB be a ſtraight line divided into two equal parts in C, 
and let the parallelogram AD be applied to the half AC, 
which is therefore deticient from the parallelogram upon the 
whole line AB by the parallelogram CE upon the other half 


Ul 
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B, and deficient by parallelograms that are ſimilar, and ſimi- Book VI. 

— ſituated to CE, AD is the greateſt. Ig 
Let AF be any parallelogram applied to AK, any other patt 

of AB than the half, ſo as to be deficient from the parallelo- 

gram upon the whole line AB by the parallelogram KH ſimi- 

lar, and ſimilarly ſituated to CE; AD is greater than AF. 
Firſt, let AK the baſe of AF, be greater than AC the half of 

AB; and becauſe CE is ſimilar to the | 


allelogram KH, they are about the = 
—— Draw their diame- E 8 26. 6, 
ter DB, and complete the _ : Be- 
cauſe the parallelogram CF is equal F 
b to FE, add KH to both, therefore G H b 43. f. 


the whole CH is equal to the whole 

KE: But CH is equal © to CG, be- ; e 36.1. 

cauſe 2 8 is equal to . X 

CB; therefore CG is equal to : 

To each of theſe add CF; then the A CX 5 

whole AF is equal to the apr ay CHL : Therefore CE, or the 
lelogram is greater the parallelogram AF. 

—_ let AK the baſe of AF, 805 

be leſs than AC, and, the ſame G FM H 


conſtruction being made, the paral- | 
lelogram DH is equal to DG ©, for i ii 
HM is equal to MG, becauſe BC 034k, 


is equal to CA; wherefore DH is 
greater than LG: But DH is equal 
to DK ; therefore DE is greater than 
LG : To each af theſe add AL ; then 
the whole AD is greater than the 
whole AF. Therefore of all paralle- 


lograms applied, &c. Q. E. D. A KC B 
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PROP. XXVIN, PROB. 


T a given ſtraight line to apply a parallelogram e- 

qual to a given rectilineal figure, and deficient by 
a parallelogram ſimilar to a givenparallelogram : But the 
given rectilineal figure to which the parallelogram to be 
applied is to be equal, muſt not be greater than the pa. 
rallelogram applied to half of the given line, having its 
defect ſimilar to the defect of that which is to be ap. 
plicd ; that is, to the given parallelogram. 


Let AB be the given ſtraight line, and C the given rectil. 
neal figure, to which the 2 to be applied is requi- 
red to be equal, which figure muſt not be greater than the 
rallelogram applied to the half of the line having its deſect from 
that upon the whole line ſimilar to the defect of that which is 


to be applied; and let D be the parallelogram to which this 


- * 
e 25. 6. 


4 21, 6. 


defect is required to be ſimilar. It is required to apply a pa- 
2 to the ſtraight 
line AB, which ſhall be equal F G OF 


to the figure C, and be defi- 
cient from the parallelogram % 
upon the whole line by a pa- NN 
rallelogram ſimilar to D. T R 
Divide AB into two equal W 
in the point E, and : 
upon EB deſcribe the paral- &  KE SK 


lelogram EBFG ſimilar® and "ws 

ſimilarly ſituated to D, and I. oh 
complete the parallelogram C 

AG, which muſt either be e- . D 


qual to C, or greater than it, 
by the determination: And if 
AG be equal to C, then what was required is already done: 
For, upon the ſtraight line AB, the parallelogram AG is applied 
equal to the figure C, and deficient by the parallelogram EF 
ſimilar to D: But, if AG be not equal to C, it is greater than 
it; and EF is equal to AG; therefore FF alſo is greater than 
C. Make © the parallelogram KLMN equal to the exceſs of 
EF above C, and ſimilar and ſimilarly ſituated to D; but D is 
ſimilar to EF, therefore * alſo KM is ſimilar to EF: Let ys 
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be the homologous fide to EG, and LM to GF: And becauſe Book VI. 
EF is equal to C and KM together, EF is greater than KM; 
therefore the ſtraight line EG is greater than and GF than 

LM : Make GX equal ro LK, and GO equal ro LM, and com- 

plete the parallelogram XGOP : Therefore XO is equal and 

Gmilar to KM; bat KM is ſimilar to EF; wherefore alſo XO 

is ſimilar to EF, and therefore XO and EF are about the ſame 
diameter ©: Let GPB be their diameter, and complete the, 26. 6. 
ſcheme : Then becauſe EF is equal to C and KM together, and 

XO a part of the one is equal to KM a part of the other, the 
remainder, viz. the gnomon ERO, is equal to the remainder C : 

And becauſe OR is equal f to XS, by adding SR to each, the f 34. T. 
whole OB is equal to the whole XB : But is equal ® to TE, g 36. 1. 
decauſe the baſe AE is equal to the baſe EB; wherefore alſo 
TE is equal to OB: Add XS to each, then the whole TS is 

equal to the whole, viz. to the gnomon ERO : But it has been 

proved, that the gnomon ERO is equal to C, and therefore alſo 

'TS is equal to C. Wherefore the parallelogram TS, equal to 

the given rectilineal figure C, is applied to the given ſtraight 

line AB deficient by the parallelogram SR, ſimilar to the given 

one D, becauſe SR is ſimilar to EF*. Which was to be done. h 24. 6. 


PROP. AE PTREUE 


O a given ſtraight line to apply a parallelogram e- gee x. 
qual to a given rectilineal figure, exceeding by a 
parallelogram ſimilar to another given. 


Let AP be the given ſtraight line, and C the given rectilineal 
figure to which the parallelogram to be applied is required to be 
equal, and D the parallelogram to which the exceſs of the one 
to be applied above that upon the given line is required to be , 
hmilar. It is required to apply a parallelogram to the given 
ſtraight line AB which ſhall be equal to the figure C, exceeding 
by a parallelogram ſimilar to D. ; 
Divide AB into two equal parts in the point E, and upon 
EB deicribe * the parallelogram EL ſimilar and ſimilarly _ 18. 6. 


THE ELEMENTS 


Book VI. ted to D: And make the parallelogram GH wal to EL ang 


b 25.6. 
e 21. 6. 


4 26. 6. 


E 36. x. 
t 43. 1. 


milar to EL, and con- 


C together, and ſimilar and ſimilarly ſituated to D; wherefore 
GH is ſimilar to EL © : Let KH be the fide homologous to FL, 
and KG to FE: And becauſe the parallelogram 1 
than EL, therefore the fide KH is greater than FL, and KG 
than FE : Produce FL and FE, and make FLM equal to KH, 
and FEN to KG, and complete the parallelogram MN. MN i; 
therefore equal and 
ſimilar ro GH; but 
GhHis ſimilar to EL; 
wherefore MN is ſi- 


ſequently EL and 
MN are about the 
ſame diameter  : | 
Draw their diameter 
FX, and complete | 
the ſcheme. There- 
fore, ſince GH is c- 
qual to ELand C to- 
gether, and that GH 
is equal to MN; MN 
is equal ro EL and C: Take away the common part EL; 
then the remainder, viz. the gnomon NOL, is equal to C. And 
becauſe AE is equal to EB, the parallelogram AN is equal to 
the parallelogram NB, that is, to BM. Add NO to each; 
therefore the whole, viz. the parallelogram AX, is equal to the 
gnomon NOL. But the gnomon NO is equal to C; therefore 
alſo AX is equal to C. Wherefore to the ſtraight line AB 
there is applied the parallelogram AX equal to the given recti- 
lineal C, exceeding by the parallelogram PO, which is ſimilar 


t 24.6. to D, becauſe PO is ſimilar to EL e. Which was to be done. 


PROP. . PRODB.- 


O cut a given ſtraight line in extreme and mean 
ratio. . 


Let AB be the given ſtraight line; it is required to cut it in 
extreme and mean ratio. 
Upon 


t it in 


OF EUCLID. 
Upon AB deſcribe * the ſquare BC, and to AC apply the Book VI. 


=. 


rallelogram CD equal to BC, exceeding by the figure AD fi. TW 
— 0 BC But BC bs © a, © f | G4 » 
therefore alſo AD is a ſquare; and be- 
cauſe BC is equal to CD, by taking the 
common part CE from each, the re- 
mainder BF is equal to the remainder 
AD: And theſe figures are equiangular, X 
therefore their Fes about the equal 
angles are reciprocally proportional © : © 14. 6. 
Wherefore, as FE to ED, fo AE to EB: 
But FE is equal to AC, that is, to AB; d 34. I. 
and ED is equal to AE: 'Therefore as 
BA to AE, fois AE to EB: But AB is C F 
greater than AE; wherefore AE is 
greater than EB *©: Therefore the ſtraight line AB is cut in ex- 14.5. 
weme and mean ratio in Ef, Which was to be done. * 3. def. 6, 

Otherwiſe, 

Let AB be the given ſtraight line; it is required to cut it in 
extreme and mean ratio. 

Divide AB in the point C, ſo that the rectangle contained by 
AB, BC be equal to the ſquare of AC s: : 8 11.2% 
Then, becauſe the rectangle AB, BC is e- &-- C B 
qual to the ſquare of AC, as BA to AC, ſo | 
is AC to CB: Therefore AB is cut in extreme and mean ra- b 25. 6, 
tio in Cf. Which was to be done. 


Td & 
& 
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. 
— * e "= 


PROP, l. THEOR 


N right angled triangles, the rectilineal figure deſcri- g. N. 
bed upon the fide oppoſite to the right angle, is e- 
qual to the ſimilar, and fimilarly deſcribed figures upon 
the ſides containing the right angle. 


Let ABC be a right angled triangle, having the right angle 
BAC: "The rectilineal figure deſcribed upon BC is ec ual to the 
ſimilar, and fimilarly deſcribed figures upon BA, AC. 

Draw the perpendicular AD; therefore, becauſe in the right 
angled triangle ABU, AD is drawn from the right angle at A 
perpendicular to the baſe BC, the triangles ABD, ADC are ſi- 
milar to the whole triangle ABC, and to one another“, 2 a 8. 6. 
| becauſe 
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Book vl. becauſe the triangle ABC is ſimilar to ADB, as CB to BA. 6 


— 


d 4. 6. 


© 2. Cor. 


20. 6. 


d B. 5. 


© 24. 5. 
A. 5. 


qual to CDE: And becauſe 


is BA to BD® ; and becauſe theſe three ſtraight lines are pro- 
portionals, as the firſt to the third, ſo is the figure upon the 
firſt to the ſimilar, and ſimilarly deſcribed figure upon the ſe- 
cond ©: Therefore as CB to 
BD, ſo is the figure upon 
CB to the ſimilar and fimi- 
larly deſcribed figure upon 
BA : And, inverſely*, as DB 
to BC, ſo is the figure upon 
BA to that upon BC; For 
the ſame reaſon, as DC to 
CB, fo is the upon CA 
to that upon CB. Wherefore 
as BD and DC together to BC, fo are the figures upon BA, AC 
to that upon BC ©: But BD and DC together are equalt o BC. 
Therefore the figure deſcribed on BC is equal to the ſimilar 
and ſimilarly deſcribed figures on BA, AC. Wherefore, ia 
right angled triangles, &c. Q. E. D. | 


w D C 


PROP. ZAIIL THEO RN 


1 two triangles which have two ſides of the one pro- 
portional to two ſides of the other, be joined at one 


angle, ſo as to have their homologous ſides parallel to 


one another; the remaining ſides ſhall be in a ſtraight 
line. 


Let ABC, DCE be two triangles which have the two ſides 
BA, AC proportional to the two CD, DE, viz. BA to AC, as 
CD to DE; and let AB be parallel to DC, and AC to DE, 
BC and CE are in a ſtraight line. 

Becauſe ABisparallel to 
DC, and the ſtraight line A 
AC meets them, the al- 
lernate angles BAC, ACD 
are equal“; for the ſame 
reaſon, the angle CDE is 
equal to the angle ACD; 
wherefore alſo BAC is e- 


angle E 


whole 
the con 
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A, o de triangles ABC, DCE have one angle at A equal to one at Book VI. 
D, and the ſides about theſe angles proportionals, viz. BA to 
AC, as CD to DE, the triangle ABC is equiangular d to DCE: * 6:6 
Therefore the angle ABC is equal to the angle DCE: And the 
angle BAC was proved to be equal to ACD : Therefore the 
whole angle ACE is equal to the two angles ABC, BAC; add 
the common angle ACB, then the angles ACE, ACB are e- 
qual to the angles ABC, BAC, ACB: But ABC, BAC, ACB- 
are equal to two right angles ©; therefore alſo the angles ACE, © 32. r. 
7 ACB are equal to two right angles: And ſince at the point 
C, in the ſtraight line AG, the two ſtraight lines BC, CE, 
which are on the oppoſite ſides of it, make the adjacent angles 
ACE, ACB equal to two right angles; therefore 4 BC and d 14. 1. 
CE are in a Kraight line. Wherefore, if two triangles, &c. 


,ac N. p. 


PRO P. XXIII. THE OR. 


N equal circles, angles, whether at the centres or cir- see N. 
644 cumferences, have the ſame ratio which the eircum- 
one If ferences on which they ſtand have to one another: So 
| to ais have the ſectors. 


Let ABC, DEF be equal circles; and at their centres the 
agles BGC, EHF, and the angles BAC, EDF at their cir- 
ſides cumferences; as the circumference BC to the circumference 
2, as EF, fo is the angle BGC to the angle EHF, and the angle 
DE, %%% aradradcomdrantbrdmetecocd 
Take any number of circumferences CK, KL, each equal to 
, and any number whatever FM, MN each equal to EF: 
And join GK, GL, HM, HN. Becauſe the circumferences 
BC, CK, KL are all equal, the angles BGC, CGK, KG. 
ne allo all equal* : Therefore what multiple ſoever the circum- 27. 3. 
terence BL is of the circumference BC, the ſame multiple is 
the angle BGL of the angle BGC : For the ſame reaſon, what- 
erer multiple the circumference EN is of the circumference 
LF, the ſame multiple is the angle EHN of the angle _ 


"Sane 


192 


THE ELEMENTS 


Book VI. And if the circumference BL be equal to the circumference 


27. 3. 


* 4. 1. 


EN, the angle BGL is alſo equal“ to the angle EHN; and 
if the circumference BL be greater than EN, like wiſe the angle 
BGL is greater than EHN; and if leſs, leſs: There being then 
four magnitudes, the two circumferences BC, EF, and the 
two angles BGC, EHF; of the circumference BC, and of the 
angle BGC, have been taken any equimultiples whatever, viz, 
the circumference. BL, and the angle BGL ; and of the circum. 
ference EF, and of the angle EHF, any equimultiples what- 


A FR. \ 
H 


I | 

B C E F 
ever, viz. the circumference EN, and the angle EHN : And 
it has been proved, that, if the circumference BL be greater 
than EN, the angle BGL is greater than EHN ; and if e- 
qual, equal; and if les, leſs : therefore the circumference 
BC to the circumference EF, ſo® is the angle BGC to the 
angle EHF: But as the angle BGC is to the angle EHF, ſo is 
© the angle BAC to the angle EDF, for each is double of 
each 4: Therefore, as thę circumference BC is to EF, fo is the 
angle BGC to the angle EHF, and the angle BAC to the aagle 
EDF. 

Alſo, as the circumference BC to EF, ſo is the ſector BGC 
to the ſector EHF. Join BC, CK, and in the circumferences 
BC, CK take any points X, O, and join BX, XC, CO, OK: 
Then, becauſe in the triangles GBC, GCE the two ſides BG, 
GC are equal to the two CG, GK, and that they contain e- 


qual angles; the baſe BC is equal © to the baſe CK, and the 


triangle GBC to the triangle GCK : And becauſe the circum- 
ference BC is equal to the circumference CK, the remaining 
part of the whole circumference of the circle ABC, is equal to 
the remaining part of the whole circumference of the ſame 
circle: Wherefore the angle BXC is equal to the angle COK*; 


rr. def. 3. and the ſegment BXC is therefore ſimilar to the ſegment mg 


FFS =S-I-S-8-3-$-1 


FF 


s 
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and they are upon equal ſtraighr lines BC, CK: But ſimilar ſeg- 
ments of circles upon equal ſtraight lines, are equal t to one ano- 
ther : Therefore the tBXC is equal to the ſegment CO: 
And the triangle BSC is equal to the triangle CGK; therefore 
the whole, the ſector BGC, is equal to the whole, the ſector 
CGK : For the ſame reaſon, the ſector KG is equal to each of 
the ſectors BGC, CGK : In the ſame manner, the ſectors EHF, 
FHM, MHN may be proved equal to one another: Therefore, 
what multiple ſoever the circumference BL is of the circumfe- 
rence BC, the ſame multiple is the ſector BGL of the ſector 
BGC: For the ſame reaſon, whatever multiple the circumfe- 
rence EN is of EF, the ſame multiple is the ſector EHN of the 
ſector EHF: And if the circumference BL be equal to EN, the 


ſector BGL is equal to the ſector EHN; and if the circumfe- 
rence BL be than EN, the ſector BGL is greater than 
the ſector ENN ; and if leſs, leſs : Since, then, there are four 
magnitudes, the two circumferences BC, EF, and the two ſec- 
tors BGC, EHF, and of the circumference BC, and ſector 
BGC, the circumference BL and ſector BGL are any equal 
multiples whatever; and of the circumference EF, and ſ 

EHF, the circumference EN and ſector EHN, are any equi- 
multiples whatever ; and that it has been proved, if the circum- 
ference BL be than EN, the ſector BG is than 
the ſector EHN; and if equal, equal; and if leſs, 1 There- 
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fore d, as the circumference BC is to the circumference EF, ſod g. def. A 


is the ſector BGC to the ſector EHF. Wherefore, in equal cir- 
cles, &c. Q. E. D. a 


R ; 7 } 


| 
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ORE...” PROP. B, THEOR. tt 
See N. 1 an angle of a triangle be biſected · by a ſtraight line, ri 
; which likewiſe cuts the baſe ; the rectangle contained a 
by the ſides of the triangle is equal to the rectangle con- tl 
tained by the ſegments of the baſe, together with the . 
ſquare of the ſtraight line biſecting the angle. a 
Let ABC be a triangle, and let the angle BAC be biſefted , 
by the ſtraight line AD; the rectangle BA, AC is equal to the f 
— BD, DC, together with the ſquare'of AD. F 
4 5. 4. cribe the circle ACB about the triangle, and produce 
AD to the circumference in E, A 
and join EC: Then becauſe the 
2 BAD is equal to the angle ˖ 
CAE, and the angle ABD to the - 
b 21. 3. angle® AEC, for they are in the 0 5 
| ſame ſegment; the triangles ABD, I 
AET are equlangular to one an- 
other : Therefore as BA to AD, ; 
< 4.6. ſo is© EA to AC, and conſe- J 
quently the rectangle BA, AC is 
4 16. 6. equal* to the rectangle EA, AD, E | 


© 3.2. that is ; to the rectangle ED, DA, RAE TIDE 

together with the ſquare of AD: But the rectangle ED, DA 

* 35-3- is equal to the rectangle BD, DC. Therefore the rectangle 

BA, AC is equal to the rectangle BD, DC, together with the 
ſquare of AD. Wherefore, if an angle, &c. C. E. D. 


aSneade th toc ao' om> ac a a ac om 


PROP. c. THEOR. 


see N. IF from any angle of a triangle a ſtraight line be drawn 
perpendicular to the baſe ; the rectangle contained by. 
the ſides of the triangle is equal to the rectangle con- 
tained by the perpendicular and the diameter of tlie cir- 
cle deſcribed about the triangle. | 


Let ABC be a triangle, and AD the perpendicular from the 

_ A to the baſe BC; the rectangle BA, AC is equal to the 

angle contained by AD and the diameter of the circle de- . 
ſtribed about the triangle. | | 


a am Mac n «a 


Deſcribe 
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Deſcribe® the circle ACB about 
the triangle, and draw its diame- 
ter AE, and join EC: Becauſe the 
right angle BDA is equal ® to the 
angle ECA in a ſemicircle, and 
the angle ABD to the angle AEC B 
in the ſame ſegment©; the tri- 
angles ABD, AEC are equian- 
gular: Therefore as* BA to AD, 
10 is EA to AC; and conſequent- 
ly the rectangle BA, AC is equal 
©to the rectangle EA, AD. If . WR, 
therefore, from an angle, &c. Q. E. D. 


PROP. Db. THE OR. 


HE rectangle contained by the diagonals of a qua- see x. 
| drilateral inſcribed in a circle, is equal to both the 
rectangles contained by its oppolite ſides. 


Let ABCD by any quadrilateral inſcribed in a circle, and 
join AC, BD; the rectangle contained by AC, BD is equal to 
the two rectangles contained by AB, CD, and by AD, BC *. 
Make the angle ABE equal to the anple DBC; add to each 
of theſe the common angle EBD, then the angle ABD is e- 
qual to the angle EBC: And the angle BDA is equal“ to the ar. 3. 
angle BCE, becauſe they are in the ſame ſegment; therefore 
the triangle ABD is equiangular to a5 
the triangle BCE : Wherefore® as 


BC is to CE, ſo is BD to DA; and — 
conſequently the rectangle BC, AD 
is equal © to the rectangle BD, CE; 9 


Again, becauſe the angle ABE is 
equal to the angle DBC, and the 
angle * BAE to the angle BDC, the 
triangle ABE is equiangular to the 
triangle BCD : As therefore BA to 
the reftangle BA, DC is equal to the rectangle BD, AE: But 
the rectangle BC, AD has been ſhewn equal to the rectangle 
BD, CE; therefore the whole rectangle AC, BD 4 is equal toa 1. 2. 
the rectangle AB, DC, together with the reftangle AD, BC. 
Therefore the rectangle, &c. Q. E. D. ä 

| | N 2 | THE 


This is 3 Lemma of CL Ptolomaevs, in page 9. of his gevyaAn evrafic. 


5 O O k xt 
DEFINITIONS. 


| 1241 | 

A sass that whih hat fes, beads nd ticked 

That which bounds a fold 3 a fyperſice 

A fragt Ie i perpeoiclar or ut right age e. pla 
or 2 ace ne, 


„ line meeting 


$ KRE 


A folid angle is hat which is made by the meeting of more bee N. 


SFE A8 os 


A cone is a ſolid figure deſcribed by the revolution of a right 


OF EUCLID. 


VII. 

Two planes are faid to have the ſame, or a like 
one another, which two other planes have, when the faid | 
angles of inclination arp equal to ae another 

Parallel planes are ſuch which do not meet one another though 


uced. 
oY IX. 


than two plane angles, which are act in the ame Fane, in 
- one point. | = 


mn, . the notes See N. 


Similar ſolid figures are ſuch as have all their ſolid angles equal, Se N. 
each to each, and which are contained by the ſame number 


of ſimilar planes. * 


A pyramid is a ſolid figure contained by planes that ave colt. 
F VAAN MALE: 
meet. 


XII. 


A priſm is a ſolid contained * hich 
np byes Cllr ana —— 


A ſphere is a ſolid figure deſcribed by the revolution of a ſemi. 
circle about its diameter, which remains unmoved. 


XV. 
The axis of a ſphere is the fixed ſerighs Jae ahont which th 


revolves. — 
8 Shove s he Be with that of the ſemicircle, 


The diameter of a ſphere is any ſtraight line which paſſes thro? 
28 and is terminated both ways by che ſuperficies of 
N. XVIII. 


25 
angle, which ſide remains fixed. 
If the fixed fide be equal to the other fide eng the right 
angle, the cone is called a right angled cone; if it be 
than the other fide, an obtuſe angled, and if greater, an acute | 


angled cone. 
9 N 3 X1X. Th 


A parallelepiped is a ſolid SOS. the fx quadiaer 
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Sezen. cos the Gard Right be abou which th 


triangle reyolves. 
XX. 


The baſe of a cone is the circle deſcribed by that fide contain- 
ing the right angſe, Mrs": "7. 99] 


A cylinder i is a ſolid figure deſcribed by the revolution of a 
| pore _ one of its ſides which re- 


XXII. 
The axis of a cylinder is the fixed firaight Ine about which the 
parallejogram revoives. 


The baſes of a cylinder are the circles deſcribed by the two re- 
4d 


Similar cones and cylinders — which have their axes and 
the diameters of ago. n 


A cas is cla gre comtined by fx equl ſquares. 


en We Ty four equal and c- 
quilateral triangles. 


XXVI. 
An octabedron is a ſolid gare contained 7 2 equal and 
"equilateral . 


vm. 
A dodecahedron is a ſolid figure contained by twelve equal 
' Pentagons which are equilateral and equiangular. ... 


An icoſahedron is a ſolid figure contained by twenty equal and 
equilateral triangles. 17 * 


4 bgures, whereof every oppoſite t two are parallel. 


r ROT. 


ö eee 


K 


ene. 


( 
\ 


* 
nal 
wy 
ral 


P. 


throꝰ the point Cz and becauſe the 


ſtraight line EC is in] 
reaſan, the ſtraight line BC is in the 
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5 : Book X. 
PROP. I THEOR. nd 


NE part of a ſtraight line cannot be i in a plane and flee * 
O another part above it. 


If it be poſſible, let AB, of the freight lee ABC, be in 


the plane, and the part BC above it: W 


line AB is in the plane, it can be 


produced in that plane : Let it be 
produced to D: And let any plane 
paſs through the ſtraight line AD, 
- D 


and be turned about it © onl it paſs 


points B, C, are in this plane, the ſtraight ohe line BC is in it* :a 7. def. vr. 
Therefore there are two ſtraight lines = De. ABD in the fame 

plane that have a common 3 which i is —— b Cor. 11. 1. 
Therefore one part, &c. Q. E. 


/ 


PROP. n. THEOR, 


WO ſtraight lines which cut one another are in see N. 
one plane, and three ſtraight lines which meet ons 
another are in one 


Let two ſtraight lines AB, CD, cut one another in E; * 

CD are one plane: And three ſtraight liges EC, CB, B 

rn 
an 

line EB, od ferthe plane be turned a- 


bout EB, produced, if neceſſury, until it 
paſs through the point C: — 2 


the points E, C 1 * 
For 1 


ſame; and, by the hypotheſis, EB is in 
it: Therefore the three ſtraight lines EC, 

CB, BE are in one plane: But in the plave C 
in which EC, EB are, in the ſame are 
CD, AB! Therefore AB, CD are in 
ane plane. Wherefore two ſtraight lines, &c. Q. D. 


N 4 | PROP, 


mm THE ELEMENTS 
Book xt. 5 
ä PROP. Il. THE OR 


See N. F two planes cut one another, their common ſecdion 
is a ſtraight line. 


| | 
| Let two planes AB, BC, cur one another, and let the line 
DB be their common ſeftion: DB is a2 
ſtraight live :- If it be not, from the point 
ke be . plane AB, the 
be live DEB, and ia the plane BC | 
— 3 line DFB:: Then two ſtraight , 
DFB have the ſame extremi- 
= — therefore include 4 ſpace be- 
$20. Ax. 7. twixt them; which is impoſſible : There- 
22 25 NC | 
AB, BC cannot but be a ſtraight line. 
Wherefore, „ n 
ow: (5y 4+ 


PROP, * THEOR 


* 
. -. 
iT Ls 


ſtraight lines in the point of their interſeQion, it ſhall that 


bee N. 1. a fraight line ſtand at FM angles to each of two ballin 
ſo be at right angles to the plane which paſſcs through it in 


e eee ee eee IT 5 

the ſtraight line EF ſtand at 1 in a. 

light Ives AB, CD in E, the po Cn EF QUE 

alſo at ir through AB, CD. 4 
— — EB, CE, ED all equal to one an- 


other z and through E draw, in the plane in which are AB, CD, 
any ſtraight line GEH; and join AD; CB; then, from an 
point F in EF, draw FA, FG, FD, FC, FH, FB: And beca 
- the two ſtraight lines, AE, ED are equal to the two BE, EC, 
«r5.2. and that they Contain val angles? AED, BEC, the baſe AD 
541. is equal ® to the baſe BC, and the angle DAE to- che angle 
--  FEBC: And the angle AEG is _ angle BEH * ; there- 
foe hs; AEG, BEH have two angles of one equal 
w two angles of the other, each to each, and the ſides AE, 
| EB, adjacent to the equal angles; equal to one another; where- 
26. 2. fore they ſhall have r GE is therefery 
. eg 


* nit 


8 
. 414 
* 


& 


N 


ATF We awd” T 
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equal to EH, and AG to BH : And becauſe AE is equal to 
and FE common and at right angles to them, the baſe AF i 
eoual * to the baſe FB ; for the ſame reaſon, CF is equal 
FD: And becanſe AD is equal to BG, and AF to 
fides FA, AD are equal to the two 
dre each to each; and the baſe DF 
as proved equal to the baſe FC; 


8 the I FAD is equal 4 to 
the um" Again, it was Se þ 
that GA is equal to BH, and alſo AF 


to FB; FA, then, and AG, are ed 
to FB and BH, and the angle FAG 
has been proved equal to the angle 
FBH ; therefore the baſe GF is equal 
d to the baſe FH : Again, becaule it 
oved, that GE is equal to EH, | J 
111 D B 
— HE. EF ; and the 'baſe GF 
is equal to the bale FH ; therefore the angle GER i is equal © to 
the angle HEF; and contequently each of theſe angles is a 
right * angle. Therefore FE makes right angles with GH,. zo. af. . 
= is, with any ſtraight line drawn through E in the plane 
_ through AB, D. In like manner, it may be proved, 
E makes right angles with every ſtraight line which meets 
jo chr pl Bur a ſtraight line is at right angles to a plane 
when it makes right angles with every ſtraight line which meets 
* in that plane ?: Therefore EF is at right angles to the plane f 3. def. xr, 
S8 Re Rb nn | 


PROD. V. THEOR. 


three ſtraight lines meet all in one point, and 2 a fee N. 
ſtraight line ſtands at right angles to cach of them in 
8 an e 


lime plane. 


Let the ſtraight line AB ſtand at right angles to each of the 
ſtraight lines BC, BD, BE, in B the point where they meet: 
BC, BD, BE are in one and the ſame plane. 

If not, let, if it be poſſible, BD and BE be in one plane, and 

be above it 3, and let a plane paſs through AB, BC, the 
wan laden of which with the pax in which BD agd BE 
» T7 LE are, 


900 THE ELEMENTS 


Book XI. are, ſhafl be a ſtraight * line; let this be BF: Therefore the three 0 D! 
— ftraight lines AB, BC, BF are all in one plane, viz. that which in the 
3. f. paſſes th h AB, BC; and becauſe AB ſtands at right angles fore 

to each of the ſtraight lines BD, BE, it is alſo at right angles 


a rig] 

b 4 11. d to the plane paſſing through them; and therefore makes *. 
c 3- def. IT right angles © with every ſtraight f Bo the t. 
line meeting it in that plane; bur A. the tl 

BF which is in that plane meets it: they 
Therefore the angle ABF is a right | C. ſame 

angle; but the angle ABC, by the F | becar 
hypotheſis, is alſo a right angle; | one p 
therefore the angie ABF is equal each 

to the angle ABC, and they are | paral 


both in the ſame plane, which is B D 
impoſſible : Therefore the ſtraight | E 
line BC is not above the plane in 5 

which are BD and BE: Wherefore the three ſtraight lines BC, 
BD, BE are in one and the ſame plane. Therefore, if three IF 
ſtraight lines, &c. Q. E. D. 


PROP. vi. THE OR. 


FE two ſtraight lines be at right angles to the ſame 
plane, they ſhall be parallel to one another. 


Let the ſtraight lines AB, CD be at right angles to the ſame 
plane; AB is parallel to CD, : fre 

Let them meet the plane in the points B, D, and draw the line ] 
ſtraight line BD, to, which draw DE at right angles, in the Wl EGF 


ſame plane; and make DE equal to AB, two 
and join BE, AE, AD, Then, bocauſe A. C inclu 
AB is perpendicular to the plane, it | hic 
2 3. def. 11. ſhall make right * angles with every the 
ſtraight line which meets it, and is in point 
that plane: But BD, BE, which are in plane 
that plane, do each of them meet AB. | that 
Therefore each of the angles ABD, E 7 


ABE is a right angle: For the ſame rea- 

ſon, each of the angles CDB, CDE is 

2 ** angle: And becauſe AB is equal 

to DE, and BD common, the two E. 

fides AB, BD, are equal to the two 

ED, DB; and they contain right angles; therefore the baſe 
941 AD is equal v to the baſe BE: Again, becaule AB is oo 
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ro DE, and BE to AD; AB, BE are equal to ED, DA; and, Book XI. 

in the triangles ABE, EDA, the baſe AE is common; there. 

fore the angle ABE is equal © to the angle EDA: But ABE isc8. 1. 

a right angle; therefore EDA is alſo a right angle, and ED 
dicular to DA: But it is alſo perpendicular to each of 

the two BD, DC: Wherefore ED is at right angles to each of 

the three ſtraight lines BD, DA, DC in the point in which 

they meet : Therefore theſe three ſtraight lines are all in the 

{ame plane * : But AB is in the plane in which are BD, DA, 5. 17. 

becauſe any three ſtraight lines which meet one another are in 

one plane: Therefore AB, BD, DC are in one plane: And 2. 11. 


each of the angles ABD, BDC is a right angle; therefore AB is 


prallel* ta CD. Wherefore, if two ſtraight lines, Kc: QE. D.. „ 


PROP, vn. THEOR. 
Ive ſtraight lines be parallel, the ſtraight line drawn ses v. 


from any point in the one to any point in the other, 
uin the fame plane with the Penn: 15 


Let AB, CD be parallel ſtraight lines, and take any point 
E ia the one, and the point F in the other: The ſtraight line 
which joins E and F is in the fame plane with the parallels. 
If not, let it be, if poſſible, above the plane, as EGF; and 
in the plane ABCD in which tze r 2x hag 
parallels are, draw the ſtraight A. E 
lige EH F from E to E; and fince 
EGF alſo is a ſtraight line, the 
two ſtraight lines EHF, EGF - 
include a ſpace between them, 
which is impoſlible *. Therefore inn 
the ſtraight line joining the C OO 5 
points E, F is not above the 2 
plane in which the parallels AB, CD are, and is therefore in 
that plane. Wherefore, if two ſtraight lines, &c. Q. E. D. 


- PROP. vm. THEOR.. 


IF two ſtraight lines be parallel, and one of them is at see N. 
right angles to a plane; the other alſo ſhall be at 
9 Ja 


e tuo 
ABD is equal to 
n 


is 


right 


perpendicular to DA; K 


right angles © to the plane paſſing through DE, DB, which is 
the ſame plane to which AB is at right angles. Therefore, if 


* 
- 


PROP 
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one of N 
t right ge | 
FE PROP. It. THEOR 
| Join 5 
' Plane WO ſtraight lines which are each of them parallel 
_ to the ſame ſtraight line, and not in the ſame plane 
pes. vith it, are parallel to one another. 
. Let AB; ED be each of them parallel to EF, and not in the 
aries WY fame plane with it 3 AB ſhall be parallel to CD. 
getber In EF take any point G, from which draw, in the plane 
angle; Ml poſing EF, AB, the ſtraight line GH at right angles to 
pA. EF; and in plane paſſing _ ED, draw GE at 
. to 
AI f ate Kr 5 diular both — 
C 5 Ef and El. is perpendi- 
cular ® to the plane HGK paſſing 2 4. 17. 
through them : And EF is E G F 
to AB; therefore AB is at right Wk 
angles d tothe plane HGR. Forthe - - 5 8. 11. 
fame reaſon, CD islikewiſeat right C K D 
D d e the plane HCK. There- 
f fore AB, C are each of them at right angles to the plane 
HGK. But if two ſtraight lines are at right les to the fame 


plane, they Mall be parallel © to one another. "Therefore AB is 6. x1, 
parallel to CD. — n . 


PROP. X. THE OR. 


that | 

be- 

AB, 7 two ſtraight lines meeting one another be parallel 
eſore to two others that meet one another, and are not in 


P. 


the ſame plane with the firſt two; the firſt two and the 
other two ſhall contain equal angles. 


Let the two ſtraight lines AB, BC which meet one another 
be paralle] to the we ſtraight lines DE, EF that meet one ano- 
and are not in the ſame plane with AB, BC. The angle 

rr rap Su E 
Take BA, BC, ED, all equal to one another; _ 


abs THE ELEMENTS 
Book XI. AD, CF, BE, AC, DF: Becauſe BA is equal and parallel 
8 ED, therefore AD tis both equal and | 7 
yore parallel to BE. For the ſame reaſon, 
CF is equal and to BE. Theres 2 — 
fore AD and CF are each of them e- KT C 
qual and parallel to BE. But ſtraight 
lines that are parallel ro the ſame ſtraight 
line, and not in the ſame plane with it, 
59. 11. are parallel” to one another. Therefore | 
© 1. Ax. 1. AD is parallel to CF; and it is equal © | 
to it, and AC, DF join them towards 1 E 
the ſame parts; and therefore AC is F 
equal and parallel to DF. And be» D * 
| caufe AB, BC are equal to DE, EE, and the baſe AC to the 
«4 8. 1. baſe DF; the angle ABC is equal“ to the angle DEF. There- 
fore, if two ſtraight lines, &c. Q. E. D. | 


PROP. XI. PROB. 


T 


from a given point above it. 


Let A be the given point above the plane BH ; it is re FF 


to rey” ow the point A a ſtraight line perpendicular to the 
plane BH. 6 WY 
In the plane draw any ſtraight line BC, and from the point 
1 l. A draw AD perpendicular to BC. If then AD be alſo per- 
pendicular to the plane BH, the thing required is already 
done; bur if it be not, from the A 
b 1. 1. point D draw, in the plane BH, | 
the ſtraight line DE at right an- E 
gles to BC; and from the point 
31. 1. DE; and through F draw © GH 
to BC: And becauſe BC 
| is at right angles to ED and DA, 
4 4. 11. BC is at right angles* to the 3 . 
paſſing through ED, DA. And B — C 
GH is parallel to BC; but, f 
two ſtraight lines be parallel, one of which is at right angles to 
a plane, the other ſhall be at right* angles to the ſame plane; 
 __  wherefore GH is at right angles to the plane through ED, DA, 
f 3. def. 11.and is perpendicular to every ſtraight line meeting it in that 
plane. But AF, which is in the plane thtough ED, DA, meets 
| un: 


e 8. 11. 


O draw a ſtraight line perpendicular to a plane, 


ll w 


0 


2 


- OF EBUCLID.- 
it: Therefore GH is | 
AF is dicular to GH; and AF is perpendicular to DE 
Therefore AF is 
DE. But if a ſtraight line ſtands at right angles to each of 
two ſtraight lines in the point of their interſection, it ſhall alſo 
be at right angles to the paſſing t h them. But the 
plane paſſing through ED, GH is the plane BH; therefore AF 
is perpendicular to the plane BH ; therefore, from the given 
point A, above the plane BH, the ſtraight line AF is drawn 
perpendicular to that plane : Which was to be done: 


PROP. IXI. PRO B. 


{ * erect a ſtraight line at right angles to a given 
plane, from a point given in the plane. 


Let A be the point given in the plane; it is required to erect 
a ſtraight line from the point A at right D B 
angles to the plane. 

From any point B above the plane 


perpendicular to AF; and conſequently Book XI. 


perpendicular to each of the ſtraight lines GH, 


* 


draw * BC perpendicular to itz and . i IT. IT, 
from A draw 8 W 31. I. 
» 


BCis at right angles to the given plane, 


cauſe, therefore, CB are two pa- | 
rallel ſtraight lines, and one of them + 
the other AD is alſo at right angles to 


it. Therefore a ſtraight line bas been erected at right angles e g. 15. 


to a given plane from a point given in it. Which was to be done. 


PROP. Xl. THE OR. 


r the ſame point in a given plane, there cannot 
be two ſtraight lines at right angles to the plane, 


upon the ſame fide of it: And there can be but one per- 
pendicular to a plane from a point above the plane. 


For, if it be poſſible, let the two ſtraight lines AC, AB, be at 
right angles to a given plane from the fame point A in the plane, 
and upon the ſame ſide of it; and let a plane paſs through BA, 
AC; the common ſechon of this with the given plane is a 

$ a ſtraight 


EG 


Yo THE ELEMENTS 
Book XI. ſtraight * line paſſing A: Let DAE be their common 
OY ſeion : Therefore the ſtraight lines AB, Ac, DAE are in ons 
- plane: And becaufe CA is at right angles to the given plane, it 
| ſhall make right angles with every 83 ' 
ſtraight line meeting it in that plane. C 
But DAE, which is in that plane, 
meets CA; therefore CAE is a right 
angle. For the ſame reaſon BAE 
is a right angle. Wherefore the an- 
gle CAE is equal to the angle BAE; D A FT 
and they are in one plane, which is 9 . 
impoſſible. Alfo, from a point above a rm there can be but 
dne perpendicular to that plane; for, if there could be two, 
b 6. 11. they would be parallel ® to one another, which is abſurd. There- 


fore, from the ſame point, &c. Q. E. D. | 


PROP: XIV. THEOR: 


ANES to which the ſame ſtraight line is perpendl- 
cular, are parallel to one another. 
Let the ftrgight line AB be perpendicular to each of ihe 
planes CD, EF; theſe planes are parallel to one another. 
If not; they ſhall meet one another when produced; let them 


meet; their common ſection ſhall be G 
a ſtraight line GH, in which take any 

int and join AK, BK: Then; 
Co AB is perpendicular to the b 


A| 
JJ. | 
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WR PROP. XVI THEOR 


dee N. F two parallel planes be cut another plane, ci 
Tea gow vitae bl 


| 0 ; 
Let the parallel planes, A 


10 


B, CD be cut by che plane EFHG, 
god let their common feftions with it be EKF, GH : EF is paral- 


. lel to GH. | od ig 
For, if it is not, EF, GH ſhall meet, if produced, either 


the Gde of FH, or KG: Firſt, let them. be produced on the fide 
of FE, ans! mapet.is (he paint &z Lheretare, face EFE isilg 


Fre 


8 
4 


17 
9 K 


2 
＋ 


231 


ö , . f 82 4 kd EF 37 
P L E + | | 3 , 
'ROP, IV, THEOR: 
7 : {4 a” | j EY © ox Mt ; . . je 8 1 5 


* . 


F two ſtraight lines be cut by planes, they ball 
ler the ſtraight fines AB, CD be cut by the parallel plane 
. Gf, L. MN, in the points A, E, BI Op, D: As 4 
$5 , fo is CF to FDD. 23 * - WOE gf Mo Fob 
"Join AC, BD, AD, and ler AD gert the plane KL- in 
int X; and join EX, XF: Recauſe the two parallel planes 


- 


2 


2 
2 
lel 
Jel 
IT: 
to. 
par 
tria 
ſo 
A 
AE 
W. 
&c. 


. For the ſame reaſon, becauſe the two "Took Nl. 


GH, KL are cut 
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8 


H 
Jo 


161. 
51. 6. 
815. 3. 


— 


B 


are 
planes 


that 
to EB+ Therefore“, as 


to EB, fo is CF to FD. 
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PROP. XVll THE OR. 


: at right angles to a plane, every 


line be 


angles 


"DE. 
do. FG, And d as. 2. 
FG is alſo at 


SS 
9 OY 
| * 
. 
” F 
WS -4< 
* 
1 = 

* 

. 

= * 


one plane is at right an- e 3. 2. 
lines drawn in one of the ' 
ſection, are alſo at right 


h it ſhall be at right angles 


2 5 * 


ſtraight 
to their common 


ak TI. 
8 
—— 


b x3. 17; 
& 1 „ 
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*. 


' the place AB wic the third Plane ind in the. 


per pendicular 
Hane, and DE is draws in the plane AB 
n I. 


| 
-A. xt. third plage 5. ./ In, the ſane manner it | PF if 
{ble ®: Face. Nom the point 


THE . | 


angle the ther plne® and uf 

plane DE, which is at right angle 
of the n 

plane therefore the DE is at right 

Plane K. In like manner, k may W 

vhich paſs, through AB are at 1 

| Therefore, iT a Eraight ne, * 


PROF. Ax. THEOR. 


planes cutting one another be each of them 
perpendicular to a third plane; their common ſeQion 


ſhall be perpendicular to the fame Plane: 


Leben bunches A. BC bo and of no | 


8 third plane, and let BD. be the common ſection of the firſt 
tuo; BD is. perpendicular to the third mths 

If it be not; from the point N jn the pjape AB, the 
Braight live DB at right” angles to AD toy wt od 


DF ar right angles to CD the common ſection 
with the third plane. And becauſe the 


plane AB is per to the third E 6 


is perpendicular to be © | 


y be proved that DF is, perpendicu- AI. 227 $7 
lfte the third plane. W Whercfore, — 1] | 
ſand Frags Fe ins 
. ax xgpe an [ 


A 


— 


there cannot be any ſtragbt line at. .. 0 
ight angles to the third plane, except 
the common ſection of the planes AB, BC. Bp therefore 
EF AO phones Whey WTR 


ru or 
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_ PROP. Xx: THEOK WW 
y three plane angles. x. 
A 


8 
t line AB 


41 7 f ; AB 
re the angles DA Bae 
together greater than BAE, EAC, that is, than the angle 
BAC. But BAC is not leſs than either of the Angles DAB, 
DAC; therefore BAC, e | 
other. Wherefore, if a {ſolid angle, &c: Q. E. D. * 
- PROP. XI. TRE OR 5 
[7 VERY ſond angle is contained by plane angles which 
together are leſs than four right angles- = G 
Firſt, Let the ſolid angle at A be contditied * | 
angles BAC, CAD, Da Tuck that — Hug —= 
four right angles. F 
| O3 Take 
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OF EUCLID. _ 0 . 
than all the of the polygon : And becauſe all the Book 
of the ' triangles are together equal to twice a8 many 

es a there are triangles® ; that is, as there are ſides d 32. 2. | 
in the polygon BCDEF : and that all the angles of the polygon, | 

ith fot angles, are likewiſe equal to twice as = 

there are ſides in the -polygon © 3 there- e 1. Cer. 

the 


Q 
. 


e all the angles, 


| iangles are 22. 2. 
of the polygon together with four righ 

angles at the baſes of the triangles are 

of the pol as has been proved. remaining 
ngies of the wizngies, viz. thoſe at the vertex, which contain 


the folid ; A, leſs than f ight angles. 'There- 
herd every Eid e KN 


PROP. XXL, THEOR. 


Sr ; 
1 third, and if the ſtraight lines which contain them be 

all equal; a triangle may be made of the ſtraight lines 

that join the extremities of thoſe equal ſtraight lines. 


Let ABC, DEF, GHK be three plane angles, whereof every 
two are greater than the third, and arg contained by the equal 


ſtraight lines AB, BC, DE, EF, GH, HK; if their extremes 
joi ight lines AC, DF, GE, a may be 9 
qual to AC, DF of 


plain that AC, together with either 
greater than the third : i 
AC: For, at the point 
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| | lines containing the angles, cut off AB, Book xx 
BC, DE, EF, H, HK, all equal to one another ; and jon 
AC, DF, GK : Then a triangle may be made * of three ſtraight* 22. ra. 


TH 


T 


{Hof 
N 
4 
8 
. 
N 
5 
f 
5 


ngles ABC, DEF, GHK are 
equal to the three angles LXM, 
MXN, NXL : But the three angles 
LXM, MXN, NXL are equal to 
four right angles © : therefore alſo 
the three angles ABC, DEF, GHK 
are equal to four right angles: But, | 
by the Iyporbeſis, they are lefs M N 
than four right angles, which is | ; 
abſurd ; therefore AB is not equal Cog 
to LX: But neither can AB be | 22 
leſs than LX: For, if poſſible, let it be lefs, and upon the 
ftraight line LM, on the fide of it on which is the centre X. 
deſcribe the triangle LOM, the ſides LO, OM, of which are 
equal to AB, BC; and becauſe the baſe LM is equal OY 


. or xt cid. Fg 10 


= 
1 * 7 * Par 4 * FE] o& 4 a * 
"2. the * * * F 
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AC, the angle LOM is equal to the a 


is, LO, by the hypotheſis, i 
On fall within triangle LXM 


that is four right angles : But nk 
ABC, DEF, GHE are lefs than four right 
angles; which is dbſurd : Therefore AB is not leſs than 
and it has been proved that it is not equal to LX ; wherefore 
AB is greater than LY | ra e 1 
Next, Let the centre X of the circle fall in one of the fides 
of the triangle, viz. in MN | 
join XL: In this caſe alſo AB is 
greater than LX. If not, AB is 
either equal to LX, or leſs than it: 
Fieſt, let it be equal to XL: There- 
fore AB and BC, that is; DE, and 
EF, are equal to MX and XL, that 
is, to MN: But, by the conſtruction, 
MN is equal to DF; therefore DE, 
EF are equal to DF, which is im- 
poſſible F : Wherefore AB is not e- 
qual to LX; nor is it leſs ; for then; 
much more, an abſurdity would | 10 
follow: Therefore AB is greater than . 
But, let the ceiitre X of the circle fall without the hoy 
LMN, and join LX, MX, NX. Ia this caſe likewiſe ABis 
greater than LX :- If not, it is either equal to, or leſs than LX: 
Firſt, let it be equal; it may be proved in the ſame manger, 
as in the firſt caſe, that the angle ABC is equal to the an 
MXL, and. GHK to LXN ; therefore the whole angle 
is equal to the two angles, ABC, GHK: But ABC and GHR 
are together M 13 than the angle DEF ; therefore alſo 
the angle is greater than WF. And Ros 
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efore the angle DEF is 
GHK ; but it is alſo leſs 


ngles 
: therefore an 
Therefore AB is not leſs than 


to the two a 
GHK 


abc, 
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PROP. A THEOR- 


F cach of two folid angles be . by three plane See N. 
1 angles equal to one another, each to each; the planes 
in which the eg angles ares _ the fame inclination 


angle FBG, and CAE to FBH, 
de equal angles are, have th fame 


"a the tight Hine AC take any K, and io 
CAD from draw the 1 at 
to AC, and in the A «x : 
3 
line KLat rigbt angles . 
to the ſame AC: 
erefore the angle 
KL is the inclida- 
bon of the plane 
Tan: I to y _- 


M equal to AK, ent. 
mak point M draw, in 
lines MG, NN at ri he 


- PROP. 3. THE OR. 


n T two ſolid angles be contained, each by three plane 
angles which are equal to one another, cach to each, 
and alike ſituated; theſe ſolid angles are equal to one 


Let there be two ſolid angles at A and B, of which the fold 
e at A is contained by the three plane angles CAD, CAE, 
D; and that at B, by the three plane angles FBG, 

Irs of which CAD is equal to FBG; CAE to FBH; 
AD to HBG: The ſolid angle at A is equal to the ſolid angle 


*r the fold 


4 A 11. 


becauſe the ſtrai 

CAE is Ar pope 
BH, and AD coincides wi 
_ _ coincides with the plane HBG: 
coincides with the ſolid angle B, and conſeq 


$3.41 qual* to one another. EB. 
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: Tr 
3 
* OLID figurey he fame n of e · gee M. 


qual and acer == be ſituated, and having 
pone of their ſolid angles 1 by more than three 


plane angles; are equal and ſimilar do one 


Let AG, KQ be two ſolid AO Bos 
number of be r and equal planes, alike ſuv mn 
plane AC be fimilar and _ ane 'K 
AF to KP; BG to LQ; 2 RL * ne 
FH ſimilar and 1 T a Wee AG is eq 
fimilar to the 


E 


Becauſe the ſolid an is cooined by the oe plan 
angles BAD, BAE, AD, which, the h are e- 
dhl ro the platie gie LEN, LEO, cid, which” contain. 


he fold angle n K, each ach deres the fd ang 
at A is equal? to the ſolid angle at K: In the ſame manner, * B. 1. 
the other ſolid angles of the figures are equal to one another. 
If, then, r 


—_— 
' being 
— do the 


2 2 
the ſtrai 

AB, c — D 
with KL, the fi- 
gure AC muſt C 
coincide with the 3 * | 
tigure KM, bene thay are equal and ſimilar: Therefore the 
{traight lines AD, DG, "CB coincide with KN, Sap ML, 
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and the ſtraight line CG with MQ, and 
IAN therefore all — 
i milar to K. 
con- 
alike 


BT 


PROP. XXIV. THEOR. 


En. FÞ a ſolid be contained by fix planes, two and two of 
which are parallel; the oppoſite planes are ſimilar and 


BH w CF; 
ſtraight lines AB, BH, which n 
. one another, are parallel to DC 


25427 


of 
Fo 
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LEFT 


Fires £5 Is. 
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Er 


each 2 to EA, and complete the parallelograms LO, KT. 
uſe 


214375 


* 


| OF EUCLID. | | „ 
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BF. ore, if à ſolid, &c. — We — 


PROP. XV. THEOR. « 


I a ſolid parallelepiped be cut by a · plane parallel to gee x. 
two of its $; it divides the whole into 


two ſolids, the baſe pt one. of which ſhall be to the 
baſe of the other, as the one ſolid is to the other. 


Let the ſolid parallelepiped ABCD be cut by the plane EV, 
which is parallel to the oppoſite planes AR, HD, and divides 
the wits tune ths: wwe Bb ABFV, EGCD; as the baſe 
AEFY of the firſt is to the baſe EHC of the other, ſo is the 
folid ABFV to the ſolid EGCD. 

Produce AH both ways, and take any number of 
lines HM, r and any number AK. 


H 


O Y F C @ $. 

LO, KY, AF are equal*: And likewiſe the parallelograms KX, 36. x. 
KB, AG*;. as alſo® the parallelograms LZ, KP, AR, . 
they are oppoſite planes: For the ſame reaſon, the paral- 
— HQ , MS, are equal *; and the ams 
HG, HI, IN, as a >» HD, MU, NT : Therefore 2 

of the ſolid LP, are equal and ſimilar to three planes of the ſo- 

lid KR, as alſo to three planes of the ſolid AV: But the three 
planes oppoſite to theſe three are equal and ſimilar®* to them 

in the ſeveral ſolids, and none of their ſolid angles are contain- 

ed by more than three plane angles: Therefore the three ſolids 

LP, KR, AV are equal © to one another: Ne es bai, * ©. x2. 


he three folids ED, HU, MT are equal to one another * 
ore 


* 
\ ” bY - P 
—_ 
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Book XT, fore what multi ple ſoever the baſe LF is of the baſe AF, the 
ſame multiple is yk ſolid LV of the ſolid AV: For the ſame 


reaſon, whatever multiple the baſe NF is of the baſe HF, the . 


ſame multiple is the ſolid NV of the ſolid ED: And if the baſe 

© C. 11. LF be equal to the baſe NF, the ſolid LV is equal © to the ſo- 
nd NV; and if the baſe LF be greater than the baſe NF, the 
ſolid LV is greater than the ſolid NV; and if leſs, leſs : Since 

then there ace four magnitudes, Viz. the two baſes AF, FH, 


it B__G I 


L. E al IE HIM 
| „ 
and the two ſolids AV, ED, and of the baſe AF and ſolid AV, 
the baſe LF and ſolid LV are any equimultiples whatever and 
of the baſe FH and ſolid ED, the baſe FN and ſolid NV are a 
ny equimultiples whatever; and it has been proved, chat if the 
baſe LF is greater than the baſe FN, the ſolid LV is greater 
than the ſolid NV; and if equal, equal; and if leſs, lefs. 


5. def. 5. Therefore 4 as the baſe AF is to the baſe FH, ſo is the ſolid AV 
BE to the ſolid ED. rr QED. * 


PROP. XXVI. rn OE. 


Ta given point in a given ſtraight line, to make 
a ſolid angle _ to a given ſolid * contain · 


nee gen ſtraight line, A a given point in it, and 
D a por ns angle contained by the three __ angles EDC, 


Rav 8 II TT - r T LETISNCS 
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at right angles to the plane BAL; and make KH equal to Book XI. 
GF. and join AH : Then the ſolid angle at A, which is contain 
ed by the three plane angles BAL, BAH, HAL, is equal to the 
whe angle at D contained by the three plane angles EDC, ED, 


Take the equal ſtraight lines AB, DE, and join HB, KB, 
FE, GE: And becauſe FG is perpendicular to the plane EDC, 
ic makes right angles with every ſtraight line meeting it in <3- def. x7, 
that plane : Therefore each of the angles FGD, FGE, is a right 
angle: For the ſame reaſon, HKA, HKB are right angles: And 
becauſe KA, AB are equal to GD, DE, each to each, and 
contain equal angles, therefore the baſe BK is equal © to thee 4. 1, - 
baſe EG: And is equal to GF, and HEB, FGE, are right 
angles, therefore HB is equal © tv. FE : Again, becauſe AK, 

KH are equal ta DG, GF, and contain right angles, the 

baſe AH is equal to the baſe DF; and AB is equal to DE: 

therefore HA, AB are equal to FD, DE, and the baſe HB is e- 

qual to the baſe FE, Es, 

therefore the angle 3 . D 

BAH is equal * to N 

the angle EDF: For 

the ſame - we ' 

angle HAL is equ- 

he angle FIC. B 

Beca aſe 1 AL 1 * „ * 
be made equal, . | $5 

adKL, BL, © 4 

FC be joined, ſince the whole angle BAL is equal to the 

whole EDC, and the parts of them BAK, EDG are, b 


"i 


the conſtruftion, equal; therefore the remaining angle K A 


is equal to the remaining angle GDC: And becauſe KA, 

AL are equal to GD; DC, and contain equal angles, the baſe. 

KL is equal © to the baſe GC: And KH is equal to GF, fo that 

LK, KH are equal to CG, GF, and they contain right angles 
therefore the baſe HL is equal to the baſe FC: Again, beca 

HA, AL are equal to FD, DC, and the baſe HL to the baſe *' 
FC, the angle HAL is equal * to the angle FDC: Therefore, 
becauſe the three plane angles BAL, BAH, HAL, which contain 

the ſolid at A, are equal to the three plane angles EDC, 

EDF, FDC, which contaia the ſolid angle at D, each to each, | 
and are ſituated in the ſame order, the ſolid angle at A is e- | 
qual & to the folid angle at D. Therefore, at a given point ing B. 13. 
4 given ſtraight line, a ſolid angle has been made equal to a gi- 

ven ſolid angle contained by three plane angles. Which was to 


be done. | 
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PROP. XXVII. PROD. 


O deſcribe from a given ſtraight line a ſolid paral- 
lelepiped fimilar, and finularly fituated to one 


given. 


Let AB be the given ſtraight line, and CD the given ſolid pa- 
rallelepiped. It is required from AB to deſcribe a ſolid paralle- 
lepiped ſimilar and fimilarly ſituated to CD. | 
a 26. 11. At the point A of the given ſtraight line AB, make * a folid 
angle equal to the folid angle at C, and let BAK, KAH, HAB 
be the three plane angles which contain it, ſo that BAK be e- 

nal to the angle ECG, and KAH to GCF, and HAB to 
b12.6. FCE: And as EC to CG, ſo make BA to AK; and as GC to 
$23.5- CF, fo make KA to AH; wherefore, ex æquali ©, as EC to 
CF, ſo is BA to AH: Complete the parallelogram BH, and 
the ſolid AL: And | 
becauſe, as EC to 
 CG,foBAto AK, 
the ſides — bog | 
equalangles IH 
BAK are proporti- 


Js ſimilar to EG. 

For the ſame rea- A 

fon, the | | 

gram KH is ſimilar to GF, and HB to 

pa of the ſolid AL are ſimilar 
d 24.1t. CD; and the three oppoſite ones in each ſolid 
ſimilar ta theſe, each to each. Alſo. beca 


which contain the folid angles of the figures are equal, each to 
ſame 


„the ſolid angles are e- 


each, and ſituated in the 
e B. 27. 2 * each to each, Therefore the ſolid 
111. def. 11. ſolid CD, Wherefore from a given ſtraig 
rallelepiped AL has been deſcribed ſimilar, and ſimilarly ſituated 
to the given one CD, Which was to be done. 
2 l 
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IP + > id. nnn 
through the diagonals of two of the oppoſite planes; 
it ſhall be cut in two equal parts. 


d Let AB be a ſolid parallelepiped, and DE, CF the diago- 
nals of the oppoſite parallelograms AH, GB, viz. thoſe which 
are drawn betwixt the „ angles in each: And becauſe CD, 
FE are each of them parallel to GA, and not in the ſame plane 
with it, CD, FE are parallel; wherefore the diagonals CF, 9 Iz. 
Dr. are in the plane in which the pa- 
rallels are, and are themſelves paral- C B 


lels® : And the plane CDEF mal cur b x6. 11. 
the ſolid AB into two equal parts. G6 "4 
Becauſe the triangle (GF is equal BS 
© to the triangle CBF, and the triangle © 34+ 2. 
DAE to DHE ; and that the paral- 2 4 
lelogram CA is equal * and ſimilar to D. —— H : 
the oppoſite one BE; and the paral- | 
jelogram GE to CH : Therefore the A 

priſm contained by the two triangles 

CGF, DAE, and the three parallelograms CA, GE, EC, is 

equal *© to the priſm contained by the two triangles CBF, VHE, e ©. u. 

and the three parallelograms BE, CH, EC}; becauſe they are 

contained by the ſame number of equal and fimilar planes, alike 

ſituated, and noi of their ſolid angles are contained by more 

than three plane angles. Therefore the ſolid AB is cut into 

Two equal parts by the plane CDEF. Q. K DD. | 
N. B. The inſiſting ſtraight lines of a parallelepiped, men- 

© tioned in the next and ſome following propoſitions, are the 

© ſides of the parallelograms berwixt the baſe and ** 4 

© plane parallel to it. 75 


ee 
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PROP. XXIX 7 HE OK. 


Sor parallelepipeds upon the came baſe, and of see N. 
the ſame altitude, the infiſting ſtraight lines of 
which are terminated in the fame ſtraight lines in the 


plane oppoſite to the baſe, oy equal to. one A | 
| 3. 1 
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Let the ſolid parallelepipeds AH, AK be upon the ſame baſe. 


AB, and of the ſame altitude, and let their inſiſting ſtraight 
lines AF, AG, LM, LN, be terminated in the fame ſtraight 
line FN, and CD, CE, BH, BK be terminated in the fame 
ſtraight line DK ; the ſolid AH is equal to the folid AK. 
. Firſt, Let the parallelograms DG, HN, which are ſite 


to the baſe AB, have a common ſide HG: Then, becauſe the 


* 28. 11. 


the diagonals LG, BH of the 


ſolid AH is cut by the plane AGH C paſſing through the dia 


nals AG, CH of the oppoſite planes ALGF, CBHD, AH is 


cut into two equal parts by the plane AGHC : Therefore the 
folid AH is double of the u - Wh 
priſm which is contained be. I ____ 

twixt the triangles ALG, 
CBH : For the ſame reaſon, 
becauſe the ſolid AK is cut 
by the plane LGHB through C 


oppoſite planes ALNG, A L 
CBKH; the ſolid AK is double of the, ſame priſm which is 


contained betwixt the triangles ALG, CBH, Therefore the 


folid AH is equal to the folid AK. | 

But, let the parallelograms DM, EN oppoſite to the baſe, 
have no common fide : » becauſe CH,. CK are parallelo- 
grams, CB is equal ® to each of the, oppoſite ſides DH, EK; 
wherefore DH is equal to EK: Add, or take away the common 


part HE; then DE is equal to HN: Wherefore alſo the tri- 


D 


angle CDE is equal © to the triangle BHK: And the. parallelo- 


gram DG is equal * to the parallelogram HN: For the ſame 
reaſon, the triangle AFG is equal to the triangle LMN, and 


the parallelogram CF is equal © to the parallelogram BM, and 


ye 29 4 


W 


f C. 11. 


grams BM, MK, KL. If therefore the priſm LMNBHE be 


s. IN — i 


P 

CG to BN; for they are oppoſite. Therefore the priſm which 
is contained by the two triangles AFG, CDE, and the three 
parallelograms AD, DG, is equal * to the priſm, contain- 
ed by the two triangles LMN, BHE, and the three parallelo- 
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a * * * 


nnr e 


h 
e 
ho 
* 
2 
a 


OF EUCLID. 
taken from the folid of which the baſe is-the parallelogram Book XI. 
AB, and in which FDKN is the one oppoſite to it; and i 
from this Is ſolid _ be taken of AFGCDE)z; 
the remaining lid, viz. parallelepiped is equal to the 
QED. * Therefore cd parallelepipeds, 


PROP. XXX. THEOR. 


OLID parallelepipeds upon the ſame baſe, and of gee N. 
the ſame altitude, the inſiſting ſtraight lines of 
which are not terminated i in the ſame ſtraight lines in 
the plane oppoſite to the baſe, are equal to one another. 


Let the parallelepipeds CM, CN, be upon the ſame baſe AB, 
and of the — altitude, but their inſiſting ſtraight ines Ar, 
AG, LM, LN, CD, CE, BH, BK, not terminated in the Game 
Niraig kt lines: The ſolids CM, CN are equal to one another. 

Produce FD, MH, and NG, EE, and Jet them meet one 
another in the points ©, P, , Q, R z and join AO, LP, BQ, 
CR: And becauſe the plane HM is Ops: to the ”—_ 


5 327 - $7 ws 
plane ACDF, and that the plane LBHM is tha in which are 
the parallels LB, M » in which alſo is the figure BLPQ ; 


and the plane ACDF is that in which are the parallels AC, 
FDOR, in which alſo is the figure CAOR; therefore the fi- 
gures B » CAOR are in parallel planes : In like manner, 
becauſe the plane ALNG is parallel to the oppolite plane CBKE, 


2 is that in which are Wr 


4 . 
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Book XI. AL, OPGN, in which alſo is the 
WIE CBEE is that in which are the parallels = . — 
BQR ; therefore the 


v 29 11. oppoſite PEO I to 


THE ELEMENTS 


alſo is the figure C 

mens pedo, And the planes A 
rallel; therefore the ſolid CP is a 
lid CM, of which the baſe is ACBL, to whic 
folid CP, of 


baſe is the m ACBL, to which ORQP is is the 
oppoſite z becauſe are upon the ſame baſe, and their i 
fEſting ight lines AF, AO, CD, CR; LM, LP, B BH 

And the ſolid CP is e- 


are in the ſame ight lines FR, MQ : 
qual? to the ſolid CN; for they are upon the fame baſe ACBL, 
and their infiſti t lines AO, AG, L CR, CE, 


P, LN; C 
ſtraig bt lines ON, RK : Therefore 


me are in the 
the CM is equal to the ſolid ON. | Wherefore fold Pt 


kelepipeds, &c. NE. D. 
PROP. An. THEOR. 


car  parallſepipeds tepipeds which are upon equal bafes, 
the ſame akitude, are equal to one another. 


Let the fohd parallclepipeds AE, CF, be upon equal baſes 
AB, CD, and be of the fame. alticade ; 


the ſolid AE is equal 


figure AL FO; and the plane 


one 
, BY. 


TIT] 


B 
8 
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' OF EUCLID. 


and ſo as that the ſides CL, LB be in a ſtraight line; 
fore the ſtraight line LM, which is at right angles to 
u which the baſes are, in the point L, is common to 
Glids AE, CF; let the other inſiſting lines 
AG, HK, BE; DF, OP, CN: And firſt, let t 
equal to the CLD; then AL, LD are i 
Produce OD, and let them meet in Q: and 
old parallelepiped LR, the baſe of which is the 
IQ: and of which LM is one of its inſiſting ſtraight lines :: 
Therefore, becauſe the parallelogram AB is equal to CD, as the 
daſe AB is to the wig Aft why, of g-<or dies 
LQ: And becauſe the ſolid parallelepiped AR is cut by the 

plane LMEB, which is parallel ro the oppoſite planes AK, R; 

as the baſe AB is to the baſe LQ, ſo is © the folid AE to the 25-21. 
ſold LR: For the ſame reaſon, aſe the ſolid 


A F T 7 r 


12 date CD to the 
baſe LQ , ſo is the 
ſolid CF to the ſo- 

lid LR: But as the 
baſe AB to the baſe 0 

p , fothebaſe CD 

; to the baſe LQ, as 

4 before was proved: 

Therefore as the ſo- 


7 E 


1 


F 


5 
: 
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\ Book xl. cauſe the paralle 
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t 35.1. 
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logram AB is equal © to SB, for they ate db 
the ſame baſe LB, and between 


P 


the ſame parallels LB, Ar 
1 
DS 
| I N A X 
to the baſe CD, and D | ; K | 
the angle ALB is 0 * Q 


nal to the angle, B 
CLD: Therefore, AB |, | 
by the firſt caſe, C L > Y 

A 5 HT 


the ſolid AE is e- 
val to the folid „ 
F; but the ſolid AE is equal to the ſolid 8E, as was demon- 

ſtrated; therefore the ſolid SE is equal to the ſolid CF. 

But, if the inſiſting ſtraight lines AG, HK, BE, LM; CN, 

RS, DF, OP, be not at right angles to the baſes AB, CD; in 

this caſe likewiſe the ſolid AE is equal to the ſolid CF: From 

the points G, K, E, M; N, 8, F, P, draw the ſtraiglit lines 

GQ, KT, EV, MX; NY, SZ, FI, PU, perpendicular“ to the 

plane in which are the baſes AB, CD; and let them meet it in 

the points Q, T, V, X; I, Z, I, U, and join QT, TV, VX. 

XQ YZ, ZI, IU, UY : Then, becauſe GQ. KT, are at right 


and that the baſe 
SB is equal to the 
baſe CD; therefore 
the baſe ABis equal 


| what has been demonſtrated; the ſolid E 


- plane with them, are 


plane, are parallel! to one another: 
are Ang Yee Le the plane MQ, ET, of 
whi rough MG, GQ, and the other through 
EK, KT which are parallel to MG, GQ, and not in the fame 
allel * to one another: For the fame 
reaſon, the planes MV, GT are parallel to-one another: There- 
fore the Pr In like manner, it may 
be proved, that the ſolid YF is a parallelepiped : But, from 
is equal to the ſolid 
F, becauſe they are upon equal baſes PS, and of the 
ſame altitude, and have their inſiſting ſtraight lines at right angles 

& 24 ' . to 


e pon ., the baſes : And the ſolid EQ is equal to the ſolid AE; ang Book XI. 
1 29. or 30. 


„ Ar. 


"2 * 


3 
S 


e 
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baſes and of the ſame altitude: Therefore the ſolid AE is equal 


OF EUCLID: 


he ſolid F to the folid CF; becauſe they are upon the ſame} 
to the ſolid CF: Wherefore ſolid K &c. Q. E. D. 


PROP. XXXI. THEOR. 


are to one another as their baſes. 


Let AB, CD be ſolid parallelepipeds of the 44 a 
They are to one another as their baſes; that is, as the baſe AE 
to the baſe CF, ſo is the ſolid AB to the folid CD. 


To the ſtraight line FG apply the parallelogram FH equal * Cor. 45. . 


to AE, ſo that the angle FGH be equal to the angle LCG; 
and complete the ſolid parallelepiped GK upon the baſe FH, 
one of whoſe inſiſting lines is FD, whereby the ſolids CD, GK. 


muſt be of the ſame aktirade ; Therefore the ſolid AB is equal do 37. 27. 


to the ſolid 
GK, becauſe 


becauſe the ſo- 


id parallele pi- A M C G II 
ped CK is cut 


by the Plane DG which is parallel to its oppoſite planes, the baſc 


HF is © to the baſe FC, as the ſolid HD to the folid DC: Bute 25. 11. 


the baſe HF is equal ro the baſe AE, and the folid GE to the 
ſolid AB: Therefore, as the baſe AE to the baſe CF, fo is the 
CD. to the ſolid CD. Wherefore ſolid — &c. 

Con. From this it is manifeſt that * upon tria r ba- 
ſes, of the ſame altitude, are to one another as their baſes. 

Let the priſms, the daſes of which are the triangles AEM, 
CFG, and NBO, PDO the triangles oppoſite to them, — 
the fame altitude; and complete the parallelograms AE, CF, 
and the ſolid parallelepipeds AB, CD, in the firſt 1 which let 
MO, and in 2. other let GQ be one of the inſiſting lines. And 
becauſe the ſolid parallelepi AB, CD have the fame alti- 

yy are to One another as the baſe * 
« . 


* * 


OLID parallelepipeds which have the ſame alitude, See N. 


2 
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Book XI. CF, wherefore the priſms, which are their halves 4 are to on 
Ar another, as the baſe AE to the baſe F;. that is, as the ting 
AEM to the triangle CFG. : Þ 


PROP. XXI. THEOR. 


. ſolid parallelepipeds are one to another in the 
triplicate ratio of their homologous ſides. 


Let AB, CD be fimilar ſolid parallelepipeds, and the fide AR 
homologous to the ſide CF: The ſolid AB has to the ſolid CD, I 
the triplicate ratio of that which AE has to CF. plicate 

Preduce AE, GE, HE, and in theſe produced take EK e. Wl is equa 
qual to CF, EL equal to FN, and EM equal to FR; and com. Wl the ftr: 
plete the parallelogram KL, and the ſolid KO: Becauſe KE, EL Wl CD, d 
5 are equal to CF, FN, and the angle KEL equal to the CFN, bomol 

becauſe it is equal to the angle AEG which is equal to CHN, by 
reaſon that the ſolids AB, CD are ſimilar ; therefore the paril- Cat 
* wore As „ and equal to — 2 CN: Fer contio 
e ſame reaſon, the parallelogram is ſimilar and to | 

CR, and alſo OE _—__—_— —— 

to FD. There- 

fore three paralle- 
lograms of the ſo- 

lid KO are equal 

155 and ſimilar to three 
a parallelograms of 
the ſolid CD: And 

the three oppoſite 
ones in each ſolid 

: are equal and 

24, . ſimilar to theſe; 
Therefore the ſo- 


GK, and complete 
GK, KL, fo that EH be an i 
of them, whereby they muſt be 
folid AB: And = he tal 
by permutation, as AE is to CF, 
toFR; and FC is equal to EK, d 
EM; r 4 ** 
to EM: But, as to 2 parallelogram 
*7-6- the parallelogram GK; and as GE to EL, ſo is © GK to KL 


ö 
and, 


nere 237 


ind as HE to EM, ſo - is PE to KM: Therefore as the parallelo- Book XI. 
gram AG to the parallelogram GK, fo is GK to KL, and EY 
0 KM: But as AG, to GK, ſo“ is the folid AB to the folidg,; ir. 
EX; and as GK to KL, fo © is the ſolid EX to the ſolid PL; 

and as PE to KM, fo © is the folid PL to the ſolid KO: And 

therefore as the ſolid AB to the ſolid EX, fo is EX to PL, 

and PL to KO: But if four magnitudes be continual propor- 

onals, the firſt is ſaid to have to the fourth the triplicate ratio 

of that which it has to the ſecond: Therefore the ſalid AB 

bas to the ſolid KO, the triplicate ratio of that which AB has 

to EX: But as AB is to EX, fo is the parallelogram AG to 

the parallelogram GK, and the ſtraight line AE to the ſtraight 

line EK. W herefore the ſolid AB has to the ſolid KO, the tri- 

plicate ratio of that which AE has to EK. And the folid KO 

is equal to the ſolid CD, and the ſtraight line EK is equal to 

the ſtraight line CF. Therefore the ſolid AB has to the ſolid 

CD, the triplicate ratio of that which the fide AE has to the 
homologous ſide CF, &c. Q. E. D. 


Cog. From this it is manifeſt, that, if four ſtraight lines be 
continual proportionals, as the firſt is to the fourth, ſo is the 
ſolid parallelepiped deſcribed from the firſt to the ſimilar ſolid 
ſimilarly deſcribed from the ſecond ; becauſe the firſt ſtraight 
line has to the fourth the triplicate ratio of that which it has 
to the ſecond. | 


PROP. D. THEOR. 


OLID parallelepipeds contained by para 
I <quiangular to one another, each to each, that is, 
ot which the ſolid angles are equal, each to each, have 
to one another the ratio which is the ſame with the 
ratio compounded of the ratios of their fides. 


See N. 


C2 i Let AB, CD be folid parallelepipeds, of which AB is con- 
bes BY raved. by the p AE, AF, AG equiangular, each 
k the to each, to the 


( parallelograms CH, CK, CL, which contain the | 
and, ſolid CD. The ratio which the ſolid AB has to the ſolid CD is 
Ei be fame with that which is compounded of the ratios of the = 
R io dees AM ta DL, AN to DK, and AO to DH. | 
HE Produce | | 
| 


756 


Book X1. - Produce MA, NA, OA to P, Q, R fo that Ap be g 
n, AQ to DK, 1.4 2 Bhd the ſal 


s C. 11. 


Þ 32. 17. 


e 25. 11. 


A def. A. g. 


and as MA to AP, ſo make a to b; and as NA to AQ, þ 


N *. — 
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parallelepipeT AX contained by the parallelograms 

AV ſimilar and equal to CH, CK, CL, each — 
fore the ſolid AX is equal * to the ſolid CD. Complete likew 
the folid AY, the baſe of which is AS, and of which A0 
one of its inſiſting ſtraight lines. Take any ſtraight line 1 


make b to c; and as AO to AR, ſo c to d: Then, becauſe th 


parallelogram AE is equiangular to AS, AE is to AS, as th recipr 
ſtraight line a to c, as is demonſtrated in the 23. Prop. Bod EH is 
6. and the ſolids AB, AY, being betwixt the parallel altitn« 
BOY, EAS, are of the ſame altitude. Therefore the ſolid a3 Fir 
is to the ſolid AY, asd the baſe AE to the baſe AS; that is CM, 
as the ſtraight line a is to c. And the folid AY is to the p x44 t 
| Cal! 

B G 
FH | 
D L | F \ NP, 
| ; bd / 
: | — * to th 
& j be ec 
H E — N | p if thi 
| 6, * | qual 
1! 3 _ A _IÞNs AG 
b ca neit! 
_ = pls foi 
__ | is 1 
1 N= Wh 
d 


AX, as © the baſe OQiis to the baſe Q; that is, as the ſtraight tha 
line OA to AR; that is, as the ſtraight line c to the ſtraight CL 
line d. And becauſe the ſolid AB is to the ſolid AY, as a is to gre 
c, and the ſolid AY to the ſolid AX, as c is to d; ex æquul, it 1 
the ſolid AB is to the ſolid AX, or CD which is equal to i, ſo 
as the ſtraight line a is to d. But the ratio of a tod is ſaid to the 
be compounded © of the ratios of a to b, b to c, and c to d, eq; 
which are the ſame with the ratios of the ſides MA to AP, NA hy 
to AQ, and OA to AR, each to each. And the ſides AP, AQ, M 
AR are equal to the ſides DL, DK, DH, each to each. There- Al 


fore the ſolid AB has to the ſolid CD the ratio which is the ſame ſol 
with that which is compounded of the ratios of the ſides AM to of 
DL, AN to DK, and AO to DH. Q. E. D. — 


nor 


QF EUCLID. „ 
PROP. XXIV. THE OR. — 


« 
. 


HE baſes and altitudes of equal ſolid parallelepi- Sce x. 
T peds, are reciprocally proportional; and if the 
baſes and altitudes be reciprocally proportional, the 
ſolid parallelepipeds are. equal. | - 


Let AB, CD be equal ſolid parallelepipeds; their baſes are 
reciprocally proportional to their altitudes ; that is, as the baſe 
EH is to the baſe NP, fo is the altitude of the ſolid CD to the 
altitnde of the folid AB. | | 

Firſt, Let the inſiſting ſtraight lines AG, EF, LB, HK; 
CM, NX, OD, PR be at right angles to the baſes. As the baſe 
EH to the baſe NP, fo is 833 | 
Cs to AG. If the baſe K. B 
EH be equal to the baſe 
N NP, then becauſe the ſo- 
Y lid AB is likewiſe equal 
| to the ſolid CD, CM (hall 

be equal to AG. Becauſe H 
if the bales EH, NP be e- 
qual, but the altitudes ' 
8 AG, CM be not equal, ; - 
neither ſhall the ſolid AB be equal to the ſolid CD. But the 
ſolids are equal, by the hypotheſis. 'Vhersfore the altitude CM 
is not unequal to the altitude AG; that is, they are equal. 
Wherefore as the baſe EH to the baſe NP, ſo is CM to AG. 
Next, Let the baſes EH, NP not be equal, but EH greater 
than the other: Since then the ſolid AB is equal to the ſolid 
— 7H" ; 
greater than AG: For, 
if it be nor, neither al- . RD 
ſo in this caſe, would 
the ſolids AB, CD be 
equal, which, by the 
hypotheſis, are equal. 
_ then CT equal to 
AG, and complete the 
ſolid . CV H 4 P Wi 
of which the baſe is | 
NP, and altitude CT: A E C N 
Becauſe the folid AB | | 
is equal to the folid CD, therefore the ſolid AB is to he 
o&  » 1 l : 3 Ws U 


X 
— 
a 
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Book XI. ſolid CV, as * the ſolid CD to the ſolid CV. But as 


ud AB to the ſolid CV, fo® is the baſe EH to the baſe 
d 115: the ſolids AB, CV are of the ſame 


<©25.1z: CD to CV, fo © is the baſe MP to 

4 . 6. the ſtraight line MC to CT; and CT is equal 
fore, as the baſe EH to the baſe NP, fo is M 
fore, the baſes of the ſolid parallelepipeds A 
cally proportional to their altitudes. 


Let now the baſes of the ſolid n AB, CD be te. 
ciprocally proportional to their f 

to the baſe NP, fo the al- 
titude of the ſolid CD to 
the altitude of the ſolid 
AB; the ſolid AB is e- 
ual to the ſolid CD. Let 
che inſiſting lines be, as 
before, at right angles to 
the baſes. Then, if the 
baſe EH be equal to the 

baſe NP, ſince EH is to | 
NP, as the altitude of the ſolid CD is to the altitude of the ſo- 
* A.s. lid AB, therefore the altitude of CD is equal to the altitude 
. of AB. But ſolid parallelepipeds upon equal baſes, and of the 
t 31.17, ſame altitude, are equal? to one another; therefore the ſolid AB 


is equal to the ſolid CD. 
But let the baſes EH, NP be unequal, and let EH be the 
ter of the two. Therefore, ſince as the baſe EH to the baſe F 
P, fo is CM the alti- i ; 
tude of the ſolid CD to | R D 
AG thealtitude of AB, | 
CM is greater © than X * 
AG. Again, Take CT | 2 
equal to AG, and com- the 
plete, as before, the ſo- are 
lid CV. And, becauſe ral 
the baſe EH is to the | ang 
baſe NP, 71 AG, | bal 
and that AG is equal to 8 f the 
CT, therefore the baſe E : C | * bal 
EH is to the baſe NP, as MC to CT. But as the baſe EH is to NP, bal 
ſo d is the ſolid AB to the ſolid CV; for the ſolids AB, CV are of the 


bl 


the ſame altitude; and as MC to CT, ſo is the baſe MP to the baſe 


* 


\ 


PT, and the ſolid CD to the ſolid CV: And therefore as the Book XI. 
folid AB to the ſolid CV, fo is the ſolid CD to the ſolid CV; Ph tap 
that is, each of the ſolids AB, CD has the ſame ratio to the 9 
ſolid CV; and therefore the ſolid AB is equal to the folid CD. ; 
Second general caſe. Let the infiſting ftraight lines FE, 
BL, GA, KH; XN, DO, MC, RP not be at right angles to 
the baſes of the ſolids; and from the points F B, K, G; X. 
D, R, M draw perpendiculars. to the planes in which are the 
' baſes EH, NP meeting thoſe planes in the points 8, V, V, T; 
„1, U, Z; and complete the ſolids FV, XU, which are pa- 
lelepipeds, as was proved in the laſt part of prop. 31. of 
this book. In this caſe, likewiſe, if the ſolids AB, CD be e- 
their baſes are reciprocally proportional to their altitudes, 
viz. the baſe EH to the baſe NP, as the altitude of the ſolid 
CD to the altitude of the ſolid AB. Becauſe the ſolid AB is . 
| equal to the ſolid CD, and that the ſolid BT is equal 8 to the g 29 or 30. 
ſolid BA, for they are upon the fame baſe FK, and of the **: 


0 "on | R_D 


5 xc 
10 / 17 
/ 7 ES 
> the — 
1 E 


fame altitude; and that the ſolid. DC is equal 2 to the ſolid 
DZ, being upon the ſame baſe XR, and of the ſame altitude; 
therefore the ſolid BT 1s equal to the ſolid DZ: But the baſes 
ure reciprocally proportional to the altitudes of equal ſolid pa- 
rallelepipeds of which the inſiſting ſtraight lines are at right 
angles to their baſes, as before was proved: Therefore as the 
baſe FK to the baſe XR, ſo is the altitude of the ſolid DZ. to 
the altitude of the ſolid BT : And the baſe FK is equal to the 
baſe EH, and the baſe XR to the baſe NP: Wherefore, as the 
baſe EH to the baſe NP, fo is the altitude of the ſolid DZ to 
the altitude of the ſolid BT : But the altitudes of the ſolids , 
DZ, DC, as alſo of the ſolids BT, BA are the fame. There- 
fore as the baſe EH to the * NP, ſo is the altitude of the 


ſolid 
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Book XI. ſolid CD to the altitude of the ſolid AB ; that is, the baſes of 
—_—— ſolid © AB, CD are reciprocally proportional 


ST TER hits of 6h tits Ak. th be reciprocall 
zonal to their altitudes, viz. the baſe EH to 

as the altitude of the ſolid CD to the altitude of 
lid AB; ho AG He Go The 
conſtruftion being made ; becauſe, as the baſe EH to the 


+ 
LE 


5 
405 


NP, ſo is the altitude of the ſolid CD to the altitude of the 

ſolid AB; and that the baſe EH is equal to the baſe EK; and an 

NP to XR; therefore the baſe FK 1s to the baſe XR, as the in 

altitude of the ſoli& CD to the altitude of AB: But the alti- po 

| dr 

R — 

* X ſtr 

a | 

th 

45 1 * 

9 G. 

” by Q ke 

C # = 
tudes of the ſolids AB, BT are the ſame, as alſo of CD and 
DZ; therefore as the baſe FK to the baſe ſo is the alti- 
tude of the ſolid DZ. to the altitude of the ſolid BT: Where- 
fore the baſes of the ſolids BT, DZ are reciprocally propor- 
tional to their altitudes ; and their infiſting ſtraight lines are at 
right angles to the bakss wherefore, as was before proved, the 
- 6-6 is equal to the ſolid DZ: But BT is equal * to the ſo- 

it, lid BA, and 52 to the ſolid DC, becauſe they are upon the | 
ſame baſes, and of the ſame altitude. nn 
is equal to the ſolid CD. Q. E. D. 
an 
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OF EUCLID. 


PROP. XXXV. THEOR. 


F, from the vertices of two equal plane angles, there 
be drawn two ſtraight lines elevated above the planes 
in which the angles are, and containing equal angles 
with the fides of thoſe angles, each to each; and if in 
the lines above the planes there be taken any points, 
and from them perpendiculars be drawn to the planes 
in which the firſt named angles are : And from the 
points in which they meet the planes, ſtraight lines be 
drawn to the vertices of the angles firſt named ; theſe 
ſtraight lines ſhall contain equal angles with the 
ſtraight lines which are above the planes of the angles. 


Let BAC, EDF be two equal plane angles; and from the 
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See N. 


% 1 


points A, D let the ſtraight lines AG, DM be elevated above 


the planes of the angles, making equal angles with their ſides 
each to each, viz. the angle GAB equal to the angle MDE, and 
GAC to MDF; and in AG, DM let any points G, M be ta- 
ken, and from them let perpendiculars GL, MN be drawn to 
the planes BAC, EDF meeting theſe planes in the points L, N; 


MDN. 

Make AH equal to DM, and through H draw HK parallel 
to GL: But GL is perpendicular to the plane BAC; where- 
fore HK is perpendicular * to the ſame plane : From the poin 
K, N, to the ſtraight lines AB, AC, DE, DF, draw perpen- 


diculars KB, KC, 2 join HB, BC, ME, EF: 


* —— ew 0 * i > — 


and join LA, ND : The angle GAL is equal to the angle 


a v. 11. 


* 
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Becauſe HK is perpendicular to the plane BAC, the 

HBK which paſſes through HK is at — angles * to the plane 
BAC; and AB is drawn in the plane BAC at right angles to 
the common ſection BK of the two planes; therefore AB is 


e 4. def. x. perpendicular © to the plane HBK, and makes right angles d 
d 3. def. 11. with every ſtraight line meeting it in that plane: But BH meets 


64. kb 


f 4. "x 


baſe AK is equal to the baſe DN: And fince AH is equal to 


it in that plane; therefore ABH is a right angle: For the ſame 
reaſon, DEM is a right angle, and is therefore equal to the 
angle ABH: And the angle HAB is equal to the angle MDE, 
Therefore in the two triangles HAB, MDE there are two angles 
in one equal to two angles in the other, each to each, and 
one fide equal to one fide, oppoſite to one of the equal angles 
in each, viz. HA equal to DM ; therefore the remaining fides 
are equal e, each to each: Wherefore AB is equal to DE. In 
the ſame manner, if HC and MF be joined, it may be demon- 
ſtrated that AC is equal to DF: Therefore, ſince AB is equal to 
DE, BA and AC are equal to ED and DF; and the angle 


BAC is equal to the angle EDF ; wherefore the bafe BC is e- 
qual f to the baſe EF, and the remaining angles to the remain- 
ing angles : The angle ABC is therefore equal to the angle 
DEF: And the right angle ABK is equal to the right angle 
DEN, whence the remaining angle CBK is equal to the re- 
maining angle FEN : For the ſame reaſon, the angle BCK is 
equal to the angle EFN : Therefore in the two triangles BCK, 


EFN, there are two angles in one equal to two angles in they 


other, each to each, and one fide equal to one fide adjacent 
to the equal angles in each, viz. BC equal to EF; the other 
ſides, therefore, are equal to the other fides ; BK then is 

to EN: And AB is equal to DE; wherefore AB, BK are equal 
to DE, EN; and they contain riglit angles; wherefore the 


DM, 


for 
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DM, the ſquare of AH is equal to the ſquare of DM : But the Book XI. 
ſquares of AK, KH are equal to the ſquare s of AH, becauſe 2 


AKH is a right angle: And the ſquares of DN, NM are equal 
to the ſquare of DM, for DNM 1s a right angle : Wherefore 
the ſquares of AK, KH are equal to the ſquares of DN, NM ; 
and of thoſe the ſquare of AK is equal to the ſquare of DN: 
Therefore the remaining ſquare of KH is equal to the remain- 
ing ſquare of NM ; and the ſtraight line KH to the ſtraight line 
NM: And becauſe HA, AK are equal to MD, DN each te 
each, and the baſe HK to the baſe MN as has been proved ; 
therefore the angle HAK is equal to the angle MDN. Q. 
KS - -- . | | 
Cor. From this it is manifeſt, that if, from the vertices of 
two equal plane angles, there be elevated two equal ſtraight lines 
containing equal angles with the fides of the angles, each to 
each ; the perpendiculars drawn fom the extremities of the e- 
qual ſtraight lines to the planes of the firſt angles are equal to 


one another. ; f 


Another Demonſtration of the Corollary. 


Let the plane angles BAC, EDF be equal to one another, 
and let AH, DM be two equal ſtraight lines above the planes of 
the angles, containing equal angles with BA, AC; ED, DF, 
each to each, viz. the angle HAB equal to MDE, and HAC 
equal to the angle MDF; and from H, M let HK, MN be per- 
pendiculars to the planes BAC, EDF : HK is equal to MN. 

Becauſe. the ſolid angle at A is contained by the three plane 
angles BAC, BAH, HAC, which are, each to each, equal to 
the three plane angles EDF, EDM, MDF containing the ſolid 
angle at D; the ſolid angles at A and D are equal: And there- 
fore coincide with one another; to wit, if the plane angle BAC 
be applied to the plane angle EDF, the ſtraight line AH coin- 
cides with DM, as was ſhewn in prop. B of this book: And 
becanſe AH is equal to DM, the point H coincides with the 
point M : . Wherefore HK which 1s perpendicular to the plane 
BAC coincides with MN * which is perpendicular to the plane 
EDF, becauſe theſe planes coincide with one another : There- 
fore HK is equal to MN. Q. E. D. 
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PROP. XXXVI THEOR. 


F three ſtraight lines be proportionals, the ſolid pa. 
rallelepiped deſcribed from all three as its fides, is 
equal to the equilateral parallelepiped deſcribed from 
the mean proportional, one of the ſolid angles of which 
is contained by three plane angles equal, each to each, 
to the three plane angles containing one of the ſolid 
angles of the other figure. 


Let A, B, C be three proportionals, viz. A to B, as B tg 
C. The ſolid deſcribed from A, B, C is equal to the 
teral ſolid deſcribed from B, equiangular to the other. 

Take a ſolid angle D contained by three plane angles EDF, 
FDG, GDE ; and make each of the ſtraight lines ED, DF, 
DG equal to B, and complete the ſolid parallelepiped DH: 
Make LK equal to A, and at the point K in the ſtraight line 
LK make a ſolid angle contained by the three plane angles 
LEM, MKN, NKL equal to the angles EDF, FDG, GDE, 


H 


LF” 0 


, to 
C; and complete the ſolid parallelepiped KO: And becauſe, as 
A s to B, ſo is B to C, and that A is equal to LK, and B 
to each of the ſtraight lines DE, DF, and o KM; 
fore LK is to ED, as DF to KM; that is, _ 
equal angles are reciprocally proportional ; therefore pa- 
ants TAC lo ann bio EF RN And becauſe EDF, LXM 
are two equal plane angles, and the two equal ftraight lines DG, 
KN are drawn from their vertices above their planes, and con- 
tain equal angles with their fides; therefore the perpendicu- 


lars from the points G, N, to the planes EDF, . 


31-8 


2.8 2 


.de. 
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qual © to one another: Therefore the ſolids KO, DH are of Book XL. | 


the ſame altitude; and they are upon equal baſes LM, EF, e Cor. 35. 


Et; ade, cd another: But the ſolid 11. 


KO is deſcribed the three ſtraight lines A, B, C, and the 9 3* k. 
ſolid DH from the ſtraight ine B. If therefore three ſtraight 
lines, &c. Q. E. D. 


PROP. XXXVIIL THEOR. 


F four ſtraight lines be proportionals, the ſimilar See N. 
ſolid parallelepipeds fimilarly deſcribed from them 
ſhall alſo be proportionals. And if the fimilar paral- 
lelepipeds ſimilarly deſcribed from four ſtraight lines 
be proportionals, the ſtraight lines ſhall be proporti- 
onals. 


Let the four ſtraight lines AB, CD, EF, GH be proporti- 
onals, viz. as AB to CD, ſo EF to GH; and let the fimilar 
parallelepipeds AK, CL, EM, GN be ſimilarly deſcribed from 
them. AK is to CL, as EM to GN. 

Make AB, CD, O, P continual i as alſo EF, 211. 6. 
GH, Q. R: And becauſe as AB is to CD, ſo EF to GH; and 


1 


A 
M 


E F 


that CD is > to O, as GH to Q, and O to P, 
fore, ex æquali ©, AgB is to P, as EF to R: 

ſo 4 is the ſolid AK to the ſolid CL; and 
the ſolid EM to the ſolid GN: Therefore 
the ſolid CL, ſo is the ſolid EM to the ſolid 


Q4 - 
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Book XI. But let the ſolid AK be to the ſolid CL, as the ſolid EM to 


e 27. 11. 
1 


1 9. 5 


See N. 


the ſolid GN : The ſtraight line AB is to CD, as EF to GH. 

Take AB to CD, as EF to ST, and from ST. deſcribe * a 
ſolid parallelepiped SV fimilar and fimilarly fituated to either 
of the ſolids EM, GN : And becauſe ABis to cb, as EF to ST, 
and that from AB, CD the ſolid parallelepipeds AK, CL are 
fimilarly deſcribed; and in like manner the ſolids EM, SV 
from the ſtraight lines EF, ST; therefore AK is to CL, a8 


33 


0: — 
C 


= = 


— — 


EM to SV : But, by the hypotheſis, AK is to CL, as EM to 
GN: Therefore GN i is equal f to SV: But it is like wiſe ſimilar 
and ſimilarly ſituated to SV; therefore the planes which contain 
the ſolid; GN, SV are ſimilar and equal, and their homolo 
ſides GH, ST equal to one another: And becauſe as AB to 6b, 
ſo EF to ST, and that ST is equal to GH; AB is to * as 
EF to GH. Therefore if four ſtraight Kees, &c. Q. E. D 


PROP. XXXVIII. THE OR. 


F a plane be perpendicular to another plane, and 
a ſtraight line be drawn from a point in one of 
* the planes perpendicular to the other plane, this 


* ſtraight line ſhall fall on the common ſection of the 
* planes.” 


* Let the plane CD be 3 to the plane AB, and 
let AD be their common ſection; if any point E be taken in 
* the plane CD, the perpendicular drawn from E to the plane 
* AB ſhall fall on AD, 


« For, | 


2 8 


E <a .78 
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« For, if it does not, let it, if poſſible fall elſewhere, as EF; Book XI. 

« and let it meet the plane AB in the point F; and from F — 

« draw e in the plane AB a perpendicular FG to DA, which a 12. 1. 

« is alſo perpendicular to the plane CD; and join EG ? Then N 

« hecanſe FG is perpendicular C 

«to the plane CD, and the | * 

« ſtraight line EG, which is in \ 
N 


« that plane, meets it; ene 

« fore FGE 1s a right angle © - ; 
« But EF is alſo at right — A 3 D . II 
« to the plane AB; and there- _ N . 

« fore EFG is a right angle: 3 B 
Where fore two of the angles 25 

« of the triangle EFG are equal gun to two right angles ; 3 
« which is abſurd : Therefore the perpendicular from the point 
E to the plane AB, does not fall elſewhere than upon the 


« ftraight line AD: It therefore falls upon it. If therefore a 
« plane,” &c. Q. E. D. 


PROP. XXXIX. THE OR. 


Na ſolid parallelepiped, if the ſides of two of the op- see N. 
poſite planes be divided each into two equal parts, 

the common ſection of the planes paſſing through the 

points of diviſion, and the diameter of the ſolid paral- 

lelepiped cut each other into two equal parts. 


Let the ſides of D K | 'F 


the oppoſite planes 


CF, AH of the ſo- = J = 
lid parallelepiped | — — 
AF, be divided | JE | Rc 


each into two e- | 


points K, L, M, BY 

N; X. O, P, R; 'T 
and Join KL, MN, Ny 
XO, PR: And be- s 
equal and parallel, M N 3231. 
KL is parallel a to | P 

DC: For the ſame | 


reaſon, MN is pa- "i "I 
nllelto BA: And "Zo es © 
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them to DC, and not in the ſame plane with it, 
parallel to BA: And becauſe KL, MN are each of them 
rallel to BA, and not in the ſame with 1 

bto MN; wherefore KL, MN are in one plane. 


H 
cf 
TE 


ner, it may be proved, that XO, PR are in one plane. Let Ys 
be the common ſection of the planes KN, XR; and DG the 
diameter of the ſolid parallelepiped AF: YS and DG do meet, 
and cut one another into two equal parts. 

Join DV, YE, BS, SG. Becauſe DX is parallel to OE, the 
alternate _ DXY, YOE are equal © to one another: And 
becauſe DX is e- 5 K F 
qual to OE, and 
XY to YO, and n 
contain equal an- O 
gles, the baſe D "3 WR C 
is equal a to the | 18 
baſe YE, and the N 1 
other angles are | do | 
equal; therefore 1 | 
the angle XYD FA 
15 equal to the an- | 
le OYE, and es NA. 

DYE is a firaight M ” A | 
© line: For the P 

ſame reaſon BSG 8 

is a ſtraight line, Ws 


SG: And becauſe CA. is equal and parallel to DB, and alſo 
equal and parallel to EG; therefore DB is equal and parallel“ 
to EG: And DE, BG join their extremities ; therefore DE is 
equal and parallel * to BG: And DG, YS are drawn from 
poiats in the one, to points in the other ; and are therefore in 
one plane : Whence it is manifeſt, that DG, YS muſt meet 
one another; let them meet in T: And becauſe DE is parallel 
to BG, the alternate angles EDT, BGT are equal ; and the 
angle DTY is equal to the angle GIS: Therefore in the tri- 
angles DTY, GTS there are two angles in the one equal to 


two angles in the other, and one fide equal to one fide, oppoſite 


to two of the equal angles, viz. D to GS; for they are the 
halves of DE, BG: Therefore the remaining fides are equal *, 
each to each. Wherefore DT 1s equal to TG, and IT equal 
to TS. Wherefore, if in a ſolid, &c. Q. E. D. . 
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PROP. XL THEOR. 


F there be two triangular priſms of the ſame alti- 
] tude, the baſe of one of which; is a parallelogram, 
and the baſe of the other a triangle; if the parallelo- 
gram be double of the triangle, the priſms ſhall be e- 
qual to one — 


Let the priſms ABCDEF, GHKLMN be of the ſame alti- 
tude, the firſt whereof is contained by the two triangles ABE, 


— n AD, DE, EC; and the 
the two tran, gles GHK, LMN and the three parallelo- 


ga AF, md the. ether « lenge 


Complete the ſolids * GO; 
gram AF is double of the triangle 
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Book XII. THE 
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B O O K XII. 


LEMMA I. 


Which is the firſt propoſition of the tenth book, and is neceſ- | 


ſary to ſome of the propoſitions of this book. 


F from the greater of two unequal magnitudes, there 
be taken more than its half, and from the remain- 
der more than its half; and ſo on: There ſhall at 
length remain a magnitude leſs than the leaſt of the 


propoſed magnitudes. 


Let AB and C be two unequal magnitudes, of which AB is 


the greater. If from AB there be taken more 
than its half, and from the remainder more than 
its half, and ſo on; there ſhall at length remain 
a magnitude leſs than C. 
For C may be multiplied ſo as at length to 
become greater than AB. Let it be ſo multi- 
plied, and let. DE its multiple be greater than 
AB, and let DE be divided into DF, FG, GE, 
each equal to C. From AB take BH greater 
than its half, and from the remainder AH 
take HK greater than its half, and ſo on, until 
there be as many diviſions in AB as there are 
in DE : And let the divifions in AB be AK, 
KH, HB; and the diviſions in ED be DF, FG 
GE. And becauſe DE is greater than AB, and 


1 


A D 
K- F. 
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that EG taken from DE is not greater than its half, but BH ta- Book XII. 


ken from AB is greater than its half; therefore the remainder 
GD is greater than the remainder HA. Again, becauſe GD is 
ter than HA, and that GF is not than the half of 
D, but HK is greater than the half of HA; therefore the re- 
mainder FD is greater than the remainder AK. And FD is 
equal to C, therefore C is greater than AK; that is, AK is leſs 
than C. Q. E. D. | 
And if only the halves be taken away, the ſame thing may in 
the ſame way be demonſtrated. 


PROP. I. THEOR. 


IMILaR polygons inſcribed in circles, are to one 
8 another as the ſquares of their diameters. 


Let ABC DE, FGHEL be two circles, and in them the ſi- 
milar polygons ABC DE, FGHKL ; and let BM, GN be the 
diameters of the circles: As the ſquare of BM is to the ſquare 
of GN, ſo is the polygon ABCDE to the polygon FGHKL. 

Join BE, AM, GL, FN : And becauſe the polygon ABCDE is 
fimilar to the polygon FGHKL, and fimilar polygons are divided 
into fimilar triangles; the triangles ABE, FGL, are ſimilar and e- 


quiangular v; and therefore the angle AEB is equal to the angle 
FLG: But AEB is equal © to B, becauſe they ſtand up- 
on the ſame circumference ; and the angle FLG is for the ſame 
reaſon, equal to the angle FNG : Therefore alſo the angle AMB 
15 equal to FNG : And the right angle BAM is equal to the 
right d angle GFN ; wherefore the remaining angles in the tri- 
angles ABM, FGN are equal, and they are equiangular to one 

another: 
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Book XII. another: Therefore as BM to GN, ſo · is BA to GF; and thete. 
e4.6. fore the duplicate ratio of BM to GN, is the ſame * with the dy. 
f 10. def. plicate ratio of BA to GF: But the ratio of the ſquare of RM to 
5 © 23- 5-the of GN, is the duplicate t ratio of that which BM has 
C to GN ; and the ratio of the polygon ABCDE to the polygon 


A 


FGHKL is the duplicate t of that which BA has to GF: There. 
fore as the ſquare of BM to the ſquare of GN, ſo is the polygon 
5 Wherefore ſimilar polygons, 


PROP. II. THEOR. 


_—_— IRCLES are to one another as the ſquares of their 
diameters. 


Let ABCD, EFGH be two circles, and BD, FH their dia- 
meters: As the ſquare of BD to the ſquare of FH, ſo is the 
circle ABCD, to the circle EFGH. | 

For, if it be not ſo, the ſquare of BD ſhall be to the ſquare 
of FH, as the circle ABCD is to ſome ſpace either leſs than the 
circle EFGH, or greater than it . Firſt let it be to a ſpace 
S leſs than the circle EFGH ; and in the circle EFGH 
deſcribe the ſquare EFGH.: This e is than 
half 6f the circle EFG H; becauſe if, through the points 
E, F, G, H, there be drawn tangents to the circle, 


For there is ſome ſ. equal to 4 — 5; that is, to the ſquares of 
the circle ABCD; let P be the ſide of | BD, FH and the circle ABCD, it is poſ- 


it, and to three ſtraight lines BD, FH |} fible there may be a fourth propor- 
and P, there can be a fourth propor- tional. Let this be 8. And in like man- 
tional; let this be Q : Therefore the | ner are to be underſtood ſome things 
ſquares of theſe four ſtraight lines are | in ſome of the following propoſitions. 


* 


here. deſcribed about the cirele; Book XII. 
e dy- deſcribed about it ; there- a 41. . 
M to of the circle. Di- 
fl has K 
gon FL, LG, GM, 


18 


14 
4 


F 
5 


a a8 6. 


1 


4 
E 
9 f f 


Fi; 
= 
2 


cumferences before named be divided each ins 
and their extremities be joined by ſtraight lines, 


| 
| 


F. 


* 


to do this, there will at length remain ſegments of the circle 
which, together, ſhall be leſs than the 
above the ſpace 8: Becauſe, by the preceding Lemma, if 
from the of two unequal magnitudes there be taken 
more than its half, and I 
half, and ſo on, there ſhall at | 
than the leaſt of the propoſed magnitudes. Let 
ments EK, KF, FL, LG, GM, MH, HN, NE 
remain and are er leſs than the exceſs of the 
VIZ. 


above 8: Therefore the reſt of the circle, vi gon 
EKFLGMHN, is greater than the ſpace 8. Deſcribe likewiſe 

in the circle ABCD the polygon AXBOCPDR fimilar to the 
polygon EKFLGMHN : As therefore, the ſquare of BD is to | 

| the {quare of FH, ſo b is the polygon AXBOCPDR to the po- b 1. 12. 
lygon EKFLGMHN : But the ſquare of BD is alſo to the 


iir ere 
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Book XII ſquare of FH, as the circle ABCD is to the ſpace 8: There 


e 11. 5, 


d 14. 5. 


fore as the circle ABCD is to the ſpace 8, ſo is © the polygon 
AXBOCPDR to the polygon E. MHN ; But the circle 
ABCD is greater than the polygon» contained in it; wherefore 
the ſpace S is greater d than the polygon EKFLGMHN : But 
it is likewiſe leſs, as has been dem ed; which is impoſſi. 
ble. Therefore the ſquare of BD is not to the ſquare of FH, 
as the circle ABCD is to any ſpace leſs thai the circle EFGH. 
In the ſame manner, it may be demonſtrated, that neither is the 
ſquare of FH to the ſquage of BD, as the circle EFGH is to 
any ſpace leſs than the circle ABCD. Nor is the ſquare of 
BD to the ſquare of FH, as the circle ABC D is to any ſpace 

ter than the circle EFGH : For, if poſſible, let it be ſo to 
Ta ſpace greater than the circle EFGH: Therefore, inverſely 
as the ſquare of FH to the ſquare of BD, ſo is the ſpace T to 


the circle ABCD. But as the ſpace + T is to the circle ABCD, 


ſo is the circle EFGH to ſome ſpace, which muſt be leſs d than 
the circle ABCD, becauſe the ſpace T is greater, by hypothe- 
ſis, than the circle EFGH. Therefore as the ſquare of FH . i to 

| os, the 


+ For as, in the foregoing note, at , | manner, there can be a fourth propor- 


it vas "explained how it was pofſiv.e | tional to this aher ſpace, named T, 


there could be a fourth proportional to | and the circles ABCD, EFGH. And 
the * of BD, FH, and the circle | the like is to be underſtdod in ſome of 
ABCD, which was named 8. So in like | the following propoſitions 


AFT 
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having triangular baſes, and Eaullar to 
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as the circle ABCD is to any ſpace greater 

EFGH : And it has been demonſtrated, that neither is the ſquare 
of BD to the ſquare of FH, as the circle ABCD to any ſpac 
leſs than the circle EFGH : Wherefore, as the ſ of to 
the ſquare of FH, ſo is the circle ABC to the cirele EFGH f. 
Circles therefore are, &c. Q. E. D. 


PROP. Hl THEOR. 


VERY pyramid having a triangular baſe, may be see N. 
divided into two equal and fimilar pyramids ha- 
ving triangular baſes, and which are fimilar to the 
whole pyramid ; and into two equal priſms which to- 
gether are greater than half of the whole pyramid. 


* f 
Let there be a pyramid of which the baſe is the triangle ABC 
and its vertex the point D: The pyramid ABCD may be divi- 
ded into two equal and fimilar s 


the whole; and into two equal priſms 
which together are greater than half of 
the whole p. id. 


8 


] 


> 


L885 


the 


„ Beeauſe as © fourth. proportional to the ſquares,of BD, FH and the circle 
ABC) is poſſible, and that it can neither be leſs nor greater than the circle 
EFGH, it muſt be equal to it. a 
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AEH equal A and fimilar to the triangle 
reaſon, the triangle AGH is equal and fimilar to the triangle 
HLD : And becauſe the two ſtraight lines EH, HG which 
meet one another are parallel to » DL that meet one ano- 
ther, and are not in the ſame plane with them, they contain 
equal angles; therefore the angle EHG is. equal to the angle 
KDL. Again, becauſe EH, HG are equal to KD, DL, each 
to each, and the angle EHG equal to the angle KDL; there- 
fore the baſe EG 1s equal to the baſe KL: And the tri 


EHG equal 4 and fimilar to the triangle KDL: For the ſame 


reaſon, the triangle AEG is alſo equal and fimilar to the tri. 
angle HKL. Therefore the pyramid of which the baſe is the 
triangle AEG, and of which the vertex is the point H, is e- 
qual * and fimilar to the pyramid the 
baſe of which is the triangle KHL, and 
vertex the point D : And becauſe HK 
is parallel to AB a fide of the triangle 
ADB, the triangle ADB is equiangu- 
lar to the triangle HDK, and their 
ſides are proportionals t: Therefore the 
triangle ADB is fimilar to the triangle 
HDK : And for the ſame reaſon, the 
triangle DBC is fimilar to the triangle 
DKL ; and the triangle ADC to the 
triangle HDL; and alſo the triangle 
ABC to the triangle AEG : But the 
triangle AEG is ſimilar to the triangle 
HKL, as before was proved; therefore 
the triangle ABC is fimilar > to te B F C 
triangle HKL. And the pyramid of 
which the baſe is the triangle ABC, and vertex the point D, 
is therefore ſimilar i to the p id of which the baſe is the tri- 
angle HKL, and vertex the ſame point D : But the pyramid of 
which the baſe is the triangle HKL, and vertex the point D, is 
fimilar, as has been proved, to the pyramid the baſe of which is 
the triangle AEG, and vertex the point H: Wherefore the py- 
ramid the baſe of which is the triangle ABC, and vertex the point 
D, is fimilar to the pyramid of which the baſe is the triangle 
AEG and vertex H : Therefore each of the p ids AEGH, 
HKLD is fimilar to the whole pyramid ABCD : And becauſe 
BF is equal to FC, the parallelogram EBFG is double * of the 
triangle GF C: But when there are two priſms of the fame alti 
' tude, 


HKD : For the ſame 
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tude, of which one has a parallelogram for its baſe, and the other Book XI. 
a triangle that is half of the parallelogram, theſe priſms are equal 
to one another; therefore the priſm having _ a 40.11, 
EBFG for its baſe, and the ſtraight line oppoſite to 

it, is equal to the priſm having the triangle GFC for its baſe, 
and the triangle HKL oppoſite to it; for they are of the ſame 
altitude, becauſe they are between the parallel planes ABC, b 18. x:, 
HKL: And it is manifeſt that each of theſe priſms is greater 

than either of the pyramids of which the triangles AEG, HKL 

are the baſes, and the vertices- the points H, D; becauſe, if 

EF be joined, the priſm having the parallelogram EBFG for 

its baſe, and KH the ſtraight line oppoſite to it, is greater than 

the pyramid of which the baſe is the triangle EBF, and vertex | 
the point K; but this pyramid is equal «© to the pyramid the e C. 11. 
baſe of which is the triangle AEG, and vertex the point H 
becauſe they are contained by equal and fimilar planes: Where 


the baſe is the triangle AEG, and vertex the point H: And the 
priſm of which the baſe is the parallelogram EBFG, and op- 
poſite fide KH is equal to the priſm having the triangle GFC 
for its baſe, and HKL the triangle oppoſite to it; and the pyra- 
mid of which the baſe is the triangle AEG, and vertex H, is 
equal to the pyramid of which the baſe is the triangle HKL, 
and vertex D : Therefore the two priſms before mentioned are 
greater than the two pyramids of which the baſes are the tri- 
angles AEG, HKL, and vertices the points H, D. Therefore 
the whole pyramid of which the baſe is the triangle ABC, and 
vertex the point D, is divided into two equal pyramids fimilar 
to one another, and to the whole pyramid ; and into two equal 
priſms; and the two priſms are together greater than half of 
. the whole pyramid. Q. E. D. | 
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PROP. IV. THEOR. 


FF there be two pyramids of the ſame altitude, upon 


triangular baſes, and each of them be divided in- 
to two equal pyramids ſimilar to the whole pyramid, 
and alſo into two equal priſms; and if each of theſe 
pyramids be divided in the ſame manner as the firſt 
two, and ſo on: As the baſe of one of the firſt two 
pyramids is to the baſe of the other, fo ſhall all the 
priſms in one of them be to all the priſms in the other 
that are produced by the ſame number of diviſions. 


Let there be two pyramids of the ſame altitude upon the tri- 
baſes ABC, DEF, and having their vertices in the 
points G, H; and let each of them be divided into two equal 
ids fimilar to the whole, and into two equal priſms ; and 

let each of the pyramids thus made be conceived to be divided 
in the like manner, and ſo on : As the baſe ABC 1s to the baſe 
DEF, ſo are all the priſms in the pyramid ABCG to all the 
priſms in the pyramid DEFH made by the ſame number of di- 


Make the fame conſtruction as in the gang propoſition : 
And becauſe BX is equal to XC, and AL to LC, therefore XL 
is parallel to AB, and the triangle ABC fimilar to the tri- 
angle LXC : For the ſame reaſon, the triangle DEF is ſimilar 
to RVF : And becauſe BC is double of CX, and EF double of 
FV, therefore BC is to CX, as EF to FV: And upon BC, CX 
are deſcribed the fimilar and fimilarly fituated rectilineal fi- 
ABC; LXC ; and upon EF, FV, in like manner, are 
ibed the fimilar figures DEF, RVF: Therefore, as the tri- 
ABC is to the triangle LXC, fo b is the triangle DEF to 
the triangle RVF, and, by permutation, as the triangle ABC 
to the triangle DEF, ſo is the triangle LXC to the triangle 
RVF : And becauſe the planes ABC, OMN, as alſo the planes 
DEF, 8ST are parallel e, the perpendiculars drawn from the 
points G, H to the baſes ABC, DEF, which, by the hypothe- 
fis, are equal to one another, ſhall be cut each into two equal 
4 parts by the planes OMN, STV, becauſe the ftraight 

„HF are cut into two equal parts in the points N, Y by 
the ſame planes: Therefore the priſms LXCOMN, RVESTY 
are of the ſame altitude ; and therefore, as the baſe * 


th 
D 
an 
ba 
be 
on 
©q 
Ta 
th 
to 
P. 
is 

cc 


1 8 SH HotToHkH -44.365--L-L3-- 


FLA LF r. 


T5 NAA. FF. E= 


8 


FSA TIL FA 8 


OF EUCLID. 


DEF, ſo is 

and OMN the triangle oppoſite to it, to the priſm of which the 
baſe is the triangle RVF, and the oppoũte triangle STY : And 
becauſe the two priſms in the pyramid ABCG are to 
one another, and alſo the two priſms in the pyramid DEFH 
equal to one another, as the priſm of which the baſe is the pa- 
rallelogram KBXL and oppoſite fide MO, to the priſm having 
the triangle LXC for its baſe, and OMN the triangle oppoſite 
to it; ſo is the priſm of which the baſe © is the parallelogram 
PEVR, and oppoſite fide TS, to the priſm of which the baſe 
is the triangle RVF, and oppoſite triangle STY. Therefore, 


componendo, as the priſms KBXLMO LXCONN together 


B 


* 0 
are unto the priſm LXCOMN ; ſo are the priſms PEVRTS, 
RVFSTY to the priſm RVFSTY : And, permutando, as the 
priſms KBXLMO, LXCOMN are to the priſms PEVRTS, 
RVFSTY; ſo is the priſm LXCOMN to the priſm RVFSTY : 
But as the priſm LXCOMN to the priſm RVEFSTY, fo is, as 
has been proved, the baſe ABC to the baſe DEF : Therefore, 
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the baſe RVF ; that is, as the triangle ABC to the triangle Book XIL 
the priſm having the triangle LXC for its baſe, 2 Cor. 32. 


b 9. 5. 


as the baſe ABC to the baſe DEF, fo are the two priſms in | 


the pyramid ABCG to the two priſths in the pyramid DEFH: 
And likewiſe if the pyramids now made, for example, the two 
OMNG, STYH be divided in the ſame manner; as the baſe 
OMN is to the baſe STY, fo ſhall the two priſms in the py- 
ramid OMNG be to the two priſms in the pyramid STYH - 
But the baſe OMN is to the baſe ST Y, as the baſe ABC to 
* 
3 


f 
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Book M the two priſms in the pyramid ABCG to the two priſms in the 


2 3. 12. 


5 4. 12, 


£14. 5. 


pyramid DEFH ; and ſo are the two priſms in the 

OMNG to the two priſms in the pyramid STV; and ſo are 
all four to all four: And the ſame thing may be ſhewn of the 
priſms made by dividing the pyramids AKLO and DPRS, and 
of all made by the ſame number of divifions. Q. E. D. 


PROP. V. THEOR. 


YRAMIDS of the ſame altitude which have tri- 
angular baſes, are to one another as their baſes, 


Let the p ids of which the triangles ABC, DEF are the 
baſes, and of which the vertices are the points G, H, be of the 
ſame altitude: As the baſe ABC to the baſe DEF, ſo is the py- 
ramid ABCG to the pyramid DEFH. 

For, if it be not ſo, the baſe ABC muſt be to the baſe DEF, 
as the pyramid ABCG to a ſolid either leſs than the pyramid 
DEFH, or greater than it . Firſt, let it be to a ſolid leſs than 
it, viz. to the ſolid Q: And divide the pyramid DEFH into 
two equal pyramids, ftimilar to the whole, and into two equal 
priſms : Therefore theſe two priſms are greater than the half 


of the whole pyramid. And again, let the pyramids made by 


this divifion be in like manner divided, and ſo on, until the 


pyramids which remain undivided in the pyramid DEFH be, . 


all of them together, leſs than the exceſs of the pyramid DEFH 
above the ſolid Q : Let theſe, for example, be the pyramids 
DPRS, STYH : Therefore the priſms, which make the reſt of 
the pyramid DEFH. are er than the ſolid Q: Divide liþe- 
wiſe the pyramid ABCG in the ſame manner, and into as 
many parts, as the pyramid DEFH : Therefore, as the baſe 
ABC to the baſe DEF, ſo are the priſms in the pyramid 
AB CG to the priſms in the pyramid DEFH : But as the baſe 


ABC to the baſe DEF, ſo, by hypothefis, is the pyramid ABC G 


to the ſolid Q; and therefore, as the pyramid ABCG to the 
fold Q , ſo are the priſms in the pyramid ABCG to the priſms 
in the pyramid DEFH : But the pyramid ABCG is 


than the priſms contained in it; wherefore © alſo the ſolid Q is 


reater than the priſms in the pyramid DEFH. But is it alſo 
leſs, which is impoſſible. Therefore the baſe ABC is not to 
| | the 


1 This may. be explained the the ; in 
am cate? exp on VEE note f in propeſition 3. 
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the bafe DEF, as the pyramid ABCG to any ſolid which is Book XII. 
leſs than the pyramid DEFH. In the ſame manner it may | 
be Gumoaſioant; Gas ho bath BET ts net 6 the daſs AD 4 | 
as the pyramid DEFH to any ſolid which is leſs than the p | 

mid ABCG. *. the ITN to the baſe DEF, as 
the pyramid ABCG to any ſolid which is greater than the py- 
"amid DEFH. For if it be poſlible, let it be fo 858 
viz. the ſolid Z. And becauſe the baſe ABC is to the baſe DEF 
as the pyramid AB CG to the ſolid Z; by inverſion, as the baſe 
DEF to the baſe ABC, ſois the ſolid Z to the pyramid ABCG, 
But as the ſolid Z is to the pyramid ABCG, ſo is the pyramid 


CG H 


DEFH to ſome ſolid “, which muſt be leſs than the pyramid 2 14. 5, 
ABCG, becauſe the ſolid Z is greater than the pyramid DEFH. 
And therefore, as the baſe DEF to the baſe , fo is the py- 
ramid DEFH to a ſolid leſs than the pyramid ABCG ; the con- 
trary to which has been proved. Therefore the baſe ABC is 
not to the baſe DEF, as the p id AB CG to any ſolid which 
is greater than the pyramid DEFH. And it hes Tonk proved, 
that neither is the baſe ABC to the baſe DEF, as the pyramid 
ABCG to 'any fold which is leſs than the id DEFH. 
Therefore, as the baſe ABC is to the baſe DEF, ſo is the py- 
ramid ABCG to the pyramid DEFH. Wherefore pyramids, 


&c. Q. E. D. 
R4 PROP. 


This may be explained the ſame way as the like at the mark f in prop. a. 
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PROP. VI. THEOR. 


YRAMIDS of the ſame altitude which have poly. 
gons for their baſes, are to one another as their 
baſes, 


Let the pyramids which have the polygons ABCDE, FGHKL 
for their baſes, and their vertices in the points M, N, be of the 
ſame altitude: As the baſe ABCDE to the baſe FGHKL, ſo is 
the pyramid ABCDEM to the pyramid FGHKLN. 

Divide the baſe ABCDE into the triangles ABC, ACD 
ADE; and the baſe FGHKL into the triangles FGH, FHR, 


FKL: And upon the baſes ABC, ACD, ADE let there be as 


many pyramids of which the common vertex is the point M, 
and upon the remaining baſes as many pyramids having their 
common vertex in the point N : Therefore, fince the triangle 
ABC is to the triangle FGH, as * the 82 ABCM to the 
pyramid FGHN ; and the triangle AC to the triangle FGH, 


2 as the pyramid AC DM to the pyramid FGHN ; and alſo the 
N 


b 2. Cor. 
＋ 25. 


3 H 


triangle ADE to the triangle FGH, as the pyramid ADEM to 
the pyramid FGHN ; as all the firſt antecedents to their com- 
mon conſequent; ſo Þ are all the other antecedents to their com- 
mon conſequents that is, as the baſe ABCDE to the baſe 
FGH, ſo is the pyramid ABCDEM to the pyramid FGHN > 
And, for the ſame reaſon, as the baſe FGHKL to the baſe FGH, 
ſo is the pyramid FGHKLN to the pyramid FGHN: And, by 
inverſion, as the baſe FGH to the baſe FGHKL, ſo is the py- 
ramid FGHN to the pyramid FGHKLN : Then, becauſe as the 
baſe ABCDE to the baſe FGH, ſo is the pyramid ABCDEM 
to the pyramid FGHN ; and as the baſe FGH to the baſe 


FGHEL, ſo is the pyramid FGHN to the pyramid FGHKLN; 
therefore, 
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herefore, ex gui e, ns the baſe ABCDE to the baſe FGHKL, 
þ the pyramid ABCDEM to the pyramid FGHKLN. There- 


PROP. VI THEOR. 


VERY priſm having a triangular baſe may be di- 
vided into three pyramids that have triangular 
baſes, and are equal to one another. 


Let there be a priſm of which the baſe is the triangle ABC, 
and let DEF be the triangle oppoſite to it: The priſm ABCDEF 


may be divided into three equal pyramids having triangular 


baſes. 

Join BD, EC, CD; and becauſe ABED is a parallelogram 
of which BD is the diameter, the triangle ABD is equal * to 
the triangle EBD ; therefore the pyramid of which the baſe is 
the triangle ABD, and vertex the point C, is equal * to the 
pyramid of which the baſe is the triangle EBD, and vertex the 
point C: But this pyramid is the ſame with the pyramid the 
baſe of which-is the triangle EBC, and vertex the point D; 
for they are contained by the ſame planes : Therefore the py- 
tamid of which the baſe is the triangle ABD, and vertex the 
point C, is equal to the pyramid, the baſe of which is the tri- 
angle EBC, and vertex the point D: Again, becauſe FCBE is 
a parallelogram of which the diameter is F 
CE, the triangle ECF is equal = to the | 
tnangle ECB ; therefore the p id of D E 
which the baſe is the triangle ECB, and ” 
rertex the point D, is equal to the py- 
mid, the baſe of which is the triangle 
ECF, and vertex the point D: But the 
pyramid of which the baſe is the triangle | ob 
ECB, and vertex the point D has been A B 
proved equal to the pyramid of which the | 
baſe is the triangle ABD, and vertex the point C. Therefore 
the priſm ABCD 
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EF is divided into three equal pyramids having 


tnangular baſes, viz. into the pyramids ABDC, EBDC, ECFD : 
And becauſe the pyramid of which the baſe is the triangle ABD, 
and vertex the point C, is the ſame with the pyramid of which 
the baſe is the triangle ABC, and vertex the point D, for they 
are contained by the ſame planes; and that the pyramid of which 
the baſe is the triangle ABD, and vertex the point C, has been 
demonſtrated 
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>—— 55 the triangle ABC, and to which DEF is the oppoſite 
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therefore the pyramid of which the baſe is the triangle 
and vertex the point D, is the third of the priſm which 
TIES nd DEF . 
pas wang. he 

Con. A "ary PIER every pyramid is the 
third part of a priſm which has the ſame baſe, and is of a 
equal altitude with it ; for if the baſe of the priſm be any other 
— . 
an 


Cor. 2. Priſms of equal altitudes are to one another as their 


e the ſame baſes, and of the 
ſame altitude, are © to one another as their baſes. 


PROP. VIII. THEOR. 


IMILAR pyramids having triangular baſes are 
one to another in the triplicate ratio of that of 
their homologous ſides. 


Let the pyramids 7% triangles ABC, DEF for their 
baſes, and the points G, H for their vertices, be fimilar, and 
fimilarly fituated; the pyramid ABCG has to the pyrami 
DEF, the triplicate ratio of that which the fide BC has to the 
homologous ſide EF. 

Complete the parallelograms ABCM, GBCN, ABGK, and 
the ſolid parallelepiped BGML contained by theſe planes and 


K L 
"1 


B C 
thoſe oppoſite to them: And, in like manner, complete the ſo- 
hd parallelepiped EHPO contai ons by the three parallelograms 


DEFP, HEFR, DEHX, and thoſe oppoſite to them: And — 


D 


A 
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-— he . ABCG is fimilar to the pyramid DEFH, the Book XII 
20 ABC is to the angle DEF, and the angle GBC rr. 


to the angle HEF, and ABG to DEH: And AB is to BC, . 
as DE to EF ; that 1s, the fides about the angles are pro- b 1. def. 6. 
ionals; wherefore the parallelogram BM is fimilar to EP: 

or the ſame reaſon, the parallelogram BN is fimilar to ER, 
and BK to EX : Therefore the three parallelograms BM, BN, 
BK are fimilar to the three EP, ER, EX : But the three BM, 
BN, BK, are equal and fimilar © to the three which are oppo- e 24. 11. 
fite to them, and the three EP, ER, EX equal and fimilar to 

the three oppoſite to them: Wherefore the ſolids BGML, 

EHPO are contained by the ſame number of fimilar planes; 

and their ſolid angles are equal 4; and therefore the ſolid d B. xr. 
BGML, is fimilar * to the ſolid EHPO : But fimilar ſolid pa- 
rallelepipeds have the triplicate e ratio of that which their on e 33. It. 
mologous ſides have: Therefore the ſolid BGML has to the 

ſolid EHPO the triplicate ratio of that which the fide BC has 

to the homo fide EF: But as the ſolid BGML is to the 
ſolid EHPO, ſo1s f the pyramid ABCG to the pyramid DEFH; ers, 5. 
becauſe the pyramids are the ſixth part of the ſolids, fince the 

priſm, which is the half 5 of the ſolid parallelepiped, is triple * g 28. 11. 
of the pyramid. Wherefore likewiſe the pyramid ABCG has h 7. 14. 
to the pyramid DEFH, the triplicate ratio of that which BC 

has to the homologous fide EF. Q. E. D. 

Cor. From this it is evident, that fimilar pyramids which See N. 
have multangular baſes, are likewiſe to one another in the tri- 

plicate ratio of their homologous fides : For they may be di- 

vided into fimilar pyramids having triangular baſes, becauſe the 

ſimilar polygons, which are their baſes, may be divided into 

the ſame nninber of ſimilar triangles homologous to the whole 
polygons ; therefore as one of the triangular pyramids in the 

firſt multangular pyramid is to one of the triangular p 

in the other, ſo are all the trian pyramids in the firſt to all 

the triangular pyramids in the other ; that is, ſo is the firſt 
multangular pyramid to the other: But one triangular p 1 

is to its ſimilar trian p id, in the triplicate ratio of 

their homolo ſides; and therefore the firſt multangular py- 

ramid has to the other, the triplicate ratio of that which one of 

the ſides of the firſt has to the homologous fide of the other. 


PROP. 
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Al. Ax. 5. 


b 34. 11. 


2 15. 8. 


PROP. IX. THE OR. 


HE baſes and altitudes of equal pyramids ha. 
ving triangular baſes are reciprocally propor. 
tional: And triangular pyramids of which the baſe, 


and altitudes are reciprocally proportional, are equal 
to one another. NEE: 


Let the pyramids of which the triangles ABC, DEF are the 
baſes, and which have their vertices in the points G, H, be 
ual to one another: The baſes and altitudes of the pyramids 
CG, DEFH are reciprocally proportional, viz. the baſe 
ABC is to the baſe DEF, as the altitude of the pyramid DEFH 
to the altitude of the p id ABCG. = 
Complete the AC, AG, GC, DF, DH, HF; 
and the ſolid parallelepipeds BGML, EHPO contained by 


© I + 
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theſe planes and thoſe oppoſite to them: And becauſe the py- 


ramid AB CG is equal to the pyramid DEF H, and that the 


ſolid BGML is ſextuple of the pyramid ABCG, and the ſolid 
'EHPO ſextuple of the pyramid DEFH ; therefore the ſolid 


BGML is equal * to the ſolid EHPO : But the baſes and alti- 
tudes of equal ſolid parallelepipeds are reciprocally propor 
tional Þ ; therefore as the baſe BM to the baſe EP, ſo is the al- 
titude of the ſolid EHPO to the altitude of the ſolid BGML: 
But as the baſe BM to the baſe EP, ſo is e the triangle ABC 
to the triangle DEF; therefore as the triangle ABC to the tri- 
angle DEF, ſo is the Altitude of the ſolid EHPO to the alti- 
tude of the ſolid BGML : But the altitude of the ſolid EHPO 
is the ſame with the altitude of the pyramid DEFH ; and the 
altitude of the ſolid BGML is the ſame with the altitude of the 
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mid ABCG: Therefore, as the baſe ABC to the baſe DEF, Book XIL 
{> is the altitude of the pyramid DEFH to the altitude of the 
id ABCG: Wherefore the baſes and altitudes of the py- 


ramids ABCG, DEFH are reciprocally proportional. 
„ ” 
* * 


= altitude of the pyram 
| ABCG:: But the altitude of the p 
HF 


yramid DEFH is the 
with the altitude of the ſolid parallelepiped EHPO; and the al- 
th titude of the pyramid ABCG is the fame with the altitude of 
7 the ſolid parallelepiped BGML : As, therefore, the baſe BM to 
the baſe EP, ſo is the altitude of the ſolid parallelepiped EHPO 
to the altitude of the ſolid parallelepiped BGML. But ſolid 
parallelepipeds having their baſes and altitudes reciprocally pro- 
portional, are equal * to one another. Therefore the ſolid pa- b 3 12 
rallelepiped BGML is equal to the ſolid parallelepiped EHPO. 
And the pyramid ABCG is the fixth part of the ſolid BGML, 
and the pyramid DEFH the fixth part of the ſolid EHPO. 
Therefore the pyramid ABCG is equal to the pyramid DEFH. 
Therefore the baſes, Fc. Q. E. D. | 


PROP. X. THEOR. 
VERY cone is the third part of a cylinder which 


E 


py- has the ſame baſe, and is of an equal altitude 
— with it. | 

ſolid Let a cone have the ſame baſe with a cylinder, viz. the cir- 
alti- cle ABCD, and the ſame altitude. The cone is the third part 
por- of the cylinder ; that is, the cylinder 1s triple of the cone. 

FF If the cylinder be not triple of the cone, it muſt either be 


ML: 
\BC 
 tri- 
alti- 
IPO 
| the 
the 
mid 


greater than the triple, or leſs than it. Firſt, Let it be greater 
than the triple ; and deſcribe yy ow ABCD in the circle; 
this ſquare is greater than the of the circle ABCD *. 


| Upon 
* As was ſhewn in prop. 2. cf this book. | 
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Book XI Upon the ſquare ABCD ere a priſm of the ſame altitude wic 


a 32. 11. 


b 2. Cor. 
7. 12. 


the cylinder; this priſm is greater than half of the cylinder; 
becauſe if a ſquare be deſcribed about the circle, and a priſm 
erected upon the ſquare, of the ſame altitude with the cylinder, 
the inſcribed ſquare 1s half of that circumſcribed ; and upon 
theſe ſquare baſes are erected ſolid parallelepipeds, v:sz. the 

of the ſame altitude ; therefore the priſm upon the 
ſquare ABCD is the half of the priſm' upon the ſquare 
bed about the circle : Becauſe they are to one another 


5 P 2 E H 
theſe triangles of the ſame altitude 
with the cylinder; each of theſe 


priims is greater than half of the ſeg- B D 
ment of the cylinder in which it is; 

becauſe if, through the points E, F, 

G, H, parallels be drawn to AB, BC, G 


CD, DA, and parallelograms be F 
completed upon the ſame AB, BC, C 

CD, DA, and ſolid parallelepipeds 

be erected upon the parallelograms ; the priſms upon the 
triangles AEB, BFC, CGD, DHA are the halves of the ſolid 
parallelepipeds *. And the ſegments of the cylinder which are 
upon the ſegments of the circle cut off by AB, BC, CD, DA, 
are leſs than the ſolid parallelepipeds which contain them. 
Therefore the priſms upon the triangles AEB, BFC, CGD, 
DHA, are greater than half of the ſegments of the cylinder in 
which they are; therefore, if each of the circumferences be di- 


vided into two equal parts, and ftraight lines be drawn from 


the points of diviſion to the extremities of the circumferences, 


and upon the triangles thus made, priſms be erected of the ſame 


c Lemma. 


altitude with the cylinder, and ſo on, there muſt at length re- 
main ſome ſegments of the cylinder which together are leſs 
than the exceſs of the cylinder above the triple of the cone. 


Let them be thoſe upon the ſegments of the circle AE, * 
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cone; this pyrami 5 

23 was before demonſtrated, if a ſquare be deſcribed about the 
circle, the ſquare ABCD is the H 

half of it; and if, upon theſe ſquares 
there be erected ſolid parallelepi- 
peds of the ſame altitude with the 
cone, which are alſo priſms, the 
priſm upon the ſquare ABCD E 

mall be the half of that which is up- / 
on the ſquare deſcribed about the 

circle; for they are to one another B 


25 their baſes*; as are alſo the third e 32. 11. 


parts of them: Therefore the py- F 

ramid, the baſe of which is the 

ſquare ABCD, is half of the pyramid upon the ſquare de- 
ſcribed about the circle : But this laſt pyramid is greater than 
the cone which it contains; therefore the pyramid upon the 
ſquare ABCD, having the ſame vertex with the cone, 1s great- 
er than the half of the cone. Biſect the circumferences AB, 
BC, CD, DA in the points E, F, G, H, and join AE, EB, 
BF, FC, CG, GD, DH, HA : Therefore each of the triangles 
AEB, BFC, CGD, DHA is greater than half of the ſegment 
of the circle in which it is: Upon each of theſe triangles erect 


pyramids having the ſame vertex with the cone. Therefore each 
al theſe pyramids is greater than the half of the ſegment of 


the cone in Which it is, as before was demonſtrated of the 
priſms and ſegments of the cylinder; and thus dividing each 
of the circumferences into two equal parts, and joining the 

points 


*% 


See N. 


' ABCD to the circle EF GH, fo is the cone AL to the cone EN. 


der. Therefore this priſm is 
er than the cylinder-of which the ö 

baſe is the circle ABCD. But it is alſo leſs, for it is contained 
within the cylinder ; which is impoſſible. Therefore the cy. 
linder is not leſs than the triple of the cone. And it has been 
demonſtrated that neither is it greater than the triple. Therefore 
the cylinder is triple of the cone, or, the cone is the third part 
of the cylinder. Wherefore every cone, &c. Q. E. D. 


PROP. XI. THEOR. 


ONES and cylinders of the ſame altitude, are to 
one another as their baſes. | 


Let the cones and cylinders, of which the baſes are the cir- 
cles ABCD, EFGH, and the axes KL, MN, and AC, EG the 
diameters of their baſes, be of the ſame altitude. As the circle 


If it be not fo, let the circle ABCD be to the circle EFGH, 
as the cone AL to ſome ſolid either leſs than the cone EN, or 
greater than it. Firſt, let it be to a ſolid lefs than EN, viz. to 
the ſolid X; and let Z be the ſolid which is equal to the ex- 
ceſs of the cone EN above the ſolid X; therefore the cone EN 
is equal to the ſolids X, Z together. In the circle EFGH de- 


ſcribe the ſquare EFGH, therefore this is greater than 


the half of the circle : Upon the ſquare EFGH ere@ a pyra- 
mid of the ſame altitude with the cone; this pyramid is 


greater than half of the cone. For, if a ſquare be deſcribed . 


about the circle, and a pyramid be erected upon it, ba- 
- ving 


@a@aaAyvtcCY +4 F'Q MMo 
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un PG, GR, RH, HS, SE : Therefore the remainder of the cone, 
. the pyramid of which the baſe is the polygon EOFPGRHS, 
than 


4 1. 12. 


52. 12. 


e 11. 8. 


46. 12. 


© 14.5. 


and its vertex the ſame with that of the cone, 1s greater 

the ſolid X: In the circle ABCD deſcribe the pclygon 
ATBYCVDYQ fimilar to the polygon EOFPGRHS, and upon 
it ere& a pyramid having the fame vertex with the cone AL: 
And becauſe as the ſquare of AC is to the ſquare of EG, ſo is 
the polygon ATBYCVDYQ to the polygon EOFPGRHS; and 
as the ſquare of AC to the ſquare of EG, ſo is? the circle 
ABCD to the circle EFGH ; therefore the circle ABCD is to 


the circle EFGH, as the polygon ATBYCVDYQ to the poly- 
N 


AA 


EOFPGRHS: But as the circle ABCD to the circle EF GH, 

is the cone AL to the ſolid X; and as the polygon 
ATBYCVDYQ to the polygon EOFPGRHS, ſo is d the pyra- 
mid of which the baſe is the firſt of theſe polygons, and ver- 
tex L, to the pyramid of which the baſe is the other poly 
and its vertex N: Therefore, as the cone AL to the ſolid X. fo 


is the pyramidof which the baſe is the polygon ATBYCVDQ, 


and vertex L, te the pyramid the baſe of which is the polygon 
EOFPGRHS, and vertex N: But the cone AL is r than 


the pyramid contained in it; therefore the ſolid X is greater * | 


than the pyramid in the cone EN. But it is leſs, as was ſhown, 
| 0 
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which is abſurd: Therefore the circle ABCD is not to the circle Book XI. 
EFGH, as the cone AL to any ſolid which is leſs than tn 
cone EN. In the ſame manner it may be demonſtrated that 

the circle EFGH is not to the circle CD, as the cone EN 

to any ſolid leſs than the cone AL. Nor can the circle ABCD 

be to the tircle EFGH, as the cone AL to any ſolid greater 

than the cone EN: For, if it be poſlible, let it be ſo to the ſolid 

I, which is greater than the cone EN: Therefore, by inverſion 

as the circle EFGH to the circle ABCD, ſo is the ſolid I to 

the cone AL.: But as the ſolid Þ to the cone AL, fo is the 

cone EN to ſome ſolid, which muſt be lefs than the cone 2 14 5 
AL, becauſe the ſolid I is greater than the cone EN : There- 

fore, as the circle EFGH 1s to the circle ABCD, ſo is the cone 

EN to a ſolid leſs than the cone AL, which was ſhewn to be 
impoſſible : Therefore the circle ABCD is not to the circle 

EFGH, as the cone AL is to any ſolid greater than the cone | 
EN: And it has been demonſtrated that neither is the circle 
ABCD to the circle EFGH, as the cone AL to any ſolid leſs 
than the cone EN : Therefore the circle ABCD is to the circle 

EFGH, as the cone AL to the cone EN : But as the cone is to 

the cone, ſo is the cylinder to the cylinder, becauſe the cy-b 15. 5. 
linders are triple © of the cone each to each. Therefore, as c 10. 12. 
the circle ABCD to the circle EFGH, ſo are the cylinders up- 

on them of the ſame altitude. Wherefore cones and cylinders 

of the ſame altitude are to one another as their baſes. Q. E. D. 


PROP. XI. THE OR. 


IMILAR cones and cylinders have to one an- See N. 


other the triplicate ratio of that which the dia- 
meters of their baſes have. 


Let the cones and cylinders of which the baſes are the circles 
ABCD, EFGH, and the diameters of the baſes AC, EG, and 
KL, MN the axis of the cones or cylinders, be fimilar : The 
cone of which the baſe is the circle ABCD, and vertex the 
point L, has to the cone of which the baſe is the circle EFGH, 
and vertex N, the triplicate ratio of that which AC has to EG. 
For if the cone ABCDL has not to the cone EFGHN the 
triplicate ratio of that which AC has to EG, the cone ABCDL 
ſhall have the triplicate of that ratio to ſome ſolid which is leſs 

82 | or 
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Book XIE or greater than the cone EFGHN. Firft, let it have it to a leſs, 
I. to the ſold X. Make the ſame conſtruction as in the pre. 
ceding propoſition, and it may be demonſtrated the very ſame 
r >» > gar a of mn rb 
is the polygon EOFPGRHS, and vertex N, is than the 
ſolid X. Deſcribe alſo in the circle ABCD the polygon 
' ATBYCVDY fimilartothe polygon EOFPGRHS, upon which 
erect a pyramid having the fame vertex with the cone; and let 
LAQ be one of the triangles containing the pyramid upon 
the polygon ATBYCVDQ the vertex of which is L; and let 
NES be one of the triangles containing the pyramid upon the 


A 


polygan EOFPGRHS of which th vertex is N; and joiaKQ, 
MS : Becauſe then the cane ABCDL is ſimilar to the cone 


EM, ſo is KL to MN; phy 3 5 


to MN : And the right angles AKL, 0 ae there- 
n e e 
c . 6. the trian N 


1 
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ſs, EMS, becauſe theſe angles are, Book XII. 
_ part of four right angles at the cen- 

ne triangle AK Q is fimilar = to the tri- 4 6. 6. 

aſe it has been ſhown that as AK to KL, 

he 1 and that AK is equal to KQ ; and EM to 

on MS, as QK to KL, ſo is SM to MN; and therefore the fides 

ich about the right angles QKL, SMN being proportionals, the 

let triangle LKQ is fimilar to the triangle NMS : And becauſe of 

pon the fimilarity of the triangles AKL, EMN, as LA is to AK, 

let ſois NE to EM; and by the fimilarity of the triangles AKQ , 

the EMS, as KA to AQ, ſo ME to ES; ex zquali , LA Is b us. 5. 
{ to AQ , as NE to ES. Again, becauſe of the ſimilarity of the 


triangles LQK, NSM, as to QK, ſo NS to SM; and 
from the Akeriey of the 1 KAQ, MES, as KQ to 
QA, ſo MS to SE; ex it», IQ is to QA, as NS to 
SE: And it was proved that QA is to AL, as SE to EN; there- 
fore, again, ex æquali, as QL to LA, ſo is SN to NE: Where- 
fore the triangles LA, NSE, having the fides about all their 
angles proportionals, are equiangular © and fimilar to one an- 
other: And therefore the pyramid of which the baſe is the tri- 
angle AKQ , and vertex L, is ſimilar to the pyramid the baſe 
of which is the triangle EMS, and vertex N, becauſe their 
ſolid angles are equal d to one another, and they are contained d B. 17. 
by the Tos number of fimilar planes : But fimilar pyramids | 
which have triangular baſes have to one another the triplicate 
ratio of that which their homologous fides have; therefore e 8. 12. 
the pyramid An has to the pyramid EMSN the triplicate © 
ratio of that which AK has to EM. In the ſame manner, if 
ſtraight lines be drawn from the points D, V, C, V, B, T 
to K, and from the points H, R, G, P, F, O to M, and py- 
ramids be erected upon the triangles having the ſame vertices 
with the cones, it may be demonſtrated that each pyramid in 
the firſt cone has to each in the other, taking them in the ſame 
order, the triplicate ratio of that which the fide AK has to the 
fide EM; that is, which AC has to EG: But as one antece- 
dent to its conſequent, ſo are all the antecedents to all the 
KQ, conſequents ; therefore as the pyramid AKQL to the pyra- f 12. 5. 
mid EMSN, ſo is the whole pyramid the baſe of which is the 
polygon ö a and vertex L, to the whole pyramid 
of which the is the polygon HSEOFPGR, and vertex N. 
Wherefore alſo the firſt of theſe two laſt named pyramids has 
to the other the triplicate ratio of that which AC has to EG. 
But, by the hypotheſis, the cone of which the baſe is the cir- 
cle ABCD, and vegtex L, has to the ſolid X, the triplicate 
ratio of that which AC has to EG; therefore, as the cone of 
8 3 | which 


. 


c 5. 6. | 


% 


\ 
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Book XII. which the baſe is the circle ABCD, and vertex L, is to the 
oa X, ſo is the pyramid the baſe of which is the polygon 
DQATBYCY, and vertex L, to the pyramid the baſe of which 
is the polygon HSEOFPGR and vertex N: But the faid cone 
is greater than the pyramid contained in it, therefore the ſolid 
8 14-5. X 1s greater than the pyramid, the baſe of which is the poly- 
| gon HSEOFPGR, and vertex N; but it is alſo leſs ; which is 
impoſſible : Therefore the cone of which the baſe is the circle 


1% 2 
r 


ABCD. and vertex L, has not to any ſolid which is leſs than the 
cone of which the baſe is the circle EFG H and vertex N, the tri- 
plicate ratio of that which AC has to EG. In the ſame manner 
it may be demonſtrated that neither has the cone EFGHN to 
any ſolid which is leſs than the cone ABC DL, the triplicate 
ratio of that which EG has to AC. Nor can the cone ABCD. 
have to any ſolid which is greater than the cone EFGHN, the 
triplicate ratio of that which AC has to EG: For, if it be poſ- 
ble, let it have it to a greater, viz. to the ſolid Z: Therefore, 
inverſely, the ſolid Z has to the cone ABCDL, the triplicate 
ratio of that which EG has to AC : But as the aa 
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the cone ABCDL, ſo is the cone EFGHN to ſome ſolid, 
which muſt be leſs than the cone ABCDL, becauſe the ſolid Z. 
is greater than the cone EFGHN : Therefore the cone EFGHN 
has to a ſolid which is leſs than the cone ABCDL, the tripli- 
cate ratio of that which EG has to AC, which was demon- 
ſtrated to be impoſſible : Therefore the cone ABCDL has not 
to any ſolid greater 

tio of that which AC has to EG; and it was demonſtrated that 
it could not have that ratio to any ſolid leſs than the cone 
EFGHN: Therefore the cone ABCDLhas to the cone EFGHN, 
the triplicate ratio of that which AC has to EG : But as the 
cone is to the cone, ſo the cylinder to the cylinder; for ev 


cone is the third part of the cylinder upon the ſame baſe, and 
of the ſame altitude: Therefore alſo the cylinder has to the 


cylinder, the triplicate ratio of that which AC has to EG: 


fimilar cones, &c. Q. E. D. 
PROP. XII THEOR. 


F a cylinder be cut by a plane parallel to its op- 


poſite planes, or baſes ; it divides the cylinder into 
two cylinders, one of which is to the other as the axis 
of the firſt to the axis of the other. 


Let the cylinder AD be cut by the 
plane GH parallel to the oppoſite 
planes AB, CD, meeting the axis 
EF in the point K, and let the line 
GH be the common ſection of the 
plane GH and the ſurface of the cy- 
linder AD: Let AEFC be the paral- 
lelogram in any pofition of it, by the 
revolution of which about the ſtraight 
line EF the cylinder AD is deſcribed; 
and let GK be the common ſection 
of the plane GH, and the plane 
AEFC : And becauſe the parallel 
planes AB, GH are cut by the plane 
AEKG, AE, KG, their common 
ſections with it are parallel a; where- 
fore AK is a parallelogram, and GK 
equal to EA the ſtraight line from 
the centre of the circle AB : For the 
ſame reaſon, each of the ſtraight lines 
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than the cone EFGHN, the triplicate ra- - 


ery b 15. 5. 
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drawn from the point K to the line GH may be proved to tbe 


—Y— equal to thoſe which are drawn from the centre of the circle 


a rs. def. 1. 


b Ir. 12. 


AB to its circumference, and are therefore all equal to one an. 
other. Therefore the line GH is the circumference of a circle * 
of which the centre js the ppint K : Therefore N 
divides the cylinder AD into the cylinder AH, GD ; for they 
are the ſame which would be deſcribed by the revolution of the 
AK, GF, about the ſtraight lines KF; And 
It is to be ſhown that the cylinder AH 1s to the cylinder HC, as 
the axis EK to the axis KF. | 

r ge; and take any number of 
ſtraight h , each equal to ER; any num 
FX, XM. each equal to FK; and let + ng any "7 
planes parallel to AB, CD paſs through 
the points L, N, X, M: Therefore 
the common ſections of theſe planes 
with the cylinder produced are circles 
the centres of which are the points 
L. N, X, M, as was proved of the 
plane GH; and theſe cut aff 
the cylinders, PR, RB, DT, TQ : 
And becauſe the axes LN, NE, E 


f 
Y 


are all equal : therefore the cylinders | 

PR, RB, BG are b to one another as | | 

their baſes; but their baſes are equal, G LE EO H 
and therefore the cylinders PR, RB, FERRO 

BG are equal : And becauſe the axes 

LN, NE. EK are equal to one an- C nn — D 
other, as alſo the cylinders PR, RB, T e EY Y 
BG, and that there are 2s many axes En — 
ascylinders; therefore, whatever mul- V N 2 


tiple the axis KL is of the axis KE, 
the ſame multiple is the cylinder PG 


aof the cylinder GB: For the ſame reaſon, whatever multiple 


the axis MK is of the axis KF, the ſame multiple is the cy- 
linder QG of the cylinder GD: And if the axis KL be equal to 
the axis KM the cylinder PG is equal to the cylinder * 
and if the axis KL be than the axis KM the cylinder PG1s 
2 than the cylinder GQ; and if leſs, leſs : Since there- 
ore there are four 1 viz. the axes EK, KF, and 
the cylinders BG, GD, and that of the axis EK and cylinder 
BG there has been taken any equimultiples whatever, viz. the 

axis 
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PROP. XIV. THEOR. 


ONES and cylinders upon equal baſes are to one 
another as their altitudes. | 


Let the cylinders EB, FD be upon the equal baſes AB, CD: 
As the cylinder EB to the cylinder FD, ſo is the axis GH to 
the axis KL. i 

Produce the axis KL to the point N, and make LN 
to the axis GH, and let CM be a cylinder of which the is 
CD, and axis LN. and becauſe the cylinders EB, CM have 
the ſame altitude, they are to one another as their baſes -: But“ L. 23- 


their baſes are equal, therefors alſo the cylinders EB, CM are 
equal. And becauſe the cylin- — 
der FM 1s cut by the plane F 


CD parallel to its oppoſite 
planes, as the cylinder CM to 
the cylinder FD, fo is b the 
axis LN to the axis KL. But 
the cylinder CM is equal to 
the cylmder EB, and the axis : 
LN to the axis GH: "There- | 
fore as the cylinder EB to the 

exinder FD, ſo is the axis A JM 

GH to the axis KL: And as 2 

the cylinder EB to the cylinder FD, ſo is: the cone ABG to the e 18. 5- 
one CDK, becauſe the cylinders are triple d of the cones : d 10. 13. 
Therefore alſo the axis GH is to the axis as the cone ABG | 
0 the cone CDK, and the cylinder EB to the cylinder FD. 
terefore cones, &c. Q. E. D. | 


L D b 13. 13. 


C 


PROP. 
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PROP. XV. TREOR 


Sec N. 1 baſes and altitudes, of equal cones and cylin. 
ders, are reciprocally proportional ; and if the 
baſes and altitudes be reciprocally proportional, the 
cones and cylinders are equal to one another. 


Let the circles ABCD, EFGH, the diameters of which a 
AC, ECG be the baſes, and KL, MN the axis, as alſo the alt. 
tudes, of equal cones and cylinders; and let ALC, ENG bethe 
cones, and AX, EO the cylinders : The baſes and altitudes d 
the cylinders AX, EO are reciprocally proportional; that i, 
as the baſe ABCD to the baſe EFGH, ſo is the altitude MN 
to the altitude KL. | : 

Either the altitude MN is equal to the altitude KL, or the 
altitudes are not equal. Firſt, let them be equal; and the 
cylinders AX, EO being alſo equal, and cones and cylinden 

= 11. 12. of the ſame altitude being to one another as their baſes , there 
„A. 5. fore the baſe ABCD is equal“ to the baſe EFGH ; and as the 
baſe ABCD is to the baſe EFGH, ſo is the altitude MN u 
the altitude KL. | 

But let the alti- 

tudes KL, MN 

be unequal, and 

MN the greater 

of the two, and 

from MN take 

MP equal to KL, 

and through the 
point P cut the 

cylinder EO by 
the plane TYS | 

parallel to the op- | | | 

poſite planes of the circles EFGH, RO; therefore the cn 
mon ſection of the plane TVS and the cylinder EO is a at 
| cle; and conſequently ES is a cylinder, the baſe of which 15 the 
. circle EFGH, and altitude MP: And becauſe the cylinder AL 
is equal to the cylinder EO, as A is to the cylinder ES, fo 
© is the cylinder EO to the ſame ES. Burt as the cylinder Al 
to the cylinder ES, ſo * is the baſe ABCD to the baſe EFGH; 
for the cylinders AX, ES are of the ſame altitude; and as the 
cylinder EO to the cylinder ES, fo d is the altitude MNu 
the altitude MP, becauſe the cylinder EO is cut by” 


-- 
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TH to the baſe EFGH, ſo is the altitude MN to the altitude 


Mp: But MP is equal to the altitude KL; wherefore as the 
baſe ABCD to the - baſe EFGH, ſo is the altitude MN to the al- 
titude KL; that is, the baſes and altitudes of the equal cylinders 
AX, EO are reciprocally proportional. 

But let the baſes and altitudes of the cylinders AX, EO, be 
reciprocally proportional, viz. the baſe. ABCD to the baſe 
FFGH, as mw altitude MN to the altitude KL: The cylinder | 
AX is equal to the cylinder EO. 

Firſt, let the baſe ABCD, be equal to the baſe EFGH; then 
becauſe as the baſe ABCD is to the baſe EFGH, ſo is the al- 
titude MN to the altitude KL; MN is equal to KL, and b A. 5. 
therefore the cylinder AX is equal to the cylinder EO. a 11. IT. 

But let the baſes ABCD, EFGH be unequal, and let ABCD 
be the greater; and — as ABCD is to the baſe EFGH, ſo 
is the altitude MN to the altitude KL; therefore MN is great- 
er than KL. Then, the ſame conſtructiom bein made as be- 
fore, becauſe as the baſe ABCD to the baſe EFG, ſo is the al- 
titude MN to the altitude KL; and becauſe the altitude KL 
is equal to the altitude M; therefore * baſe ABCD is © to 
the baſe EFGH, as the cylinder AX to the cylinder ES; and 
the altitude MN to the altitude MP or ſo is the cylin- 
der EO to the cylinder ES: Therefore the cylinder AX is to 
the cylinder ES, as the cylinder EO is to the — ES : Whence 
the cylinder AX is equal to the — EO: and the ſame 


reaſoning holds in cones. Q. E. 


PROP. XVI. PROB. 


O deſcribe in the greater af two circles that have 
1 the ſame centre, a polygon of an even number 
ot equal fides, that ſhall not meet the leſſer circle. 


Let ABCD, EFGH be two given circles having the ſame 
_—_ It is required to inſcribe in the greater circle ABCD 


6 pelygen of an ovens camber of equal Gd, thet hall nor mart 
er 


— the centre K draw the ſtraight line BD, and from 
the point G, where it meets the circumferences of the leſſer 
circle, 
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circle a pal 


1 gon of an even number of equal fides not 
meeting the leſſer circle. 


Which was to be done. 


LEMMA IL. 


F two trapeziums ABCD, EFGH be inſcribed in 
the circles, the centres of which are the points K, 
L; and if the ſides AB, DC be parallel, as alſo EF, 
HG; and the other four ſides AD, BC, EH, FG, be 
all equal to one another ; but the ſide AB greater 
than EF, and DC greater than HG. The ftraight 
line KA from the centre of the circle in which the 
greater ſides are, is greater than the ſtraight line LE 
drawn from the centre to the circumference of the 
other circle. 


If it be poſſible, let KA be not greater than LE; then KA 
muſt be either equal to it, or leſs, Firſt, let KA be equal 
to LE : Therefore, becauſe in two equal circles, AD, BCinthe 
one are equal to EH, FG in the other, the circumference 
AD, BC are equal * to the circumferences EH, FG ; but be- 
cauſe the ſtraight lines AB, DC are reſpectively greater than 


EF, GH, the circumferences AB, DC are greater than EF, 
HG: Therefore the whole circumference ABCD is greater 
than the whole EFGH ; but it is alſo equal to it, which 5 

| | * . 


—— 
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the circles ABCD. MNOP are equal; therefore the circum- 
ference AD is greater than MP; for the ſame reaſon, the cir- 
cumference BC is greater than NO; and becauſe the ſtraight 
ne AB is greater than EF which is greater than MN, much 
more is AB greater than MN : Therefore the circumference 
AB is greater than MN ; and, for the ſame reaſon, the circum- 
ference DC is greater than PO : Therefore the whole circum- 
ference ABCD is greater than the whole MNOP but it is like- 
wiſe equal to it, which is impoſſible : Therefore KA is not leſs 
than LE ; nor is it equal to it; the ſtraight line KA muſt 
therefore be greater than LE. Q. E. D. 

Cor. And if there be an iſoſceles triangle the fides of which 
are equal to AD, BC, but its baſe leſs than AB the of 
the two fides AB, DC; the ftraight line KA may, in the ſame 
manner, be demonſtrated to be greater than the ſtraight line 
drawn from the centre to the circumference of the circle de- 
ſeribed about the triangle. 


PROP. 


KA 
equal 
in the 
ences 
it be- 

than 

EF, 
eater 
h is 
ible : 


a 15. 3. 


b 16. 12. 
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PROP XVII. PROB. 


O deſcribe in the greater of two ſpheres which 
have the ſame centre, a folid polyhedron, the 
ſuperficies of which ſhall not meet the lefler ſphere. 


Let there be two ſpheres about the ſame centre A; it is re- 
quired to deſcribe in the greater a ſolid polyhedron, the ſuper. 
ficies of which ſhall not meet the leſſer ſphere. 

Let the ſpheres be cut by a plane paſling through the centre; 
the common ſections of it with the ſpheres ſhall be circles; 
becauſe the ſphere is deſcribed by the revolution of a ſemicir- 
cle about the diameter remaining unmoveable ; ſo that in what. 
ever poſition the ſemicircle be conceived, the common ſeQion 
of the plane in which it is with the ſaperficies of the ſphere is 
the circumference of a circle; and this is a great circle of the 
ſphere, becauſe the diameter of the ſphere, which is likewiſe 
the diameter of the circle, is greater than any ſtraight line 
in the circle or ſphere : Let then the circle made by the ſection 
of the plane with the greater ſphere be BCDE, and with the 
leſſer ſphere be FGH ; and draw the two diameters BD, CE, 
at right angles to one another ; and in BCDE, the greater of 
the two circles, deſcribe © a polygon of an even number of e- 
qual fides not meeting the leſſer circle FGH ; and let its fides, 
in BE the fourth part of the circle, be BK, KL, LM, ME; 


join KA and produce it to N; and from A draw AX at right 


angles to the plane of the circle BCDE meeting the ſuperficies 
of the ſphere in the point X; and let planes paſs through AX 
and each of the ſtraight lines BD, KN, which, from what 
has been ſaid, ſhall produce great circles on the ſuperficies of 
the ſphere, and let BXD, KXN be the ſemicircles thus made 
upon the diameters BD, RN: Therefore, becauſe XA is at right 
angles to the plane of the circle BCDE, every plane whick 
pate through XA is at right © angles to the plane of the circle 
CDE; wherefore the ſemicireles BXD, KXN are at right 
angles to that plane: And becauſe the ſemicircles BED, BXD, 
N, upon the equal diameters BD, KN, are equal to one 
another, their halves BE, BX, KX, are equal to one an- 
other : Therefore, as many fides of the polygon as are in BE, 
3 KX equal to the 
KL, LM, ME : Let theſe polygons be deſcribed 
fides be BO, OP, PR, RX; KS, ST, TY, Y 


BOT ESOPESE 


Book XII. 
| 

00x lane BCDE, and in oe of them BOXD, OV 
is wn: perpendicular to AB the common ſection of the | 
therefore OV is perpendicular * to the plane BCDE : For the a 4, def 11. 
ame reaſon 80 is perpendicular to the ſame plane, becauſe 
the plane KSAN is at right angles to the plane BCDE. Join 
VQ; and becauſe in the equal ſemicireles BXD, XN the 


[ol 
S 


2 — — 


circumferences BO, KS are equal, and OV, are perpen- 
dicular to their diameters, therefore 4 OV is equal to SQ , 46.1. 
and BV equal to KQ. But the whole BA is equal to the w 
KA, therefore the remainder VA is equal to the remainder 
QA: As therefore BV is to VA, ſo is KQ to QA, wherefore _. 
Vi parallel « to BK: And becauſe OV, SQ are each of . 6. 
them at right angles to the plane of the circle E, OV is 
parallel f to SQ ; and it has been proved that it is alſo equal f 6. 12. 
to it; therefore Q, SO are equal and parallel : And becauſe g 33. 2. 
QV is parallel to SO, and alſo to KB; OS is parallel * to BK; b 9. 1. 
and therefore BO, KS which join them are in the ſame plane 
| in 


- © 
' — — 
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upon BR, and the like be done alſo in the 
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in which theſs paralich are, and} the quadeatetel bus 
is in one plane And it PB, TK be aged, and per 


be drawn from the points P, T to the ſtraight lines 
it may be demonſtrated that TP is parallel to KB in 
ſame way that SO was ſhown to be parillel to the ſa 
wherefore ® TP is parallel to SO, and the quadrilateral 

SOPT is in one plane : For the ſame reaſon, the quadrilatery 
TPRY isin one plane: And the figure YRA is alſo in one plane», 


(Ct 
| 
'T 
Hl 0 
D Z 
NY 5 0 
8 
ap . 4 


Therefore, if from the points, O, 8. P. T, R, Y there be drawn 
ſtraight lines to the point A, there ſhall be formed a ſolid po. 
lyhedron between the circumferences BX, KX compaſed of 
pyramids the baſes of which are the quadrilaterals KBOS, 
SOPT, TPRY, and the triangle YRX, and of which the 

mon vertex is the point A: And if the ſame conſtruction 
made rr 


drants, and in the other hemiſphere ; there ſhall be for- 
D r 


„ 


ge. . 2 2c ga rng g agg rr g eggs zr ' 


Pe 
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ted of pyramids, the baſes of which are the aforeſaid qua- Book x1t, - - 
drilateral figures, and the triangle YRX, and thoſe formed in — 
the like manner in the reſt of the ſphere, the common vertex | 


of them all being the point A: And the ſuperficies of this ſo- 
lid polyhedron does not meet the leſſer ſphere in which is the 


circle FGH : For, from the point A draw AL 2 a It. It. 
it in Z, and 


to the plane of the quadrilateral KBOS meeting ; and 

join BZ, ZK : And becauſe AZ is perpendicular to the plane 
KBOS, it makes right angles with every ſtraight line meeting 

it in that plane; therefore AZ is perpendicular to BZ and ZK: 

And becauſe AB is equal to AK, and that the ſquares of AZ, 

ZB, are equal to the ſquare of AB; and the ſquares of AZ | 
ZK to the ſquare of AK » therefore the ſquares of AZ, ZH b 41. i. 
are equal to the ſquares of AZ, ZK: Take from theſe equals 

the ſquare of AZ, the remaining ſquare of BZ is equal to the 
remaining ſquare of ZK; and therefore the ſtraight line BZ 

is equal to ZK: In the like manner it may be demonſtrated, 

that the ſtraight lines drawn from the point Z to the points O, 

S are equal to BZ or ZK : Therefore the circle deſcribed from 

the centre Z, and diſtance ZB ſhall paſs through the points K, O, 

8, and KBOS ſhall be a quadrilateral figure in the circle : And © 
becauſe KB is greater than QV, and QV equal to SO, there- 

fore KB is greater than SO : KB is equal to each of the 
ſtraight lines BO, KS; wherefore each of the circumferences 

cut off by KB, BO, KS is greater than that cut off by OS, and 

theſe three circumferences, together with a fourth equal to one 

of them, are greater than the ſame three together with that cut 

off by OS ; that is, than the whole circumference of the cir- 

cle; therefore the circumference ſubtended by KB is greater 

than the fourth part of the whole circumference of the circle 
KBOS, and conſequently the angle BZK at the centre is great- 

er than a right angle: And becauſe the angle BZKE is obruſe, 

the ſquare of BK is greater S than the ſquares of BZ, ZK; 12. 2. 
that is, greater than twice the ſquare of BZ. Join KV, and. 
becauſe in the triangles KBV, OBV, KB, BV ate Equal to OB, 


BV, and that they contain equal angles; the angle KVB is e- 


qual d to the angle OVB: And OVB is a right angle; there- d 4 . 
fore alſo KVB is a right angle: And becauſe BD is leſs than 
twice DV, the rectangle contained by DB, BV is lefs than 
twice the rectangle DVB; that is ©, the ſquare of KB is leſs 8. 6. 


than twice the ſquare-of KV : But the ſquare of KB is greatet 
than twice the ſquare of BZ; therefore the ſquare of KV is 
| T greater 


« 2. Lem. greate 


'AK; 


4 
of KV, VA; and of theſe the ſquare of KV is greater than the 
ſquare of BZ; therefore the ſquare of VA is leſs than the 
_—_ of ZA, and the ftraight line AZ greater than VA 


uch more then is AZ greater than AG; becauſe, in the pre. 


ceding propoſition, it was ſhown that KV falls without the 


eircle FGH : And AZ is perpendicular to the plane KBOS, 


and is therefore the ſhorteſt of all the ſtraight hnes that can be 

drawn from A, the centre of the ſphere to that plane. There- 

fore the plane KBOS, does not meet the lefler ſphere. ; 
And that the other planes between the quadrants BX, KX 


fall without the leſſer ſphere, is thus demonſtrated : From the 


point A draw Al perpendicular to the plane of the quadrila- 
teral SOPT, and join IO; and, as was demonſtrated of the 
plane KBOS and the point Z, in the ſame way it may be ſhown 
that the point I is the centre of a circle deſcribed about SOPT: 
and that OS is greater than PT; and PT was ſhown to be pa- 
rallel to OS: Therefore, becauſe the two trapeziums K BOS, 
SOPT inſcribed in circles have their fides BK, OS parallel, as 
alſo QS, PT; and their other fides BO, KS, OP, ST all equal 
to one another, and that BK is greater than OS, and 08 
r than PT, therefore the ſtraight line ZB is greater 
than IO. Join AO which will be equal to AB; and becauſe 
AIO, AZB are right angles, the ſquares of AI, IO are equal 
to the ſquare of AO or of AB; that is, to the ſquares of AZ, 
ZB; and the ſquare of ZB is than the ſquare of IO, 
therefore the ſquare of AZ is lefs than the ſquare of Al; and 


the ſtraight line AZ leſs than the ſtraight line Al: And it was 


proved that AZ is greater than AG; much more then is Al 
greater than AG: Therefore the plane SOPT falls wholly with- 
out the leſſer ſphere: In the ſame manner it may be demon- 
firated that the plane TPRY falk without the ſame ſphere, as 
«Mo the triangle YRX, viz. by the Cor. of 24 Lemma. And 
after the ſame way it may be demonſtrated that all the planes 
which contain the ſolid polyhedron, fall without the leſſer 
iphere. Therefore in the greater of two ſpheres which have the 
ſame centre, a ſolid polyhedron is deſcribed, the ſuperſicies of 
which does not meet the leſſer ſphere. Which was to be _ 
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But the ſtraight line AZ may be demonſtrated to be gr 
than AG otherwiſe, and in a ſhorter manner, without the help 
of Prop. 16. as follows. From the point & draw GU at right 
angles to AG and joia AU. If then the circumference BE be 


length be left a circumference leſs than the cirtumference 


which is ſubtended by a ſtraight line equal to GU inſcribed in 
the circle BCDE : Let this be the circumference KB: Therefore 


the ſtraight line KB is leſs than GU: And becauſe the angle 
BZK is obtuſe, as was proved in the preceding, therefore BX 
is greater than BZ: But GU is greater than BK ; much more 
then is GU 2 than BZ, and the ſquare of GU than the 
ſquare of BZ; and AU is equal to AB; therefore the ſquare 
of AU, that is, the ſquares of AG, GU are equal to the ſquare 
of AB, that is, to the ſquares of AZ, ZB; but the ſquare of BZ 
is leſs than the ſquare of GU ; therefore the fquare of AZ. is 

eater than the ſquare of AG, and the ftraight line AZ con- 
— greater than the ſtraight line AG. 

Cor. And if in the leſſer ſphere there be deſcribed a ſolid 
polyhedron by drawing ſtraight lines betwixt the points in 
which the ſtraight lines from, the centre of the ſphere drawn 
to all the angles of the ſolid polyhedron in the greater ſphere 
meer the ſuperficies of the leſſer; in the ſame order ia which 


are joined the points in which the ſame lines from the centre 


meet the ſuperſicies of the greater ſphere ; the folid polyhe- 
dron in the ſphere BCDE has to this other ſolid polyhedron 
the triplicate ratio of that which the diameter of the ſphere 
BCDE has to the diameter of the other ſphere : For if theſe 
two ſolids be divided into the ſame number of pyramids, and 
in the ſame order; the pyramids ſhall be ſimilar to one ano- 
ther, each to each: Becauſe they have the ſolid angles at their 
common vertex, the centre of the ſphere, the ſame in each py- 


ramid, and their other ſolid angle at the baſes equal to one 


biſected, and its half again biſected, and ſo on, there will at 


another, each to each o, becauſe they are contained by three a B. 


plane angles equal each to each; and the pyramids are contained 
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by the ſame number of fimilar planes; and are therefore fimilar b b 11. De?, 


to one another, each to each: But ſinrilar pyramids have to 


Therefore the pyramid of which the baſe is the quadrilateral 
KBOS, and vertex A, has to the pyramid in the other ſphere 
of the ſame order, the triplicate ratio of their homologous 

| = fides 3 


Ii. 


one another the triplicate © ratio of their homologous ſides. c Cor. rz. 


K 
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Book XII fides ; that is, of that ratio, which AB from the centre of the 

greater ſphere has to the ſtraight line from the ſame centre to 

the ſuperficies of the leſſer ſphere. And in like manner, each ö 

pyramid in the greater ſphere has to each of the ſame order in | 

the leſſer, the triplicate ratio of that which AB has to the ſe- 

| midiameter of the lefſer ſphere. And as one antecedent is to its | 

| | conſequent, ſo are all the antecedents to all the conſequents. | 

Wherefore the whole ſolid polyhedron in the greater ſphere has | 

to the whole ſolid pulyhedron in the other, the triplicate ratio 

| of that which AB the ſemidiameter of the firſt has to the ſemi. | 

| diameter of the other ; that is, which the diameter BD of the | 
| greater has to the diameter of the other ſphere. 


PROP. XVIII. THEOR 


PHERES have to one another the triplicate ratio 
of that which their diameters have. . 


| Let ABC, DEF be two ſpheres of which the diameters are 
BC, EF. "The ſphere ABC has to the ſphere DEF the triplicate 
ratio of that which BC has to EF. 

| For, if it has not, the ſphere ABC ſhall have to a ſphere ei- 
| ther leſs or greater than DEF, the triplicate ratio of that. 
which BC has to EF. Firſt, let it have that ratio to a leſs, viz. 

| to the ſphere GHK ; and let the ſphere DEF have the ſame 
a 17.12. centre with GHK; and in the greater ſphere DEF deſcribe * 


A 


5 


YE 


a ſolid polyhedron, the ſuperficies of which does not meet the 
leffer ſphere GHK ; and in the ſphere ABC deſcribe another 

fimilar to that in the ſphere DEF: Therefore the ſolid polyhe- 

dron in the ſphere ABC has to the ſolid polyhedron in the 

b Cor. 17. ſphere DEF, the triplicate ratio of that which BC has to EF. 
x2. But the ſphere ABC has to the ſphere GHK, the triplicate ra- 
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tio of that which BC has to EF ; therefore, as the ſphere ABC Book XII. 
to the ſphere GHK, ſo is the ſolid polyhedron in the ſphere ABC brag. gar) 


to the ſolid polyhedron in the ſphere DEF: But the ſphere 
ABC is greater than the ſolid polyhedron in it; therefore al- 
ſo the ſphere GHK is greater than the ſolid polyhedron in the 
ſphere DEF: But it is alſo leſs, becauſe it is contained within 
it, which is impoſſible : Therefore the ſphere ABC has not to 
any ſphere leſs than DEF, the triplicate ratio of that which 
BC has to EF. In the ſame manner, it may be demonſtrated, 
that the ſphere DEF has not to any ſphere leſs than ABC, the 
triplicate ratio of that which EF has to BC. Nor can the 
ſphere ABC have to any ſphere greater than DEF, the tripli- 
cate ratio of that which BC has to EF : For, if it can, let it 
have that ratio to a greater ſphere LMN : Therefore, by inver- 
fion, the ſphere LMN has to the ſphere ABC, the triplicate 


ratio of that which the diameter EF has to the diameter BC. 


But as the ſphere LMN to ABC, fo is the ſphere DEF to ſome 
ſphere, which muſt be leſs © than the ſphere ABC, becauſe the 
ſphere LMN 1s greater than the ſphere DEF : Therefore the 
ſphere DEF has to a ſphere lefs than ABC the triplicate ratio 
of that which EF has to BC; which was ſhewn to be impoſ- 


ſible : Therefore the ſphere ABC has not to any ſphere greater 


than DEF the triplicate ratio of that which BC has to EF: 
And it was demonſtrated, that neither has it that ratio to any 
ſphere leſs than DEF. Therefore the ſphere ABC has to the 
E. _ „the triplicate ratio of that which BC has to EF. 
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DEFINITION I BOOK I. 


I is neceſſary to conſider a ſolid, that is, a magnitude which 
| has length, breadth, and thickneſs, in order to underſtand 
right the definitions of a point, line, and ſuperficies ; for theſe 
all ariſe from a ſolid, and exiſt in it: The boundary, or boun- 
daries which contain a ſolid are called ſuperficies, or the boun- 
dary which is common to two ſolids which are contiguous, or 
which divides one ſolid into two —_— parts, 1s called a 
ſuperficies : Thus, if BCGF be one of the boundaries which 
contain the ſolid ABCDEFGH, or which is the common 
boundary of this ſolid, and the folid BELCFNMG, and is there- 
fore in the one as well as the other ſolid, is called a ſuperficies, 
and has no thickneſs : For if it have any, this thickneſs muſt 
either be a part of the thickneſs CG 
of the ſolid AG, or the fohd H M 
BM, or a part of the thickneſs of 
each of them. It cannot be a E 
part of the thickneſs of the ſolid 
BM; becauſe if this ſolid be re- D | 
moved from the ſolid AG, the —_— L. 
ſuperficies BC GF, the boundary | 
of the ſolid AG, remains ſtill the 
ſame as it was. Nor can it be a 4A. B K 
part of the thickneſs of the ſolid AG; becauſe, if this be re- 
moved from the ſolid BM, the ſuperficies BCGF, the boundary 
ef the ſolid BM does nevertheleſs remain, therefore the ſuper- 
icies BCGF has no thickneſs, but only length and breadth. 

The boundary of a ſuperficies is called a line, or a line is the 
common boundary of two ſuperficies that are contiguous, or 
which divides one ſuperficieg into two contiguous parts: Thus, 
if BC be one of the boundaries which contain the ſuperficies 
ABCD, or which is the common boundary of this ſuperficies, 
and of the ſuperficies KBCL which is contiguous to it, this 
boundary BC is called a line, and has no breadth : For if it 
lave any, this muſt be part either of the breadth of the ſuper- 
beies ABCD, or of the ſuperſicies KBCL or part of each of 
them. It is not part of the breadth of the ſuperficies KBCL; 


lor, if this ſuperſicies be removed from the ſuperficies * 
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NOTE s. 


Book 1. the line BC which is the boundary of the ſuperficies ABCD te. 


fore the point B has no length: And becauſe a point is in a line, 


diſtinct one is 2 from a property of a plane ſuperficies, which 
u 


mains the ſame as it was: Nor can the breadth that BC is 
poſed tohave, be a part of the breadth of the ſuperficies 
becauſe, if this be removed from the ſuperficies, KBCL, the line 
BC which is the boundary of the ſuperficies KBCL does never. 
theleſs remain: Therefore the line BC has no breadth : And 
becauſe the line BC 1s in a ſuperficies, and that a ſuperficies has 
no thickneſs, as was ſhewn; therefore a line has neither breadth 
nor thickneſs, but only length. | 

The boundary of a line 1s called a point, or a point is the 
common boundary or extremity H G 
of two lines that are contiguous : M 
Thus, if B be the extremity of the F/IN 
line AB, or the common extre- _ — 
mity of the two lines AB, KB, 
this extremity is called a point, D C 
and has no length: For, if it have * L. 
EEE IS 

of the length of the line P 

er of the line KB. It is not part A B K 
of the length of KB; for, if the line KB be removed from AR, 
the point B which is the extremity of the line AB remains the 
ſame as it was : Nor is it part of the length of the line AB; 


for, if AB be removed from the line KB, the point B, which.is 


the extremity of the line KB, does nevertheleſs remain: There. 


and a line has neither breadth nor thickneſs, therefore a point 


has no! breadth, nor thickneſs. And in this manner the 
definitions of a point, line, and ſuperſicies, are to be underſtood. 
DEF. VII. B. I. 


Inſtead of this definition us it is in the Greek copies, u men 


is manifeſtly ſuppoſed in the elements, viz. that a ſtraight lie 
drawn from any point in a plane to any other in it, is wholly 
in that plane. 


DEF. VIII. B. I. 


It ſeems that he who made this definition deſigned that it 
ſhould comprehend not only a plane angle contained by two 
ſtraight lines, but likewiſe the angle which ſome conceive © 
be made by a ſtraight line and a curve, or by two. curve lines 


which meet one another in a plane: But, tho' the meaning & 


the 
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Eg 
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DEF. XVII. B. I. 


igh 

. The ſame thing 
of Book 3. and the 24. of the ſame; from the firſt 
which it follows that ſemicircles are ſimilar ſegments of a 
circle: And from the other, that they are equal to one another. 


D E F. XXXIII. B. I. 


This definition has one condition more than is neceſſary; 
becauſe every quadrilateral figure which has its, oppoſite fides 
equal to ane another, has hkewiſe its oppoſite angles equal; 


> lines, WY therefore alſo the angle ADC is equal to the angle ABC. 
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And Proclus acknowledges that the ſecond part of prop. ;. 


NOTE Ss. 
And if the angle BAD be equal 


oppoſite 
figure ogether eq 3 
four right angles, and the two angles 
BAD, ADC are together equal to 
the two angles BCD, ABC: Where- 
fore BAD, ADC are the half of all 3 C 
the four angles; that is, BAD and 
ADC are equal to two right —_— And therefore AR, C 
are parallels by prop. 28. B. 1. In the ſame manner AD, N 
are parallels : Therefore ABCD is a parallelogram, and its oy, 


polite ſides are equal by 34. prop. B. . 


PROP W. BL 


There are two caſes of this propoſition, one of which is not 
in the Greek text, but is as neceſſary as the other: And that the 
caſe left out has been formerly in the text, appears plainly from 
this, that the ſecond part of prop. 5. which is neceſſary to the 
demonſtration of this caſe, can be of no uſe at all in the ele 
ments, or any where eiſe, but in this demonſtration ; becauſe 
the ſecond part of prop. 5. clearly follows from the firſt par, 
and prop. 13. B. 1. This part muſt therefore have been added to 
prop. 5. upon account of ſome propoſition betwixt the 5. and 
13. but none of theſe ſtand in need of it except the 7. pro- 
poſition, on account of which it has been added : Befides, the 
tranſlation from the Arabic has this caſe explicitly demonſtrated. 


was added upon account of prop. 7. but gives a ridiculous rea- 
ſon for it, © that it might afford an anſwer to objections made 
« againſt the 7.“ as if the caſe of the 7. which is left out, were, 
as he expreſsly makes it, an objection againſt the propoſition 
itſelf. hoever is curious may read what Proclus ſays of this 
in his commentary on the 5. and 7. propoſitions ; for it is not 
worth while to relate his trifles at full length. 

It was thought proper to change the enunciation of this 7. 
prop. ſo as to preſerve the very ſame meaning; the literal tranſ- 
lation from the Greek being extremely harſh, and difficult tobe 
underftood by beginners. 


PROF. 


NOTES. 30T 


| a Dock I. 
PROP. XI. B. I. — 
A corollary is added to this propoſition, which is neceſſary 
to Prop. . B. 11. and otherwiſe. 


PROP. XX. and XXI. B. I. 


proclus, in his commentary, relates, that the Epicureans de- 
rided this propoſition, as being manifeſt even to aſles, and need- 
ing no demonſtration ; and his anſwer is, that though the truth 
of it be manifeſt to our ſenſes, yet it is ſcience which muſt give 
the reaſon why two ſides of a triangle are greater than the third: 
But the right anſwer to this objection againſt this and the 21ſt, 
and ſome other plain propoſitions, is, that the number of axioms 
onght not to be encreaſed without neceſſity, as it muſt be if theſe 
propoſitions be not demonſtrated. Monſ. Clairault, in the pre- 
face to his elements of 2 ＋1＋ publiſhed in French at Paris, 
anno 1741, fays, That Euclid has been at the pains to prove, 
that the two fides of a triangle which is included within another 
are together leſs than the two fides of the triangle which in- 
cludes it ; but he has forgot to add this condition, viz. that the 
triangles muſt be upon the ſame baſe; becauſe, unleſs this be 
added, the fides of the included triangle may be greater than the 
fides of the triangle which includes it, in any ratio which is leſs 
than that of two to one, as Pappus Alexandrinus has demon- 
ſtrated in Prop. 3. B. 3. of his mathematical collections. 


PROF AA 23. 


Some authors blame Euclid becauſe he does not demonſtrate, 
that the two circles made uſe of in the conſtruction of this 
problem muſt cut one another : But this is very plain from the 
determination he has given, viz. that any two of the ſtraight 
lines DF, FG, GH muſt be great- 
er than the third : For who is of 
dull, tho only beginning to learn 
the elements, as not to perceive 
that Ge deſcribed from the 
centre F, at the diſtance FD, -- ee: 
muſt meet FH betwixt F and He 3 M — 
becauſe FD is leſs than FH; and 
that for the like reaſon, the circle deſcribed from the centre 
G, at the diſtance GH or GM, muſt meet DG * 


302 NOTES. 


BookT and G; and that theſe circles muſt meet one another, becau 
FD and GH are together greater 
than FG? And this determina- 
tion is eafier to be underſtood than 
that which Mr Thomas Simpſon 
derives from it, and puts inſtead 
of Euclid's, in the 49th page of 


his elements of geometry, that be DM F G H 
— 24 

Euclid for; which determination is, that any of the three 
iraight lines muſt be leſs than the ſum, but greater than the 
difference of the other two: From this he ſhews the circles mug 
meet one another, in one caſe : and ſays, that it may be proved 
after the ſame manner in any other caſe ; But the ſtraight line 
GM which he bids take from GF may be greater than it, as in 
. the figure here annexed ; in which caſe his demonſtration muf 

be changeuinto another. ; 


PROP. WIV. B. I. 
To this is added, of the two ſides DE, DF, let DE be 


4 that which is not than the other ;” that is, take that 
fide of the two DE, DF which is not than the other, in 
order to make with it the angle D 


equal to BAC ; becaule without this 


Mr Thomas Simpſon, in p. 262. of 
ho Nos „ 
geometry, printed anno 17 „ obſerves 
m his notes, that it t to have been E G 
ſhown, that the point F falls below the 
line EG ; this probably Euclid omitted, 
aan is very ealy to perceive, that DG being equal to DF, th 
point G is in the circumference of a circle deſcribed from the 
centre D at the diſtance DF, nd mat be in tos par of þ 
which is above the ſtraight line EF, becauſe DG falls above 


DF, the angle EDG being greater than the avgle EDF. 


PROP. XXIX. B. I. 


The propoſition which is uſually called the 5th poſtulate, or 
c 


e, or 
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a great deal to do, both to ancient and modern geome- Bock L 


ters: It ſeems not to be AA among the Axioms . 


8 indeed, it is not ſelf-evident; but it may be 


4 DEFINITION r. 

The diſtance of a point from a ſtraight line, is the perpendi- 

cular drawn to it from the point. 
DEF. 3. 

One ſtraight line is ſaid to-go nearer to, or further from, ano- 
ther ſtraight line, when the diſtances of the points of the firſt 
from the other ſtraight line hecome leſs or greater than they 
were; and two ſtraight lines, are faid to keep the ſame diſtance 
from one another, when the diſtance of the points of one of them 
from the other is always the ſame. 


AX 1-0-8. 


A ſtraight line cannot firſt come nearer to one ancther ſtraight 
line, and then go further from A C 
it, before it cuts it; and, in like — 8 * 
manner, a ſtraight line cannot er E 
go further from another ſtrahtoqꝛ“⸗! ___ 
line, and then come nearer to F Co H 
it; nor can a ſtraight line keep oo 
the ſame diſtance from another ſtraight line, and then come 
nearer to it, or 
ways the ſame direction. | 

or example, the ſtraight line ABC cannot firſt come near- 


er to the ſtraight line DE, as 

from the 1 to the point A 15 Cs. the 8. 
B, and then, from the point B — gure above. 
to the point C, go further from — 

the fame DE : And in like man- F G H 


ner, the ſtraight line FGH can- 
not go further from DE, as from F to G, and then, from G to 


po And ſo in the laſt caſe, as in 
2. 


0 e 


If two equal ſtraight lines AC, BD, be each at right angles 
to the ſame ſtraight line AB : if the points C, D be joined by 
the ſtraight line CD, the ftraight line EF drawn from any point 
1 unto CD, at right angles to AB, ſhall be equal to AC, 
or BD. | | 

If EF be not equal to AC, one of them muſt be greater 
than the other; let AC be the greater; then, becauſe FE is 

| leſs. 


further from it; for a ſtraight line keeps al- 


yog NOTE Ss. 


Book I. leſs than CA, the ſtraight line CFD is nearer to tlie itralght 

nne AB at the point F than at the 
point C, that is, CF comes nearer F 
i» AS Som Oo peme Cw 7 : But on 
becauſe DB is greater than FE 
the ſtraight line CFD is further F 
from AB at the point D than at F, 
that is, FD goes further from AB 

— from F to D: Thereforethe firaight 4 53 _ 
line CFD firſt comes nearer to the B 
freight Tae AR, and then gaop Suther from i. buſhen. is cue 
it ; which is impoſſible. If FE be faid to be greater than CA, 
or DB, the ſtraight line CFD firſt goes further from the ſtraight 
line AB, and then comes nearer to it; which is alſo impoſſible. 
Therefore FE is not unequal to AC, that is, it is equal to it. 


PROP. 2. 


If two equal ſtraight lines AC, BD be each at right angles to 
the ſame ſtraight line AB; the ſtraight line CD which joins 
their extremities makes right angles with AC and BD. 

Join AD, BC; and becauſe, in the triangles CAB, DBA, 
CA, AB are equal to DB, BA, and the angle CAB equal ty 

24. 1. the angle DBA; the baſe BC is equal to the baſe AD: 
in the triangles ACD, BDC, AC, CD are equal to BD, 
and the baſe AD is equal tothe baſe 
BC: Therefore the angle AC is e- C E 

b & 1. qual to the angle BDC: From any 
point E in AB draw EF unto CD, 
at right angles to AB; therefore, by 
Prop. 1. EF is equal to AC, or BD; 
wherefore, as has been juſt now 
ſhown, the angle ACF 1s equal to | 
the angle EFC : In the ſame manner, the angle BDF is equal 
to the angle EFD; but the angles ACD, BDC are equal; 
therefore the angles EFC and EFD are equal, and right 
angles ©; wherefore alſo the angles ACD, BDC are right 

© 10. def. 1. angles. 

Cos. Hence, if two ſtraight lines AB, CD be at right angles 
to the ſame ftraight line AC, and if betwixt them a ftraight 
line BD be drawn at right angles to either of them, as to AB; 
then BD 1s equal to AC, and BDC 1s a right angle. 

If AC be not equal to BD, take equal to AC, and E. 
join CG : Therefore, by this Propoſition, the angle ACG is 2 
right angle; but AC D us alſo a right angle; * 


D 
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© 


AQYSE 


e . > = 5 


4 


1 


8 
S 
> 


w 


one another, and let AD be the given ſtraight line; a 


 gles to FH, and 
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les ACD, ACG are 
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equal to one another, which is impoſſible. Book1. 


herefore BD is equal to AC; and by this propoſition BDC . | 


a right angle. . | 
. 3. 5 


If two ſtraight lines which contain an angle be produced, 
there may be found in either of them > peter ſoak which the 

rpendicular drawn to the other ſhall be greater than any gi- 
ven ſtraight line. | 

Let AB, AC be two ſtraight lines which make an angle with 
int 
may be found either in AB or AC, as in AC, from which the 
perpendicular drawn to the othe AB ſhall be greater than AD. 

In AC take any point E, arid draw EF perpendicular to 
AB; produce. AE to G, fo that EG be equal to AE; and 
produce FE to H, and make EH equal to 
Becauſe, in the triangles AEF, GEH, AE, EF are equal to 


GE, EH, each to each, and contain equal = angles, the angle a r;. 1. 


GHE is therefore 
angle: Draw GK perpendicular to AB; and becauſe the ſtraight 


SA FF EB M 


KG at right an- O 


In the ſame manner, if AG be produced to L, ſo that GL be 
dicular to AB, then - 


equal to AG, and LM be drawn 
LM is double of GK, and fo on. In AD take AN equal to 
FE, and AO equal to KG, that is, to the double of FE, or 
AN ; alſo, take AP equal to LM, that is, to the double of KG, 
or AQ; and let this be done till the ſtraight line taken be great - 
er than AD : Let this ſtraight line ſo taken be AP, and becauſe 


AP is equal to LM, therefore LM is greater than AD. Which 
was to be done. 


PROP. 4 


If two ſtraight lines AB, CD make equal angles EAB, 
ECD with another ſtraight line EAC towards the ſame parts of 
it; AB and CD are at right . 2 to ſome ſtraight line. 


equal d to the angle AFE which is a right b 4. z. 
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Dock 1. Biſect AC in F, and draw FG perpendicular to AB; take 
wn CH in the ſtrai t line CD equal to AG, and on the contrary 
fide of AC to that on which AG is, and join FH : 'Dherefore, 
in the * AFG, CFH, the fides FA, AG are equal to 
FC, CH, each to each, and the angle 
„ FA, that * is EAB is equal to the . x 
4 * angle FCH; wherefore® the angle 
AGF is equal to CHF, and AFC to G A ; 
the angle CFH: To theſe laſt add the phy 
common angle AFH ; therefore the F 
two angles AFG, AFH are equal to 
the two angles CFH, HFA, which | — 
two laſt are equal together to two H D 
right angles c, therefore alſo AFG, 


a aw Oat hot oa cs. r 


48 . H are equal to two right angles, and conſequently d GF t 
and FH are in one ſtraight line. And becauſe AGF is a right t 
angle, CHF which is o_ to it is alſo a right angle; Therefore t 
the ſtraight lines AB, CD are at right angles to GH. 
PROP. To L 
If two ſtraight lines AB, CD be cut by a third ACE ſo as 8 
to make the interior angles BAC, ACD, on the ſame fide of * 
it, together leſs than two _ angles; AB and CD being pro- 3 
duced ſhall meet one another towards the parts on which are t 
the two angles which are leſs than two right angles. n 
223. 1. AY the point C in the ſtraight line make * the angle ” 
ECF equal to the angle EAB, and draw to AB the ftraight 
line CG at right angles to CF: Then, becauſe the angles ECF, 
EAB are equal to one an- 
| other, and that the angles E. ch 
fs ECF, FCA are together e- of ar 
b 13. 1. qual d to two right angles, . A 
kn angles EAB, FCA are M Cc AS K 
equal to two right angles. 
But by the hypotheſis, the 
angles 12 ACD are * | L 
ther | an two right "ox 
— therefore the * A O0 G B H 


FCA is greater than ACD, 
and CD falls between CF and AB: And becauſe CF and CD 
make an angle with one another, by Prop. 3. a point may be 
found in either of them CD, from which the perpendicular 
drawn to CF ſhall be greater than the ſtraight line CG. — 


in the very ſame caſe in the 34. Prop. B. 1. it was thought bets 


IN this Propoſition only acute angled triangles are mention- Beck fl. 
ed, whereas It holds tiue of every triangle: And the de 
monſtrations of the caſes omitted are added; Commandine and 


NOTES 307 
this point be H, and draw HK 


| dicular to Cy meetin Book 1, . 


AB in L: And becaufe AB, contain equal angles wi 
AC on the ſame fide lege gat AB and CF are at i 
angles to the ſtraight line MNO which beſects AC in N is 


dicular to CF : Therefore by Cor. Prop. 2. CG and KI, 
which are at right angles to CF are equal to one another: And 
HK is greater than CG, and therefore is greater than KL, and 
conſequently the point H is in KL produced. Wherefore the 
ſtraight line CDH drawn betwixt the points C, H which are on 
contrary ſides of AL, muſt neceſſarily cut the ſtraight line AB. 


PROP. XXXV. B. I. 


The demonſtration of this Propoſition 1s 2 becauſe, if 
the method which is uſed in it was followed, there would be 
three caſes to be ſeparately demonſtrated, as is done in the 
tranſlation from the Arabic ; for, in the Elements, no caſe of a 
Propoſition that requires a different demonſtration, ought to 
be omitted. On this account, we have choſen the method 
which Monf. Claitault has given, the firſt of any, as far as I 
know, in his Elements, page 21. and which afterwards Mr 
Simpſon gives in his page 32. But whereas Mr Simpſon makes 
uſe of prop. 26. B. 1. from which the equality of the two 
triangles does not immediatly follow, becauſe, to prove that, 
the 4. of B. 1. muſt likewiſe be made uſe of, as may be feen 


ter to make uſe only of the 4. of B. 1. 


| PROP: Mv. B.t. | 
The ſtraight line KM is proved to be parallel to FL from 
the 33. Prop.; whereas KH is parallel to FG by conſtruction, 
and FGL have been demonſttated to be ſtraight lines. 
A corollary is added from Commandine, as being often uſed. 


Clavius have likewiſe given their demonſtrations of thefe caſes: | 


FED EARS EE: 

In the demonſtration of this, ſome Greek editor has ig- 

norantly inſerted the ne? A won 2 
2 . 


* 
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Book H. « ED is the greater: let BE be the greater, and produce it to 

3, “as if it was of any conſequence whether 2383 or 
leſſer be uced: Therefore, inſtead of theſe words, there 
ought to be read only, « but if not, produce BE to F.“ 


PROP. I. B. III. 


nook m. EVERAL authors, eſpecially among the modern mathe. 
O maticians and logicians, inveigh too ſeverely againſt indi- 
rect or Apagogic demonſtrations, and ſometimes ignorantly 
enough ; not being aware that there are ſome things that can- 

not be demonſtrated any other way : Of this the preſent pro- 
poſition is a very clear inſtance, as no direct demonſtration 

can be given of it: Becauſe, beſides the definition of a circle, 

there is no principle or property relating to a circle antecedent 

to this problem, from which either a direct or indirect de- 
monſtration can be deduced : Wherefore it is neceſſary that the 

int found by the conſtruction of the problem be proved to 

be the centre of the circle, by the help of this definition, and 

ſome of the preceding propoſitions : And becauſe, in the de- 
monſtration, this propoſition muſt be brought in, viz. ſtraight 

lines from the centre of a circle to the circumference are equal, 

and that the point found by the conſtruction cannot be aſſu- 

med as the centre, for this is the thing to be demonſtrated : it 


is manifeſt ſome other point muſt be afſumed as the centre; 


and if from this aſſumption an abſurdity follows, as Euclid de- 
monſtrates there muſt, then it is not true that the point aſſumed 
is the centre; and as any point whatever was afſumed, it follows 
that no point, except that found by the conſtruction, can be the 
centre, from which the neceſlity of an indirect demonſtration 
in this caſe is evident. 


PR OP. XII. B. III. 


As it is much eaſier to imagine that two circles may touch 
one another within in more points than one, upon the fame 
fide, than upon oppoſite fides ; the figure of that caſe ought 
not to have been omitted; but the conſtruction in the Greek 
text would not have ſuited with this figure ſo well, becauſe the 
centres of the circles muſt have been placed near to the cir- 
cumferences : On which account another conſtruction and de- 
monſtration is given, which is the ſame with rhe ſecond part 
of that which Campanus has tranſlated from the Arabic, 
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where, without any reaſon, the demonſtration is divided into Book m. 
— 


two parts. 
PROP. XV. B. II. 


The converſe of the ſecond part of this tion is want 
ing, though in the preceding, the co is added, in a like 
caſe, both in the enuciation and demonſtration; and it is now 
added in this. Beſides, in the demonſtration of the firſt part 
of this 1 5th, the diameter AD (ſee Commandine's figure) is prov- 
ed to be greater than the ſtraight line BC by means of another 
ſtraight line MN; whereas it may be better done without it: 
On which accounts we have given adifferent demonſtration, like 
to that which Euclid gives in the preceding 14th, and to that 
which Theodoſius gives in prop. 6. B. 1. of his Spherics, in 
this very affair. | 


PROP. XVI. B. II. 


In this we have not followed the Greek nor the Latin tranſ- 
lation literally, but have given what is plainly the meaning of 
the propoſition, without mentioning the angle of the ſemicircle, 
or that which ſome call the cornicular angle which they con- 


ceive to be made by the circumference and the ſtraight line which 


is at right angles to the diameter, at its extremity z which an- 
gles have furniſhed matter of great debate between ſome of the 
modern geometers, and given occaſion of deducing ſtrange con- 
ſequences from them, which are quite avoided by the manner 
in which we have expreſſed the propoſition. And in like man- 
ner, we have given the true meaning of prop. ; I. B. 3, without 
mentioning the angles of the greater or leſſer ſegments : Theſe 
paſſages, Vieta, with good reaſon, ſuſpects to be adulterated, in 
the 386th page of his Oper. Math. 


PROP. XX. B. II. 


The firſt words of the ſecond part of this demonſtration, 


„% Aare In rale, Are wrong tranſlated by Mr Briggs and 
Dr Gregory © Rurſus inclinetur ;” for the tranflation ought 
to be Rurſus inflectatur, as Commandine has it: A ſtraight 
line is ſaid to be inflected either to a ſtraight, or curve line, 
when a ſtraight line is drawn to this line from a point, and- 
from the point in which it meets it, a ſtraight line making 
an angle with the former is drawn to another point, as is evi- 

dent from the goth prop. of Euclid's Data : For this the whole 

line betwixt K is inflected or ä 

3 the 


— 


3¹ 


NOTE S. 5 


Book III. the point of infleftion, where the two ſtraight lines meet. And 


in the like ſenſe two ſtraight lines are ſaid to be inflected from 
two points to a third point, when they make an angle at this 
int; as may be ſeen in the deſcription given by Yona As 
andrinus of Apollonius's Books de Locis planis, in the pre. 
face to his th hook: We have made the expreſſion fuller — 
the goth Prop. of the Data. 


PROP. XXI. B. III. 


There are two caſes of this propoſition, the ſecond of which, 
viz. when the angles are in a ſegment not greater than a ſemi, 
circle, is wanting in the Greek: And of this a more ſimple 
demonſtration is given than that which is in Commandine, as 
being derived only from the firſt caſe, without the help of tri- 
angles. | 


PROP, XXIIl. and XXV. B. II, 


In propoſition 24. it is demonſtrated, that the ſegment AEB 


muſt coincide with the ſegment CFD, (ſee Commandine's fi- 
gure) and that it cannot fall otherwiſe, as CG, ſo as to cut 

e other circle in a third point G, from this, that, if it did, a 
eircle could cut another in more points than two: But this 
ought to have been proved to be impoſſible in the 23d Prop. as 
well as that one of the ſegments cannot fall within the other : 


This part then is left out in the 24th, and put in its proper place, 


the 23d Propoſition. 
PROP. XV. B. III. 


This propoſition is divided into three caſes, of which two 
have the ſame conſtruction and demonſtration ; therefore it is 
now divided only into two caſes, 


PROP, XXIII. B. III. 


This alſo in the Greek is divided into three caſes, of which 
two, viz. one, in which the given angle is acute, and the other in 
which it is obtuſe, have exactly the ſame conſtruction and de- 
monſtration; on which account, the demonſtration of the laſt 
caſe is left out as quite ſuperfluous, and the addition of ſome 
pnſkilful editor; beſides the demonftration of the caſe when the 
angle given is a right angle, is done a round about way, and is 
therefore changed to a more ſimple . 
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As the 25th and 33d propoſitions are divided into more caſes, 
ſo this 35th is divided into fewer caſes than are neceſſary. Nor 
can it be ſuppoſed that Euclid omitted them becauſe they are 
eaſy 3 as he has given the caſe, which by far, is the eaſieſt of 
them all, viz. that in which both the ſtraight lines paſs through 
the centre: And in the following propoſition he ſeparately de- 
monſtrates the caſe in which the ſtraight line paſſes through the 
centre, and that in which it does not paſs through the centre ; 
So that it ſeems Theon, or ſome other, has thought them too 
long to inſert: But caſes that require different demonſtrations, 
ſhould not be left out in the Elements, as was before taken no- 
tice of : Theſe caſes are in the tranſlation from the Arabic, and 
are now put into the text. 


PRO P. XXXVIL B. in. : 


At the end of this, the words, « in the ſame manner it may 
« be demonſtrated, if the centre be in AC,” are left out as the 
addition of ſome ignorant editor, 


DEFINITIONS of BOOK IV. 


HEN a point is in a ſtraight line, or any other line, this 3% IV. 
W point is by the Greek geometers ſaid , to be 
upon, or in that line, and when a ſtraight line or circle meets 
a circle any way, the one is ſaid to meet the other: But 
when a ſtraight line or circle meets a circle ſo as not to cut it, 
it is ſaid ge to touch the circle; and theſe two terms 
are never promiſcuouſly uſed by them: Therefore, in the 5th de- 
finition of B. 4. the compound ,garryre; muſt be read, inſtead 
of the ſimple v,: And in the iſt, 2d, 3d, and 6th defi- 
nitions in Commandine's tranſlation, . tangit,” muſt be read 
inſtead of „ contingit:” And in the 2d and 3d definitions of 
Book 3. the ſame change muſt be made : But in the Greek text 
of propoſitions 1 1th, 12th, 13th, 18th, 19th, Book 3. the com · 
pound verb is to be put for the ſimple. 6: 


"PROP. IV. B. Iv. 


In this, as alſo in the 8th and 13th propoſitions of this book, 
it is demonſtrated indirectly, that the circle touches a ſtraight 
line; whereas in the 17th, 33d, and 37th propoſitions of book 
3. the ſame thing is directly CR And this wag we 

94 | — 


—— — ——— 


| 
| 


. NOTE S. 


| Book IV. have choſen to uſe in the propoſitions of this book, as it is 
— ſhorter. ; 


PROP. V. B. IV. 


The demonſtration of this has been ſpoiled by ſome unſkilful 
hand: For he does not demonſtrate, as is neceſſary, that the two 
ſtraight lines which biſect the ſides of the triangle at right angles 
muſt meet one another; and, without any reaſon, he divides 
the propoſition into three caſes; whereas, one and the ſame con- 
ſtruction and demonſtration ſerves for them all, as Campanus 
has obſerved ; which uſeleſs repetitions are now left out: The 
Greek text alſo in the — is manifeſtly vitiated, where 
mention is made of a given angle, though there neither is, nor 
can be any thing in the propoſition relating to a given angle. 


PROP. XV. and XVI. B. IV. 
In the corollary of the firſt of theſe, the words equilateral 


and equiangular are wanting in the Greek: And in prop. 16. 
inſtead of the circle ABCD, ought to be read the circumference 
ABCD: Where mention is made of its containing fifteen equal 
parts. | 


DEF. Il. B. V. 
ANY of the modern mathematicians reject this definition: 


— The very learned Dr Barrow has explained it at large at 
'_* © the end of his third lecture of the year 1666, in which alſo he 


anſwers the objections made againſt it as well as the ſubject 
ww allow: And at the end gives his opinion upon the whole, 
as follows : 


64 ſhall only add, that the author had, perhaps no other 


« deſign in making this definition, than (that he might more 
« fully explain and embelliſh his ſubject) to give a general 
« and ſummary idea of ratio to beginners, by premiſing 
cc this metaphyſical definition, to the more accurate definiti- 
© ons of ratios that are the ſame to one another, or one of 
5 which is greater, or leſs than the other: I call it a meta- 
te phyſical, for it is not properly a mathematical definition, 
C ſince nothing in mathematics depends on it, or is deduced, 
tc nor, as I judge, can be dednced from it: And the defini- 


es tion of analogy, which follows, viz. Analogy is the fimi- 


« litude 
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« litude of ratios, is of the fame kind, and can ſerve for no Bock V. 


« purpoſe in mathematics, but only to give beginners ſome 
« general, tho? groſs and confuſed — of = But the 
« whole of the doctrine of ratios, and the whole of mathema- 
« tics, depend upon the accurate mathematical definitions which 
« follows this: To theſe we ought principally to attend, as the 
« doctrine of ratios is more perfectly explained by them; this 
« third, and others like it, may be entirely d without any 
« loſs to Geometry; as we ſee in the 7th book of the elements, 
« where the proportion of numbers to one another is defined, 
« and treated of, yet without giving any definition of the ratio 
« of numbers; tho” ſuch a definition was as neceſſary and uſe- 
« ful to be given in that book, as in this: But indeed there is 
« ſcarce any need of it in either of them : Though I think that 
« a thing of ſo general and abſtracted a nature, and thereby the 
« more difficult to be conceived and explained, cannot be more 
« commodiouſly defined than as the author has done : Upon 
« which account I thought fit to explain it at large, and defend 
« it againſt the captious objections of thoſe who attack it.” To 
this citation from Dr Barrow I have nothing to add, except that 
| fully believe the 3d and 8ch definitions, are not Euclid's, but 
added by ſome unſkilful editor. 


DEF. XL A V. 


lt was neceffary to add the word « continual” before «© pro. 


« portionals” in this definition; and thus it is cited in the 33d 
prop. of Book 1 1. 5 

After this definition ought to have followed the definition of 
compound ratio, as this was the proper place for it; duplicate 
and triplicate ratio being ſpecies of compound ratio. But 'Theon 
has made it the 5th det. of B. 6. where he gives an abſurd and 
entirely uſclefs definition of compound ratio: For this reaſon we 
have placed another definition of itbetwixt the 11th and 12th of 
this book, which, no doubt, Euclid gave; for he cites it ex- 
preſsly in prop. 23. B. 6. and which Clavius, Herigon, and 
Barrow, have likewiſegiven, but they retain alſo Theon's, which 
they ought to have left out of the elements. 


DEF. XII. B. v. 


This, and the reſt of the definitions following, contain the ex- 
plication of ſome terms which are uſed in the 5th and following 
books ; which, except a few, are eaſily enough underſtood * 

e 
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propoſitions of this book where they are firſt mentioned: 
bey ſeem to have been added by — 68 ſome other. How. 
ever it be, they are explained ſomething more diſtinctly for the 
ſake of learners. 


PROP. IV. B.V. 


In the conſtruction preceding the demonſtration of this 
the words 4 π]ͥ?l˖, any whatever, are twice wanting in the 
Greek, as alſo in the Latin tranſlations ; and are now added, 2 
being wholly neceſſary. 

Ibid. in the demonſtration ; in the Greek, and in the Latin 
tranſlation of Commandine, and in that of Mr Henry Briggs, 
which was publiſhed at London in 1620, together with the 
Greek text of the firſt ſix books, which tranſlation in this place 
is followed by Dr Gregory in his edition of Euclid, there is this 
ſentence following, viz. « and of A and C have been taken e- 
« quimultiples K, L; and of B and D, any equimultiples 
« whatever (4 wwy:) M, N;“ which is not true, the words 
« any whatever,” ought to be Jeft out : And it is ſtrange that 
neither Mr Briggs, who did right to leave out theſe words in 
one place of prop. 13. of this book, nor Dr Gregory, who chan- 
ged them into the word «« ſome” in three places, and left them 
out in a fourth of that ſame prop. 13. did not alſo leave them 
out in this place of prop. 4. and in the ſecond of the two places 
where they occur in prop. 17. of this book, in neither of which 
they can ſtand conſiſtent with truth: And in none of all theſe 

laces, even in thoſe which they corrected in their Latin tranſ- 
— have they cancelled the words 4 wv;: in the Greek tert, 
as they ought to have done. 

The ſame words « vx: are found in four places of prop. 11. 
of this book, in the firſt and laſt of which they are neceſſary, 
but in the ſecond and third, though they are true, they ar 
quite ſuperfluous ; as they likewiſe are in the ſecond of the two 
places in which they are found in the 12th prop. and in the like 
places of Prop. 22. 23. of this book; but are wanting in thelak 
place of prop. 23. as alſo in prop. 25. Book 11. 


COR. IV. PROP. B. V. 


This corollary has been unſkilfully annexed to this propo- 
fition, and has been made inſtead of the legitimate demon- 
ſtration, which, without doubt, Theon, or ſome other editor, 
has taken away, not from this, but from its proper me 
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this book: 'The author of it deſigned to demonſtrate, that if four Book V. 
magnitudes E, G, F, H, be proportionals, they are alſo propor- 
tionals inverſely ; that is, G is to E, as H to F; which is true; 
but the demonſtration of it does not in the leaſt depend upon 
this 4th prop. or its demonſtration : For, when he ſays, © be- 
« cauſe it is demonſtrated that if K be greater than M, Li is 
« greater than N,“ & c. This indeed is ſhewn in the demon- 
{ration of the 4th prop. but not from this, that E, G, F, H are 
portionals z for this laſt is the concluſion of the propoſition. 
Wherefore theſe words, © becauſe it is demonſtrated,” &c. are 
wholly foreign to his deſign : And he ſhould have proved, that 
if K be greater than M, L is greater than N, from this, that 
E, G, F, H are proportionals, and from the 5th def. of this 
book, which he has not; but is done in propoſition B, which we 
have given in its proper place, inſtead of this corollary z and 
another corollary is placed after the 4th prop. which is often of 
uſe; and is neceſſary to the demonſtration of prop. 18. of this 


book. 
PROP. V. LV. 


In the conſtruction which precedes the demonſtration of 
this propoſition, it is required that EB may be the ſame mul» 
tiple of CG, that AE is of CF; that is, that EB be divided 
into as many equal parts, as there are parts in AE equal to 
CF: From which it is evident, that this conſtruction is not 
Luclid's ; for he does not ſhow the way of dividing ſtraight 
lines, and far leſs other magnitudes, into any number of equal 
parts, until the gth propoſition of B. 6. z and he never requires 
any thing to be done in the conſtruction, of which he had not 
defore given the method of doing: For this rea- 
ſon, we have changed the conſtruction to one, | G 
which, without doubt, is Euclid's, in which no- 
thing is required but to add a magnitude to itſelf a E C. 
certain number of times; and this is to be found ” 
in the tranſlation from the Arabic, though the e- * 
nunciation of the propoſition and the demonſtra- | 
tion are there very much ſpoiled. Jacobus Peleta- B pl 
rius, who was the firſt, as far as I know, who took 
notice of this error, gives alſo the right conſtruction 
in his edition of Euclid, after he had given the other which he 
blames : He ſays, he would not leave it out, becauſe it was fine, 
and might ſharpen one's genius to invent others like it; whereas 


| 


* 
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Beek V. there js notthe leaſt difcrence between the two 


except a ſingle word in the conſtruction, which very probabl 
has been owing to an unſkilful Librarian. Clavius likewiſe — 
both the ways; but neither he nor Peletarius takes notice of the 
reaſon why the one is preferable to the other. 


"0 PROP. VI. B. V. 


There are two caſes of this propoſition, of which only the firſt 
and fimpleſt is demonſtrated in the Greek : And it is probable 
Theon thought it was ſufficient to give this one, fince he was to 
make uſe of neither of them in his mutilated edition of the 5th 
book; and he might as well have left out the other, as alſo the 
ʒth propoſition, for the ſame reaſon; The demonſtration of the 
other caſe is now added, becauſe both of them, as alfo the fifth 
propoſition, are vr", © the demonſtration of the 18th pro. 
poſition of this Book. The tranſlation from the Arabic gives 
both caſes briefly. 


. 


This propoſition is frequently uſed by geometers, and it is 
neceſſary in the 25th prop. of this book, 31ſt of the 6th, and 
4th of the 1 1th, and 15th of the 12th book: It ſeems to have 
een taken out of the elements by Theon, becauſe it a 
evident enough to him, and others, who ſubſtitute the confuſed 
and indiſtinct idea the vulgar have of proportionals, in place 
of that accurate idea which is to be got from the 5th def. of 
this book. Nor can there be any doubt that Eudoxus or Ey- 
clid gave it a place in the elements, when we ſee the 7th and 
gth of the ſame book demonſtrated, tho' they are quite as caſy 
and evident as this. Alphonfus Borellus takes occafion from 
this propoſition to cenſure the 5th definition of this book 
ſeverely, but moſt unjuſtly : In P. 126. of his Euclid re 
printed at Piſa in 1658, he ſays, © Nor can even this leaſt de- 
« gree of knowledge be obtained from the foreſaid property,” 
viz. that which is contained in 5th def. 5. «© That, if four 
« magnitudes be proportionals, the third muſt neceſſarily be 
cc poor than the fourth, when the firſt is greater than the 
« ſecond; as Calvius acknowledges in the 16th prop. of the 
&« 5th book of the elements.“ But though Clavius makes no 
ſuch acknowledgment expreſsly, he has given Borellus a han- 
dle to ſay this of him; becauſe when Clavius, in the above ci- 
ted place, cenſures Commandine, and that very juſtly, for de- 
monſtrating this propoſition by help of the 16th of the 5th; 
yet he himſelf gives no demonſtration of it, but thinks it — 


NOTES. 


from the nature of 
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ionals, as he writes in the end of the Book v. 


proportion 
14th and 16th prop B. 5. of his edition, and is followed by He. ——v— 


rigon in Schol. 1. prop. 14th B. 5. as if there was any nature of 
proportionals antecedent to that which is to be derived and un- 
derſtood from the definition of them: And indeed, though it 
is very eaſy to give a right demonſtration of it, no body, as far 
2s I know, has given one, except the learned Dr Barrow, who, 
inanſwer to Borrellus's objection, demonſtrates it indirectly, but 
very briefly and clearly, from the = definition, in the 322d 
page of his Lea. Mathem. from which definition it may alſo be 
eahly demonſtrated directly: On which account we have placed 
it next to the propoſitions concerning equimultiples. 


PROP. B BOOK V. 


This alſo is eaſily deduced from the 5th def. B. g. and there- 
fore is placed next to the other ; for it was very ignorantly made 


a corollary from the 4th prop. of this Book. See the note on 
that corollary. 


— 


Kor CA v. 


This is frequently made uſe of by geometers, and is neceſſary 
to the 5th and 6th propoſitions of the roth book. Clavius, in 
his notes ſubjoined to the 8th def. of Book 5. demonſtrates it 
only in numbers, by help of ſome of the propoſitions of the 7th 
Book: in order to demonſtrate the property contained in the 5th 
definition of the 5th Book, when applied to numbers, from the 
property of proportionals contained in the 2oth def. of the 7th 
Book : And moſt of the commentators judge it difficult to prove 
that four magnitudes which are proportionals according to the 
20th def. of 7th Book, are alſo proportionals according to the 

5th def. of 5th Book. But this is eaſily made out, as follows. 
* Firſt, if A, B, C, D be four F 
magnitudes, ſuch that A is the Iz 
lame multiple, or the ſame part of | H 
B, which C is of D; A, B, C, PD 
are proportionals : This is demon- | | 
ſtrated in propoſition C. K L I 


— If AB contain the ſame T 
N . - . . *. 
in this caſe likewiſe A; is to CD, as A C E G M 
x Lat 


parts of CD that EF does of GH ; 
EF to GH. 
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nd let AB be the ſame multiple of 


N OTE S. 
Let CK be a part of CD, and GL che ſame part of GH; 


CK, that EF is of GL: Therefore, B F 
by prop. C. of 5th book, AB is to © | H] 
CK, as EF to GL: And CD, GH | D 
are equimultiples of CK, GL the | 
ſecond and fourth; wherefore, by K Ll 
Cor. prop. 4. Book 5. ABis to CD, 

as EF to GH. | | WW 

And if four magnitudes be pro- A CK E GM 
portionals according to the 5th def. 
of Book. 5. they are alſo proportionals according to the 2cth 
def. of Book 7. 

Firſt, If A be to B, as C to D; then if A be any multiple 
5 of B, C is the ſame multiple or part of D, by prop. D. 
of B. 5. 

4 if AB be to CD, as EF to GH; then if AB contains 
any parts of CD, EF contains the ſame parts of GH : For let 
CK be a part of CD, and GL the ſame part of GH, and let 
AB be a multiple of CK : EF is the ſame multiple of GL; 
Take M the ſame multiple of GL that AB is of CK; there. 
fore by prop. C. of B. 5. AB is to CK, as Mto GL; and C0, 

H are equimultiples of CK, GL; wherefore by Cor. 

4. B. 5. AB is to CD, as M to GH. And, by the hypotheſis, 
AB is to CD, as EF to GH; therefore M is equal to EF by 
prop. 9. Book 5. and conſequently EF is the ſame multiple of 
GL that AB is of CK. | 


PROF DA 'V. 


This is not unfrequently uſed in the demonſtration of other 
28288 and is neceſſary in that of prop. . B. 6. It ſeems 

eon has left it out for the reaſon mentioned in the notes at 
prop. A. 5 
| PROP. VIII. B. V. ä 

In the demonſtration of this, as it is now in the Greet, 
there are two caſes, (ſee the demonſtration in Hergavius, or 
Dr Gregory's edition), of which the firſt is that in which AE 
is leſs than EB; and in this, it neceffarily follows that ne 
the multiple EB is greater than ZH the ſame multiple of 
AE, which laſt multiple, by the conſtruction, is greater than 
2; whence alſo ue muſt be greater than a : But in the ſecond 
caſe, viz. that in which EB is leſs than AE, tho' ZH be greater 
than a, yet ue may be leſs than the fame 4; ſo that there 
cannot be taken a multiple of à which is the firſt that is 
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than K or ne, becauſe 4 itſelf is than it: Up- Book v. 
on this account, the author of this demonſtration found it ne. 


to change one = of the conſtruction that was made 
e 


uſe of in the caſe : But he has, without any neceſſity, 
changed alſo another part of it, viz. when rapes th to take 
| N that multiple of a which 2 
is the firſt that is greater than Z ” 
ZH ; for he might have taken I 3 * 
J that multiple of a which is the 
J M firſt that is greater than no, H+ A A 
or K, as was _ 1 the farſt 
e caſe: He likewiſe brings in 
* this K into the — Ae | E Hp E | 
ule; gy ray wan any rea- | | 
„D. ſon; tor it to no pur- 
WA poſe but to lengthen St 2 B A O A 
Intaing monſtration. There is alſo a * 
For let third caſe, which is not mentioned in this demonſtration, viz. 
and let that in which AE in the firſt, or EB in the ſecond of the two 
CL, other caſes, is greater than D; and in this any equimultiples, 
there. as the doubles, of AE, KB are to be taken, as is done in this 
d CD, edition, where all the caſes are at once demonſtrated: And from 
| this it is plain that 'Theon, or ſome other unſkilful editor, has 
thels vitiated this propoſition. X 
EF by 


PROP. IX. B. V. 


Of this there is given a more explicit demonſtration than that 
which is now in the elements, 


PROP. X NV. 


It was neceſſary to give another demonſtration of this pro- 
poſition, becauſe that which is in the Greek and Latin, or o- 
ther editions is not legitimate: For the words greater, the ſame 
or equal, leſſer, have a quite different meaning when applied 
to magnitudes and ratios, as is plain from the 5th and 7th de- 


- finitions of book 5. By the help of theſe let us examine the 
3 K demonſtration of the roth prop. which proceeds thus: « Let A 


% have to C a greater ratio, than B to E: I ſay that A is greater 
e than B. For if it is not greater, it is either equal, or leſs. 
« But A cannot be equal to B, becauſe then each of them 
* would have the ſame ratio to C; but they have not. There- 
« fore A is not equal to B.“ The force of which reaſoning is 
this, if A had to C the ſame ratio that B has to C, then if 
any equimultiples whatever of A and B be taken, and any 

| multipte 
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Bock v. multiple whatever of C; if the multiple of A be greater tha no 
cee multiple of C, then, by the 5th det. of Book 5. the multiple mee 
of B is alfo greater than that of C; but, from the hypotheg ri 

that A has . ratio to C, than B bas to C, there mug, 1 

by the 7th det. of book 5. be certain equimultiples of A and B. gre 

and ſome multiple of C ſuch, that the multiple of A is preater B | 

than the multiple of C, but the multiple of B is not greater anc 

than the ſame multiple of C: And this propoſition directly tip! 
contradicts the preceding; wherefore A is not equal to I C, 

The demonſtration of the 10th prop. goes on thus: ut nei. the 

« ther is A leſs than B; becauſe then A would have a leſs ra. | 

« tio to C, than B has to it: But it has not a leſs ratio, there. F 

« fore A is not leſs than B,“ &c. Here it is ſaid that « A tip 

| « would have a lefs ratio to C, than B has to C,” or, which tip 
| is the ſame thing, that B would have a greater ratio to C, 
than A to C; that is by 7th def. Book g. there muſt be ſome B 


equimultiples of B and A, and ſome multiple of C ſuch, that pr 
the multiple of B is greater than the multiple of C, but the 18 
multiple of A is not greater than it: And it ought to hare A 
been proved that this can never happen if the ratio of A to th 


C be greater than the ratio of B to C; that is, it ſhould have 
been proved, that, in this caſe, the multiple of A is alwaysgreat- 
er than the multiple of C, whenever the multiple of B i; 
greater than the multiple of C; for, when this is demonſtrated, 
it will be evident that B cannot have a greater ratio to C, than be 
A has to C, or, which is the ſame thing, that A cannot have a * 
leſs ratio to C, than B has to C: But this is not at all proved vs 
in the 1oth propoſition: but if the xoth were once demonſtrated, ab 
it would immediately follow from it, but cannot without it ev 
be eaſily demonſtrated, as he that tries to do it will find. Where- * 
fore tho 10th propoſition is not ſufficiently demonſtrated. And P 
it ſeems that he who has given the demonſtration of the 10th rc 
1 as we now have it, inſtead of that which Eudoxus d 
or Euclid had given, has been deceived in applying what is a 
manifeſt, when underſtood of magnitudes, unto ratios, viz. ki 

a magnitude cannot be both greater and leſs than another. 
'That thoſe things which are equal to the ſame are equal to t 
one another, is a moſt evident axoim when underſtood of b 

* g yet Euclid does not make uſe of it to infer that 
thoſe ratios which are the ſame to the ſame ratio, are the ſame 
to one another; but explicitly demonſtrates this in prop. 11. 
of Book 5. The demonſtration we have given of the 10th prop. is 
no 
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no doubt the ſame with that of Eudoxus or Euclid, as it is im- Bock v. 
mediately and „ - ogy from the definition of a greater 
ratio, 8 7. of dy _ * 1 

The above menti propoſition, viz, If A 2 
greater ratio than B to C; and if of A and 9 
B there be taken certain equimultiplies 
and ſome multiple of C; then if the mul- 
tiple of B be greater than the multiple of 
C, the multiple of A is alſo greater than 
the ſame, is thus demonſtrated. A. 

Let D, E be equimultiples of A, B, and D 
F a multiple of C, ſuch, that E the mul- 
tiple of B is greater than F; D the mul. 
tiple of A is alſo greater than F. 

Becauſe A has a greater ratio to C, than 
B to C, A is greater than B, by the 16th 
prop. B. 5. therefore D the multiple of A 
is greater than E the ſame multiple of B: 
And E is greater than F; much more | 
therefore D is greater than F. 


PROP. XIII. B. v. 


In Commandine's, Briggs's, and ory's tranſlations, at the 
beginning of this demonſtration, it is ſaid, « And the multi- 
« ple of C is greater than the multiple of D; but the multi- = 
« ple of E is not greater than the multiple of F;” which 
words are a literal tranſlation from the Greek: But the ſenſe 
evidently requires that it to be 2 t ſo that the multiple of C 
« be greater than the multiple of D; but the multiple of E be 
« not greater than the multiple of F.” And thus this place was 
teſtored to the true reading in the firſt editions of Comman- 
dine's Euclid, printed in 8vo at Oxford; but in the latter edi- 
Sonny at leaſt in that of 1747, the error of the Greek rext was 
ept in. | - 
There is a corollary added to prop. 13. as it is neceſſary to 
the 20th and 21ſt prop. of 22 and is as uſeful as the 
propoſition. 88 | 


PROP. XIV. B. V. 


The two caſes of this, which are not in the Greek, are add- 
ed; the demonſtration of them not being exactly the ſame with 
that of the firſt caſe. | 

X PROP. 
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NOTES. 
PROP. XVIL B.V. 


The order of the words in a clauſe of this is changed to one 
more natural; As was alſo done in prop. 1. 


PROP. XVII. B.V. 


The demonſtration of this is none of Euclid's, nor is it legi- 
timate; for it depends upon this hypotheſis, that to any three 
magnitudes, two of which, at leaſt, are of the ſame kind, 
there may be a fourth proportional: which, if not proved, the 
demonſtration now in the text is of no force: But this js aſ- 
ſumed without any proof; nor can it, as far as I am able to 
diſcern, be demonſtrated by the propoſitions preceding this: 
ſo far is it from deſerving to be reckoned an axiom, as Cla- 
vius, after other commentators, would have it, at the end of 
the definitions of the 5th book. Euclid does not demonſtrate 
it, nor does he ſhew how to find the fourth proportional, be- 
fore the 12th prop. of the 6th book: And he never aſſumes any 
thing in the demonſtration of a propoſition, which he had not 
before demonſtrated ; at leaſt, he aſſumes nothing the exiſtence 
of which is not evidently poſſible; for a certain concluſion can 
never be deduced by the means of an uncertain propoſition: 
Upon this account, we have given a legitimate demonſtration 
of this propoſition inſtead of that in the Greek and other e- 
ditions, which very LY Theon, at leaſt ſome other, has 
put in the place of Euclid's, becauſe he nt it too prolix: 
And as the 17th prop. of which this 18th is the converſe, is de- 
monſtrated by help of the iſt and 2d propoſitions of this book; 
ſo, in the demonſtration now given of the 18th, the 5th prop. 
and both caſes of the 6th are neceſſary, and theſe two propo- 
Gtions are the converſes of the iſt and 2d. Now the 5th and 


6th do not enter into the demonſtration of any propoſition in . 
this book as we now have it: Nor can they be of uſe in any . 


fition of the Elements, except in this 18th, and this is a 
manifeſt proof, that Euclid made uſe of them in his demon- 
ſtration of it, and that the demonſtration now given, which is 
exactly the converſe of that of the 17th, as it ought to be, dif- 
fers nothing from that of Eudoxus or Euclid : For the 5th and 
6th have undoubtedly been put into the 5th book for the fake 
of ſome propoſitions in it, as all the other propoſitions about 
equimultiples have been. | 

Hieronymous Saccherius, in his book named Euclides ab om- 
ni nævo vindicatus, printed at Milan ann. 1733, in 4to, ac- 
. knowledges 


NOTE S. 


knowledges this blemiſh in the demonſtration of the 18th, and Bock 
that he may remove it, and render the demonſtration we now .. 


have of it legitimate, he endeavours to demonſtrate the follow- 
ing propoſition, which is in page 115. of his book, viz. | 

« Let A, B, C, D be four magnitudes, of which the two 
« firſt are of the one kind, and alſo the two others either of the 
« ſame kind with the two firſt, or of ſome other the ſame 
« kind with one another. I ſay the ratio of the third C to the 
« fourth D, is either equal to, or greater, or leſs than the ratio 
« of the firſt & to the — B.“ ö 
And after two propoſitions premiſed as Lemmas, he proceeds 
thus: 

Either among all the poſſible equimultiples of the firſt 
« A, and of the third C, and, at the fame time, am all 
« the poſhble equimultiples of the ſecond B, and of the 
« fourth D, there can be found ſome one multiple EF of the 
« firſt A, and one IK of the ſecond B, that are equal to one 
« another ; and alſo (in the ſame caſe) ſome one multiple 
« GH of the third C equal to LM the multiple of the fourth 
P, or ſuch equality is no where to be found. If the firſt 


« caſe happen, 
« [i. e. if ſuch A F 


E 


« equality is to | 
« be found)itis B ; I K 


« manifeſt from | 
n bs 4 688 H 
« fore demon- 
tc ſtrated, that D— | L— — ——M 
« A is to B, as 5 | | 
« C toD; but if ſuch ſimultaneous equality be not to be 
« found upon both ſides, it will be found either upon one 
„ fide, as u the ſide of A [and B z] or it will be found 
“ upon neither fide; if the firſt happen; therefore (from 
&« Euclid's definition of greater and leſſer ratio foregoing) 
« A has to B, a greater or leſs ratio than C to D; accord- 
« ing as GH the multiple of the third C is leſs, or greater 
than LM the multiple of the fourth D: But if the ſecond 
« caſe happen; therefore upon the one ſide, as upon the fide 
© of A the firſt and B the ſecond, it may happen that the 
« multiple EF, (viz. of the firſt} may be leſs than IK the 
© multiple of the ſecond, while on the contrary, upon the 0- 
« ther fide, I viz. of C and Dij the multiple GH of the third 
C] is greater than the other multiple LM [of the fourth 
* D:] And then (from the "my definition of Euclid) the ra- 
5 bg © 10 


| 
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Book V. cc tio of the firſt A to the ſecond B, is leſs than the ratio of the 
1 chird C to the fourth D; or on the contrary. 

Therefore the axiom [. e. the propoſition before ſet down}, 
cc remains demonſtrated,” &c. 

Not in the leaſt ; but it remains ftill undemonſtrated : For 
what he ſays may happen, may, in innumerable caſes, never 
happen; and therefore his demonſtration does not hold: For 
example, if A be the ſide, and B the diameter of a ſquare; 
and C the fide, and D the diameter of another ſquare; there 
can in no caſe be any multiple of A equal to Iny of B; nor 
any one of. C equal to one of D, as is well known; and yet 
it can never happen that when any multiple of A is greater 
than a multiple of B, the multiple of C can be leſs than the mul- 

tiple of D, nor when the multiple of A is leſs than that of B, 
| the multiple of C can be greater than that of D, viz. taking 
equimultiples of A and C, and 8 of B and D: For 

A, B, C, D are proportionals; and ſo if the multiple of A be 
ter, &c. than that of B, ſo muſt that of C be greater, &c. 

an that of D; by 5th Def. b. 5. 

The ſame objection holds good againſt the demonſtration 
which ſome. give of the iſt prop. of the 6th book, which we 
have made againſt this of 18th prop. becauſe it depends 
upon the ſame inſufficient foundation with the other. 


PROP. XIX. B. V. 


A corollaty is added to this, which is as frequently uſed as 
| the propoſition itſelf. The corollary which is ſubjoined to it 

in the Greek, plainly ſhews that the 5th book has been vitiated 
by editors who were not geometers : For the converſion of ra- 
tios does not depend upon this 19th, and the demonſtration 
which ſeveral of the commentators on Euclid give of conver- 
fion is not legitimate, as Clavius has rightly obſerved, who 
has given a good demonſtration of it which we have put in pro- 
poſition E; but he makes it 2 corollary from the 19th, and be- 
gins it with the words, © Hence it eaſily follows,” though it 
does not at all follow from it. 


P R O P. XX. XXI. XIII. XXIII. XXIV. B. V. 


The demonſtrations of the 20th and 21ſt propoſitions, are 
ſhorter than thoſe Euclid gives of eaſier propoſitions, either 
in the preceding, or following books: Wherefore it was pro- 
per to make them more explicit, and the 22d and 23d propo- 
litions are, as they ought to be, extended to any number of 


magnitudes : 


NOTE 8. 
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magnitudes: And, inlike manner, may the 24th be, as is taken Book V: 
notice of in a corollary z and another corollary is added, as uſe: 


ful as the propoſition, and the words, & any whatever” are ſup« 
plied near the end of prop. 23. which are wanting in the Greek 
text, and the tranſlations from it. 

In a paper writ by Philippus Naudzus, and publiſhed after 
his death, in the hiſtory of the Royal Academy of Sciences of 
Berlin, anno 1745, page 50. the 23d prop. of the 5th book, is 
cenſured as being ob 
prolixly demonſtrated: The enunciation there given is not Eu- 
clid's but Tacquet's, as he acknowledges, which, though not ſo 
well expreſſed, is, upon the matter, the ſame with that which is 
now in the Elements. Nor is there any thing obſcure in it 
though the author of the paper has ſet down the proportionals 
in a diſadvantageous order, by which it appears to be obſcure : 
But no doubt, Euclid enunciated this 23d, as well as the 22d, 
ſo as to extend it to any number of magnitudes, which, taken 
two and two, are proportionals, and not of fix only; and to this 
general caſe, the enunciation which Naudzus gives, cannot be 
well applied. 

The demonſtration which is given of this 23d, in that paper, 
is quite wrong; becauſe, if the proportional magnitudes be 
plane or ſolid figures, there can no rectangle (which he impro- 
perly calls a product) be conceived to be made by any two of 
them: And if it ſhould be ſaid, that in this caſe ſtraight lines 
are to be taken which are proportional to the figures, the de- 
monſtration would this way become much longer than Euclid's : 
But, even though his demonſtration had been right, who does 
not ſce that it could not be made uſe of in the 5th book? 


PROP. F,G,H,K. B. v. 


| Theſe propoſitions are annexed to the 5th book, becauſe they 

are frequently made uſe of by both-ancient and modern geome- 

ters: And in many caſes, compound ratios cannot be brought 
into demonſtration, without making uſe of them. 


Whoever defires to ſee the doctrine of ratios delivered in this 


5th book ſolidly defended, and the arguments brought _ inſt 
it by And. Tacquet, Alph. Borellus, and others, fully , 
mayjread Dr Barrow's mathematical lectures, viz. the 7th and 
8th of the year 1666. PATE 

The 5th book being thus corrected, I moſt readily agree to 
what the learned Dr. Barrow ſays , „ That there is nothing 


Page 336. 


ſcurely enunciated, and, becauſe of this, 
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Book V. Cc jn the whole body of the elements of a more ſubtile invention 
“ !noching more ſolidly eſtabliſhed, and more accurately handled 


been left out, as alſo the enunciation, by ſome unſkilful editor; 
At leaft, it is certain, that Pappus makes uſe of this caſe, as an 
elementary propoſition, without a demonſtration of it, in prop. 
39: of his 7th book of Mathematical Collections. 11 


&« than the doctrine of proportionals.” And there is ſome 7 
| wy to hope, that geometers will think that this could not Jem 

ave been ſaid with as good reaſon, ſinoe Theon's time till the 

preſent. : | | 
DEF. II. and V. of B. VI. ] 
Book vr HE 2d definition does not ſeem to be Euclid's, but ſome tio! 
7 unſkilful editor's : For there is no mention made by Eu- — 
clid, nor, as far as I know, by any other geometer, of recipro- he 
cal figures : It is 1 expreſſed, which made it proper to A 
render it more diſtinct : It would be better to put the follow, of 
ing definition in place of it, viz, : * 
D E F. IL. 

Two magnitudes are faid to be reciprocally proportional ta 
two others, when one of the firſt is to one of the other magni- th 
tudes, as the remaining one of the laſt two is to the remaining 5 
one of the firſt. de 
But the 5th definition, which, ſince Theon's time, has been * 
kept in the elements, to the great detriment of learners, is now | M 
juitly thrown out of them, for the reaſon given in the notes on 5 
the 23d prop. of this book, 5 
PROP. I. and II. B. VI. 7 

To the firſt of theſe a corollary is added, which is often uſed: 

And the enunciation of the ſecond is made more general, 

PROP, II, B. VI. 
A ſecond caſe of this, as uſeful as the firſt, is given in prop. : 

Az; viz. the caſe in which the exterior angle of a triangle is bi- 
ſeed * ſtraight line: The demonſtration of it is very like to f 
chat of the firſt caſe, and upon this account may, probably, have 
a 


FY Dat. ac © 


NOTES. 
PROP. VII. B. VI. 


To this a caſe is added which occurs not unfrequently in 
demonſtrations. , 


Po. VEL. BM VL 


It ſeems plain that ſome editor has changed the demonſtra- 
tion that Euclid gave of this propoſition : For, after he has de- 
monſtrated, that the triangles are equiangular to one another, 
he particularly ſhews that their ſides about the equal angles are 
proportionals, as if this had not been done in the demonſtration 
of the 4th prop. of this book : this ſuperfluous part is not found 
in the tranſlation from the Arabic, and is now left out, 


PR OP. IX. B. VI. 


This is demonſtrated in a particular caſe, viz. that in which 
the third part of a ſtraight line is required to be cut off; which 
is not at all like Euclid's manner: Beſides, the author of the 
demonſtration, from four magnitudes being proportionals, con- 
cludes that the third of them 1s the ſame multiple of the fourth, 
which the firſt is of the ſecond; now, this is no where demon- 
{trated in the 5th book, as we now have it: But the editor aſ- 
ſumes it from the confuſed notion which the vulgar have of pro- 
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portionals: On this account, it was neceſſary to give a general 


and legitimate demonſtration of this propoſition. 
PROP. XVIII. B. VI. 


The demonſtration of this ſeems to be vitiated: For the pro- | 


poſition is demonſtrated. only in the caſe of quadrilateral fi- 
gures, without mentioning how it may be extended to figures 
of five or more ſides: Beſides, from two triangles being equi- 
angular, it is inferred, that a ſide of the one is to the homolo- 


gous ſide of the other, as another fide of the firſt is to the 


lide homologous to it of the other, without permutation of the 


proportionals; which is contrary to Euclid's manner, as is 


clear from the next propoſition : And the ſame fault occurs 
again in the concluſion, where the ſides about the equal angles 
are not ſhewn to be proportionals, by reaſon of again neglect- 
ing permutation. On theſe accounts, a demonſtration is given 
in Euclid's manner, like to that he makes uſe of in the 2oth 


ö | Prop, 
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Book VI. Prop. of this book; and it is extended to fire- ſided figures, by 
ich it may be ſeen how to extend it to figures of any num. 


NOTES 


ber of ſides, 
PROP. XXIII. B. VL 


Nothing is uſually reckoned more difficult in the elements 
pf geometry by learners, than the doctrine of compound ra- 
tio, which Theon has rendered abſurd and ungeometrical, b 
ſubſtituting the th definition of the 6th book in place of the 
right definition, which without doubt Eudoxus or Euclid gave, 
in its proper place, after the definition of triplicate ratio 
&e. in the 5th book. Theon's definition is this; a ratio 
13 ſaid to be compounded of ratios ra e Aoy wn raue 
£D $otvTa; dN u Foz Ot TH. Which Commandine 
thus tranſlates : * quando rationum quantitates inter fe multi- 
cc plicatae aliquam efficiunt rationem;“ that is, when the 
quantities of the ratios being multiplied by one another make a 
certain ratio. Dr Wallis tranſlates the word =2>:xerz7« © ra- 
« tionem cxponentes,” the exponents of the ratios : And Dr 
Gregory renders the laſt words of the definition by (“ illius fa- 
« cit quantitatem,” makes the quantity of that ratio: But in 
whatever ſenſe the “quantities, or * exponents of the ra- 
« tios, and their © multiplication” be taken, the definition 
will be ungeometrical and uſeleſs : For there can be no multi- 
plication but by a number: Now the quantity or exponent of 
a ratio (according as Eutochius in his comment. on prop. 4. 
book 2. of Arch. de Sph. et Cyl. and the moderns explain that 
term) is the number which multiplied into the conſequent term 
of a ratio produces the antecedent, or, which is the ſame thing, 
the number which ariſes by dividing the antecedent by the con- 
ſequent ; but there are many ratios ſuch, that no number can 
ariſe from the diviſion of the antecedent by the conſequent: : 
Ex. gr. the ratio of which the diameter of a ſquare has to the fide 
of it ; and the ratio which the circumference of a circle has 
to its diameter, and ſuch like. Beſides, that there is not the 
leaſt mention made of this definition in the writings of Eu- 
clid, Archimedes, Apollonius, or other antients, tho' they fre- 
quently make uſe of compound ratio: And in this 23d ppc 
the 6th book, where compound ratio is firſt mentioned, 
is not one word which can relate to this definition, tho 
here, if in any place, it was neceſſary to be brought in; but 
right definition is expreſsly cited in theſe words: „ But the 
tt ratio of K to M is compounded of the ratio of K to L, 

6c 
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, by « and of the ratio of L to M.“ This definition therefore of Book VI. 
um. Theon is quite uſeleſs and abſurd : For that Theon brought it. 
into the elements can ſcarce be doubred; as it is to be found 
in his commentary upon Ptolomy's M Zeri, page 62, 
where he alſo gives a childiſh explication of it, as agreeing 
only to ſuch ratios as can be expreſſed by numbers; and from 
this place the definition and explication have been exactly co- 
pied and prefixed to the definitions of the 6th book, as ap- 
pears from Heryagius's edition : But Zambertus and Comman- 
dine, in their Latin tranſlations, ſubjoin the ſame to theſe de- 
fnitions. Neither Campanus, nor, as it ſeems, the Arabic 
manuſcripts, from which he made his tranſlation, have this 
definition. Clavius, in his obſervations upon it, rightly judges 
that the definition of compound ratio might have been made 
after the ſame manner in which the definitions of duplicate 
and triplicate ratio are given, viz. That as in ſeveral magni- 
« tudes that are continual proportionals, Euclid named the 
« ratio of the firſt to the third, the duplicate ratio of the 
« firſt to the ſecond; and the ratio of the firſt to the fourth, 
« the triplicate ratio of the firſt to the ſecond, that is, the 
« ratio compounded of two or three intermediate ratios that 
« are equal to one another, and ſo on; fo, in like manner, if 
« there be ſeveral magnitudes of the ſame kind, following one 
« another, which are not continual. proportionals, the firſt is 
« ſaid to have to the laſt the ratio compounded of all the in- 
« termediate ratios, only for this reaſon, that theſe inter- 
« mediate ratios are interpoſed betwixt the two extremes, viz. 
the firſt and laſt magnitudes ; even as, in the 10th definition 
« of the 5th book, the ratio of the firſt to the third was called 
the duplicate ratio, merely upon account of two ratios be- 
« ing interpoſed betwixt the extremes, that are equal to one 
© another: So that there is no difference betwixt this com- 


| 

| 

| 

« zounding of ratios, and the duplication or triplication of 


« them which are defined in the 5th book, but that in the du- 
e plication, triplication &c. of ratios, all the interpoſed ratios 
are equal to one another; whereas, in the compounding. of 
* ratios, it is not neceſſary that the intermediate ratios ſhould 
e be equal to one another.” Alſo Mr Edmund Scarburgh, 
in his — tranſlation of the firſt ſix books, page 238. 
266, expreſsly afarms, that the 5th definition of the õth book, is 


ſuppokitious, and that the true definition of compound ratio 
13 


NOTES. 


Book VI. is contained in the roth definition of the 5th book, viz. the 
_y— definition of duplicate ratio, or to be underſtood from 


to 
wit, in the ſame manner as Clavius has explained it in 825 
ceding citation. Yet theſe and the reſt of the moderns, do 
notwithſtanding retain this 5th def. of the 6th book, and illu- 
ſtrate and explain it by long commentaries, when they ought 
rather to have taken it quite away from the elements. 

For, by comparing def. 5. book 6. with prop. 5th book g. 
it will clearly appear that this definition has been put into the 
elements in place of the right one which has been taken out 
of them : becauſe, in prop. 3 8. it is demonſtrated that 
the plane number of whi ſides are C, D has to the plane 
number of which the fides are E, Z, (fee Hergavius's or 
Gregory's edition), the ratio which 1s 1 of the n- 
tios of their ſides; that is, of the ratios of C to E, and D to 
Z: and by def. 5. book 6. and the explication given of it by 
all the commentators, the ratio which is compounded of the ra- 
tios of C to E, and D to Z, is the ratio of the product made 
by the multiplication of the antecedents C, D to the product 
by the conſequents E, Z, that is, the ratio of the plane number 
of which the ſides are C, D to the plane number of which the 
ſides are E, Z. Wherefore the propoſition which is the 5th 
def. of book 6. is the very ſame with the 5th prop. of book 8, 
and therefore it ought neceſſarily to be cancelled in one of theſe 
P/::ces;3 becauſe it is avſurd that the ſame propoſition ſhould 
ſlond as a definition in one place of the elements, and be de- 
monſtrated in another place of them. Now, there is no doubt 


the ſame thing is demonſtrated in it concerning plane num- 
bers, which is demonſtrated in prop- 23d, book 6. of equiangu- 
lar parallelograms ; wherefore def. 5. book 6. ought not to be 
in the elements. And from this it is evident that this definition 
is not Euclid's, but Theon's, or ſome other unſkilful geometer's. 

But nobody, as far as I know, has hitherto ſhown the true 
uſe of compound ratio, or for what purpoſe it has been in- 
troduced into geometry : for every propoſition in which com- 
pound ratio is made uſe of, may without it be both enunci- 
ated and demonſtrated. Now the uſe of compound ratio 
conſiſts wholly in this, that by means of it, circumlocutions 


that = 5. book 8. ſhould have a place in the elements, as. 


may be avoided, and thereby propoſitions may be more brief · 


either enunciated or demonſtrated, or both may be done, 
inſtance, if this 23d propoſition of the ſixth book were to 
be enunciated, without mentioning compound ratio, it might 
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NOTES. 


de done as follows. rr be equiangular 5 and Book VI. 
1 


if as a ſide of the firſt to a fide of the ſecond, ſo any aſſumed 
ſtraight line be made to a ſecond ſtraight line; and as the o- 
ther fide of the firſt to the other fide of the ſecond, ſo the ſe- 
cond ſtraight line be made a third. The firſt parallelogram 
i; to the ſecond, as the firſt ſtraight line to the third. And the 
demonſtration would be <xaCtly the fame as we now have it. 
But the ancient geometers, when they obſerved this enuncia- 


ton could be made ſhorter, by giving a name to the ratio 


which the firſt ſtraight line has to the laſt, by which name the 
intermediate ratios might likewiſe be ſignified, of the firſt to 
the ſecond, and of the ſecond to the third, and ſo on, if there 
were more of them, they called this ratio of the firſt to the 


ſt, the ratio compounded of the ratios of the firſt to the ſe- 


cond, and of the ſecond to the third ſtraight line; that is, in 
the preſent example, of the ratios which are the ſame with 


the ratios of the ſides, and by this they expreſſed the propoſi- 


tion more _ thus; If there be two equiangular paralle- 
lograms, they have to one another the ratio which is the 
fame with that which is compounded of ratios that are the 
fame with the ratios of the ſides. Which is ſhorter than the 
preceding enunciation, but has preciſely the ſame meaning. 
Or yet ſhorter thus : Equiangular parallelograms have to one 
another the ratio which is the ſame with that which is com- 
pounded of the ratios of their fides. And theſe two enuncia- 
tions, the firſt eſpecially, agree to the demonſtration which is 
now in the Greek. The propofition may be more briefly de- 
monſtrated; as Candalla does, thus : Let ABCD, CEFG be 
two equiangular parallelograms, and complete the parallelo- 
gam CDHG ; then, becauſe there are three parallelograms 
AC, CH, CF, the firſt AC (by the definition of compound 
ntio) has to the third CF, the ratio D 
which is compounded of the ratio of K. - H 
the firſt AC to the ſecond CH and of 
the ratio of CH to the third CF; but TSS f 
the parallelogram AC is to the pa- B C | 
nllelogram GH, as the ſtraight line 

E—F 


to CG; and the parallel 

CH is to CF, as the ftraight line 

CD is to CE; therefore the parallelogram AC has to CF tho 
mio which is compounded of ratios that are the ſame with the 
Ratios of the ſides. And to this demonſtration agrees the enun- 
cation which at is preſent in the text, viz. Equiangular paralle- 
grams have to one another the ratio which is — 


F — 
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332 NOTE 8. 


Book VT. the ratios of the ſides : For the vulgar reading, © which 
ty « pounded of their ſides,” is abſurd. But, in this edi 
have kept the demonſtration which is in the Greek text, Jine 2 
not ſo ſhort as Candalla's ; becauſe the way of finding the ratio : 
which is compounded of the ratios of the ſides, that is, of fin. Wl of the 
ing the ratio of the parallelograms, is ſhewn in that, but not in « thir 

a 


is eons hook 6 


Candalla's demonſtration z whereby beginners may learn, inlike Wl zn this 
caſes, how to find the ratio which is compo of two r « 80 
more given ratios. | 4 rati 
From what has been ſaid, it may be obſerved, that in a « K t 
magnitudes whatever of the fame kind A, B, C, D, &c. the expre! 
ratio compounded of the ratios of the firſt to the ſecond, of 
the ſecond to the third, and fo on to the laſt, is only a name 
or expreſſion by which the ratio which the firſt A has to the Fre 
laſt D is fignified, and by which at the ſame time the ratios of Ml c the 
all the magnitudes A to B, B to C, C to D from the firſt to cher 
the laſt, to one another, whether they be the ſame, or be not and « 
the ſame, are indicated; as in * which are continual 
proportionals A, B, C, D, &c. the duplicate ratio of the fir 
to the ſecond is only a name, or expreſhon by which the ratio It 
of the firſt A to the third C is ſignified, and by which, at the Brag] 
fame time, is ſhown that there are two ratios of the magni- I be m 
tudes from the firſt to the laſt, viz. of the farſt A to the ſe- book 
cond B, and of the ſecond B to the third or laſt C, which ate bo 
the ſame with one another; and the triplicate ratio of the \ 
firft to the ſecond is a name or expreſſion by which the ratio 115 
of the ſirſt A to the fourth D is ſignified, and by which, at the — 
ſame time, is ſhown that there are three ratios of the magui- 1 
tudes from the firſt to the laſt, viz. of the firſt A to the ſe- * 
cond B, and of B to the third C, and of C to the fourth or — 
laſt D, which are all the ſame with one another; and ſo in Boo 
the caſe of any other multiplicate ratios. And that this uy hat 
the right explication of the meaning of theſe ratios is plan per 
from the definitions of duplicate and triplicate ratio in which tir 
Euclid makes uſe of the ward à e is ſaid to be or is called; 1 1 
which word, he, no doubt, made uſe of alſo in the definition — 
of compound ratio, which Theon, or ſome other, has expun- a 
ged from the elements; for the very ſame word is ſtill retanca_ . pro 


in the wrong definition of compound ratio, which is now the 
5th of the 6th book : But in the citation of theſe definitions it 
; is ſometimes retained, as in the demonſtration of prop. 19- 


\ 


NOTE Ss. 333 
hook 6. « the firſt is ſaid to have, *yev yerac, to the third the Book VL 
duplicate ratio,” &c. which is wrong tranſlated by Comman-— 
line and others, © has” inſtead of “ is faid to have.” and 
ſometimes it is left out, as in the demonſtration of prop. 33. 
of the 11th Book, in which we find « the firſt has, . x to the 
« third the triplicate ratio;” but without doubt t © has,” 
in this place ſignifies the ſame as g x1y4741, is faid to have: 
« So likewiſe in = 23. B. 6. we find this citation, © but the 
« ratio of K to M is compounded, evyx«7a:, of the ratio of 
« K to L, and the ratio of L to M,“ which is a ſhorter way of 
apreſſing the ſame thing, which, according to the definition, 
ought to have been expreſſed by evyzer3s; Amira, is faid to 
compounded. a | 

From theſe remarks, together with the propoſitions ſubjoined | 
to the 5th book, all that is found concerning compound ratio, | 
either in the antient or modern geometers, may be underſtood | 
and explained. | 


PR OP. XXIV. B. VL 


It ſeems that ſome unſkilful editor has made up this demon- 
ſtration as we now have it, out of two others; one of which ma ; 
be made from the 2d prop. and the other from the 4th of this 
book : For after he has, * the 2d of this book, and compo- ö 
ſition and permutation, demon ſtrated that the ſides about the 
angle common to the two parallelo are proportionals, he 
might have immediately concluded that the ſides about the other 
equal angles were proportionals, viz. from prop. 34. B. 1. and 
prop. 7. Book 5. This he does not, but proceeds to ſhow that 
the triangles and parallelograms are equiangular ; and in a te- 
dious way, by * of prop. 4. of this book, and the 22d of 
Book 5. deduces the fame concluſion: From which it is plain 
that this ill compoſed demonſtration is not Euclid's : Thele ſu- 
perfluous things are now left out, and a more ſimple demonſtra- 
tion is given from the 4th prop. of this book, the ſame which 
is in the tranſlation from the Arabic, by help of the 2d prop. 
and compoſition ; but in this the author neglects permutation, 


and does not ſhow the parallelograms to be equiangular, as is : ) 
proper to do for the fake of beginners. 


PROP. XXV. B. VI. 


It is very evident that the demonſtration which Euclid had 
given of this propoſition has been vitiated by ſome unſkilfal 
hand: For, after this editor had demonſtrated that « as the 
« reQilineal figure ABC is to the rectilineal KGH, fo is the 


cc parallelogram 


Bock VI. & paraliclogram BE to the parallelogram EF ;“ nothing more mark 


NOTE 8: 


S—Y— ſhould have been added but this, « and the rectilineal figure ſchen 


« ABC is equal to the parallelogram BE; therefore the rect. 
« lineal KGH is equal to the parallelogram EF,” viz. from 
prop. 14. book 5. But betwixt theſe two ſentences he has in- 
ſerted this; * wherefore, by permutation, as the rectilineal 6. 
« gure ABC to the parallelogram BE, ſo is the rectilineal KG 
« to the parallelogram EF” by which, it is plain, he thought 
it was not ſo evident to conclude that the ſecond of four pro- 
portionals is equal to the fourth from the equality of the fit 
and third, which is a thing demonſtrated in the 14th prop. of 
B. 5. as to conclude that the third ls equal to the fourth, from 
the equality of the firſt and ſecond, which is no where demon- 
{trated in the elements as we now have them : But though this 
propoſition, viz. the third of four proportionals is equal to the 
fourth, if the firſt be equal to the ſecond, had been given in 
the elements by Euclid, as very probably it was, yet he would 
not have made uſe of it in this place; becauſe, as was ſaid, the 
concluſion could have been immediately deduced without this 
ſuperfluous ſtep by utation: This we have ſhown at the 
greater length, both becauſe it affords a certain proof of the 
vitiation of the text of Euclid; for the very ſame blunder is 
found twice in the Greek text of prop. 23. book 1 1. and twice 
in prop. 2. B. 12. and in the 5. 11. 12. and 18th of that Book; 
in which places of book 12. except the laſt of them, it is rightly 
left out in the Oxford edition of Commandine's tranſlation ; 
And alſo that geometers may beware of making uſe of permu- 
tation in the like caſes : for the moderns not unfrequently com- 
mit this miſtake, and among others Commandine himſelf in his 
commentary on prop. 5. book 3. p. 6. b. of Pappus Alexandri- equa 
nus, and in other places : 'The vulgar notion of proportionals 


ea 
has, it ſeems, preoccupied many ſo much, that they do not * 
ſuthciently underſtand the true nature of them. DE 


Beſides, though the rectilineal figure ABC, to which another and 
is to be made ſimilar, may be of any kind whatever yet in the prod 
demonſtration the Greek text has © triangle” inſtead of rectili- EF | 
« neal figure,” which error is corrected in the above-named and 


Oxford edition. | the 
| cire 
PROP. XXVII. B. VI. _ 

T 
The ſecond caſe of this has e, otherwiſe, prefixed to in J 
it, as if it was a different demonſtration, which probably ha- 5 ec 


been done by ſome unſkilful Librarian. Dr Gregory has 1 


Vr 8. 
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ly left it out: The ſcheme of this ſecond caſe ought to be Book VI. 
marked with the ſame letters of the alphabet which are in tige 


ſcheme of the firſt, as is now done. 
PROP. XVIII. and XXX. B. VI. 


' Theſe two problems, to the firſt of which the 27th prop. is 
neceſſary, are the moſt general and uſeful of all in the elements, 
and are moſt frequently made uſe of by the ancient geometers 
in the ſolution of other problems ; and therefore are very igno- 
rantly left out by Tacquet and Dechales in their editions of the 
elements, who pretend that they are ſcarce of any uſe: The 
caſes of theſe problems, wherein it is required to apply a rect- 
angle which ſhall be equal to a given ſquare; to a given ſtraight 
line, either deficient or exceeding by a ſquare; as alſo to apply 
a retangle which ſhall be equal to another given, to a given 
ſtraight line, deficient or exceeding by a ſquare ; are 4 often 
made uſe of by geometers: And, on this account, it is thought 
proper, for the ſake of beginners, to give their conſtructions, 
as follows: 

1. To apply a rectangle which ſhall be equal to a given ſquare, 
to a given ſtraight line, deficient by a ſquare : But the given 
ſquare muſt not be greater than that upon the half of the given 
line. 

Let AB be the given ſtraight line, and let the ſquare upon 
the given ſtraight line C be that to which the rectangle to be 
applied muſt be equal, and this ſquare, by the determination, is 
not greater than that upon half of the ſtraight line AB. 

Biſect AB in D, and if the ſquare upon AD be equal to 
the ſquare upon C, the thing required is done : But if it be not 
equal to it AD muſt be 
greater than C, according 1 HK 


tothe determination : Draw F 

DE at right angles to AB, „ 

and make it equal to C; , 5 

produce ED to F, ſo that 

EF be equal to AD or DB, ©” C 

and from the centre E, at 

the diſtance EF, deſcribe a 

circle meeting AB in G, 

and upon GB deſcribe the ſquare GBKH, and complete the 

rectangle AGHL; alſo join EG: And becauſe AB is biſected 

in D, the rectangle AG, GB together with the ſquare of DG 

15 equal *® to (the ſquare of DB, that is, of EF or EG, that is, 
; to) 


/G B 


25. 4. 
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Book VI. to) the ſquares of ED, DG: Take away the ſquar | 
| ) the ſq a ; quare of DG 


a 6. 2. 


from each of theſe equals; therefore the remain rectangle 
AG, GB is equal to the ſquare of ED, that is, of 2 But the 
rectangle AG, GB is the rectangle AH, becauſe GH is equal 
to GB: therefore the rectangle AH is equal to the given ſquare 
upon the ſtraight line C. Wherefore the rectangle AH equal 
to the given ſquare upon C, has been applied to the given 
* line AB, deficient by the ſquare GE. ch was to 
done. | 

2. To apply a rectangle which ſhall be equal to a given ſquare, 
to a given ſtraight line, exceeding by a ſquare. | 

Let AB be the given ſtraight line, and let the ſquare upon 
the given ſtraight line C be that to which the rectangle to be 
apphed muſt be equal. 

Biſect AB in D, and draw BE at right angles to it, ſo that 
BE be equal to C; and having joined DE, from the centre D 
at the diſtance DE deſcribe a circle meeting AB produced in 
G; upon BG deſcribe the ſquare 
BGHK, and complete the rect- F. 
angle AGHL. And becauſe AB 


is biſected in D, and produced / L AN 
to G, the reftangle AG, GB | | Wy - | \ 
together with the ſquare of DB [__. 

is equal * to (the ſquare of DG, F A D B GC 
or DE, that is, to) the ſquares 

of EB, BD. From each of theſe © 


equals take the ſquare of DB; 
therefore the remaining rectangle AG, GB is equal to the 
ſquare of BE, that is, to the ſquare upon C. But the rectan- 
le AG, GBis the re le AH, becauſe GH is equal to GB: 
fore the rectangle is equal to the ſquare upon C. 


| Wherefore the rectangle AH, equal to the given ſquare upon 


C, has been applied to the given ſtraight line AB, exceeding 
by the ſquare GK. Which was to be done. 
3. To apply a rectangle to a given ſtraight line which fall 
ual to a given rectangle, and be deficient by a ſquare. 
But the given rectangle muſt not be greater than the ſquare 
upon the half of the given ſtraight line. 
Let AB be the given ſtraight line, and let the given rectan- 
gle be that which is contained by the ſtraight lines C, D which 
is not greater than the ſquare upon the half of AB; it is te- 
quired to apply to AB a rectangle equal to the rectangle C, D, 
deficient by a ſquare. His 


ERS 583 


EO 858928 SE 


2822 


888 388383 


2 


line AB, deficient by the ſquare BP. Which was to be done. 
| Y 


N OTE S. „ 


Draw AE, BF at right angles to AB, upon the ſame fide of it, Book VI. 
and make AE equal to C, and BF to D: Join EF and biſect it 
in G; and from the centre G, at the diſtance GE, deſcribe a 
circle meeting AE again in H: join HF and draw GK parallel 
to it, and GL parallel to AE meeting AB in L. 
Becauſe the angle EHF in a ſemicircle is equal to the right 

ingle EAB, AB and HF are parallels, and AH and BF are 

arallels; wherefore AH is equal to BF, and the reQangle 

A, AH equal to the rectangle EA, BF, that is to the 
rectangle C, D: And becauſe EG, GF are equal to one another, 
and AF, LG; BF parallels: therefore AL and LB are equal 
alſo EK is equal to KH *, and the rectangle C, D from the 3. 3. 
determination, is not greater than the ſquare of AL the half 
of AB; wherefore the rectangle EA, AH is not greater than 
the ſquare of AL, that is of KG: Add to each the ſquare 
of KE; therefore the ſquare d of AK is not greater than the b 6. 2. 
ſquares of EK, KG, that is, 
than the ſquare of EG; and 8 
conſequently the ſtraight line E 
AK or GL is not greater —_— 
than GE. Now, if GE be 
equal to GL, the circle EHF 
touches AB in L, and there- | c 36. 3. 
fore the ſquare of AL is c e- | 
qual to the rectangle EA, 
AH, that is to the given rect- A L N 
angle C, D; and that which 
was required is done: But if 
EG, GL be unequal, EG Q | 
muſt be the greater : and | 
therefore the circle EHF cuts the ſtraight line AB: let it cut it 
in the points M, N, and upon NB deſcribethe ſquare NBOP, and 
complete the rectangle ANPQ : Becauſe ML is equal to à LN, d z. 3. 
and it has been proved that AL is equal to LB ; therefore 
AM is equal to NB, and the rectangle AN, NB equal to the 


I” 


rectangle NA, AM, that is, to the rectangle e EA, AH or the e Cor. 36.3. 
rectangle C, N: But the rectangle AN, NB is the rectangle 


AP, becauſe PN is equal to NB: Therefore the rectangle AP 
is equal to the rectangle C, D; and the rectangle AP equal to 
the given rectangle C, D has been applied to the given ſtraight 


4. To 
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Book. VI. 4. To apply a rectangle to a given ſtraight line that ſhall be 
- — equal to a 2 rectangle, exceeding by a ſquare. - 
Let AB 


2 35. 3» 


AE; let the circle meet AB E of "a. 


_ ABandHF areparallels, and 


the given ſtraight line, and the rectangle C, D 
the given rectangle, it is required to apply a rectangle to AB 
equal to C, D, exceeding by a ſquare. | 

Draw AE, BF at right angles to AB, on the contrary 
ſides of it, and make equal to C, and BF equal to D: 
Join EF, and biſect it in G; and from the centre G, at the 
diſtance GE, deſcribe a circle meeting AE again in H ; join 
HF, anddraw GL parallel to 


uced in M, N, and upon — 
br deſcribe the ſquare | 


BNOP, and complete the 
rectangle ANPQ ;becauſethe O P 

le EHF in a {ſemicircle is Qp—— 
equal tothe right angle EAB, L 


therefore AH and BF are e- | 
qual, and the rectangle EA, F 
AH equal to the reQtangle 


EA, BF, that is, to the rectangle C, D: And becauſe ML is 


equal to LN, and AL to LB, therefore MA is equal to BN, and 
the rectangle AN, NB to MA, AN, that is, to the rectangle 
EA, AH, or the rectangle C, D: Therefore the rectangle AN, 
NB, that is, AP, is equal to the rectangle C, D; and to the gi- 
ven ſtraight line AB the rectangle AP bh been applied equal to 
the given rectangle C, D, exceeding by the ſquare BP. Which 
was to be done. 

Willebrordus Snellius was the firſt, as far as I know, who 
gave theſe conſtructions of the 3d and 4th problems in his Ap- 
pollonius Batavus: And afterwards the learned Dr Halley gave 
them in the Scholium of the 18th prop. of the 8th book of A- 
pollonius's conics reſtored by him. | 

The 3d problem is otherwiſe enunciated thus: To cut a 
given ſtraight line AB in the point N, ſo as to make the rect- 
angle AN, NB equal to a given ſpace: Or, which is the 
ſame thing, having given AB the ſum of the ſides of a rect- 
anges and the magnitude of it being likewiſe given, to find 
its tides. ; | 

And the 4th problem is the ſame with this, To find 9 

: n 


NOTE S. 38 
N in the given ſtraight line AB produced, ſo as to make the Book VII. 
rectangle AN, NB equal to a given ſpace : Or, which is the vw | 
ſame thing, having given AB the difference of the ſides of a | 
rectangle, and the magnitude of it, to find the fides. 


PROP. XXIII. B. VI: 


In the demonſtration of this, the inverſion of proportionals is 
twice neglected, and is now added, that the concluſion may be 
legitimately made by help of the 24th prop. of B. 5. as Clavius 
had done. | 


PROP. XXIII. B. VI. 

The enunciation of the preceding 26th prop. is not general e- 
nough; becauſe not only two ſimilar paralletograms that have 
an angle common to both, are about the fame diameter; but 
likewiſe two fimilar parallelograms that have vertically oppoſite 
angles, have their diameters in the ſame ſtraight line: But there 
ſ:ems to have been another, and that a direct demonſtration of 
theſe caſes, to which this 32d propoſition was needful : And the 


32d may be otherwiſe and ſomething more briefly demonſtrated 
as follows. | 
PROP. XXXIL B. VI. 

If two triangles which have two {les of the one, c. 
Let GAF, HFC be two triangles which have two fides AG, 
GE, proportional to the ſides two FH, HC, viz. AG to GF, as 
FH to HC; and let AG be paral- 

le! to FH, and GF to HC; AF A 
and FC are in a ſtraight line. 

Draw CK parallel * to FH, and E 
let it meet GF produced in K: 
Becauſe AG, KC are each of them 
parallel to FH, they are parallel * F. 
to one anoth@, and therefore the B = GC 

alternate angles AGF, FKC are e- * ; 
qual: And AGis ta GF, as (FH to HC, that is e) CK to KF; c 34. r. 
wherefore the triangles AGF, CKF are equiangular d and the d 6. 6. 
angle AFG equal to the angle CFK: But GEK is a ſtraight line, 
therefore AF and FC are in a ſtraight linee. ; 

The 26th prop. is demonſtrated from the 42d, as follows. 
If two fimilar and fimilarly placed parallelograms have an an- 
gle common to both, or vertically oppoſite angles; their diame- 
ters are in the ſame ſtraight line. | TY 
1. Fir, / 
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NOTE 8. : 
Firſt, Let the parallelograms ABCD, AEFG have the angle 


—=— BAD common to both, and be ſimilar, and fimilarly placed; 


a Cor. 19. 
F. 


178 at one angle, in the point 
Þ 32. 6. 


ABCD, AEFG are about the ſame diameter. 

Produce EF, GF, to H, K, and join FA, FC; then be. 
cauſe the parallelograms ABCD, AEFG are ſimilar, DA 
is to AB, as GA to AE: where- G 
fore the remainder DG is * to the A 
remainder EB, as GA to AE: But 
DG is equal to FH, EB to HC, E 
and AE to GF: Therefore as FH 
to HC, ſo is AG to GF; and 


FH, HC are parallel to AG, GF; 
and the triangles AGF, FHC are 


; wherefore AF, FC are in the ſame ſtaight line d. 

Next, Let the parallelograms KEFHC, GFEA, which are ſi- 
milar and fimilarly placed, have their angles KFH, GFE verti- 
cally oppoſite ; their diameters AF, FC are in the ſame ſtraight 
line | 


Becauſe AG, GF are parallel to FH, HC; and that AG 
is to GF, as FH to HC; therefore AF, FC are in the ſame 
ſtraight line d. 


P R O P. XXIII. B. VL 


The words © becauſe they are at the centre,” are left out, as 
the addition of ſome unſkil ul hand. | 

In the Greek, as alſo in the Latin tranſlation, the words 
« rex, © any whatever,” are left out in the demonſtration of 
both parts of the propoſition, and are now added as quite neceſ- 
fary ; and, in the demonſtration of the ſecond part, where the 
triangle BGC is proved to be equal to CGE, the illative par- 
ticle age in the Greek text ought to be omitted. 

The ſecond part of the propoſition is an addition of Theon's, 
as he tells us in his commentary on Ptolomy's e Tora, 


p. S0 | 
PROP. B. c. D. B. VI. 


Theſe three propoſitions are added, becauſe they are frequent 
ly made uſe of by geometers. DEF 


n 1 * 


N OT ES. 


DEF. IX. and XI. B. X. 


HE fimilitude of plane figures is defined from the e. 
T quality of their angles, and the proportionality of the 
ſides about equal angles; for from the proportionality of 
the ſides only, or only from the equality of the angles, the 
fimilitude of the figures does not follow, except in the caſe 
when the figures are triangles : The ſimilar poſition of the ſides 
which contain the figures, to one another, depending partly 
upon each of theſe: And for the ſame reaſon, thoſe are fi- 
milar ſolid figures which have all their ſolid angles equal, each 
to each, and are contained by the ſame number of ſimilar 


plane figures : For there are ſome ſolid figures contained by fi- 


milar plane figures, of the ſame number, and even of the 


ſame magnitude, that are neither ſimilar nor equal, as ſhall 


be demonſtrated after the notes on the roth definition : Upon 
this account it was neceſſary to amend the definition of ſimi- 
lar ſolid figures, and to place the definition of a ſolid angle 


before it: and from this and the 1oth. definition, it is ſuffici- 


ently plain how much the elements have been ſpoiled by un- 
kilful editors. 


DEF. IL. B. XL 


vince the meaning of the word “ equal” is known and 
eſtabliſhed before it comes to be uſed in this definition: 
therefore the propoſition which is the 10th definition of this 
Book, is a theorem, the truth or falſehood of which ought to 
be demonſtrated, not afſumed ; ſo that Theon, or ſome o- 
ther Editor, has ignorantly turned a theorem which ought 
to be demonſtrated into this 1oth definition: That figures are 
hmilar, ought to be proved from the definition of fimilar 
ſigures; that thy are equal ought to be demonſtrated from 
the axiom, « Megnitades that wholly coincide, are equal 
to one another; or from prop. A. of Book 5. or the gth 
prop. or the 14th of the ſame Book, from one of which the 
equality of all kind of figures muſt ultimately be deduced. 
In the preceding Books, Euclid has given no Jefnition of e- 
qual figures, and it is certain he did not give this: For what is 
called the firſt def. of the third Book, is really a theorem in 
which theſe circles are ſaid to be equal, that have the ſtraight 
lines from their centres to the circumferences equal, which is 


plain, from the definition of a circle; and therefore has by 
F'Y ſome 


— 
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. Book XI. ſome editor been improperly placed among the definitions. The 


s # 


Þ4. 1. 


£8. 


1. 
. 


ge 


the other angles; there- 


NOTES, 


( — of figures ought not to be defined, but demonſtrated: 

erefore, though it were true, that ſolid figures contained by 
the ſame number of ſimilar and equal plane figures are equal to 
one another, yet he would juſtly deſerve to be blamed who 
would make a definition of this propoſition which ought to be 
demonſtrated. But if this propoſition be not true, muſt it not 
be confeſſed, that geometers have, for theſe thirteen hundred 
years been miſtaken in this elementary matter? And this ſhould 
teach us modeſty, and to acknowledge how little, through the 
weakneſs of our minds, we are able to prevent miſtakes even in 
the principles of ſciences which are juſtly reckoned amongſt the 
moſt certain; for that the propoſition is not univerſally true, 


can be ſhewn by many examples: The following is ſufhcient. ' 


Let there be any plane rectilineal figure, as the triangle 
ABC, and from a point D within it draw * the ſtraight line 
DE at right angles to the plane ABC; in DE take DE, DF 
equal to one another, upon the oppoſite ſides of the plane, 


and let G be any point in EF; join DA, DB, DC: EA 


EB, EC; FA, FB, FC; GA, GB, GC: Becauſe the ſtraight 
line EDF is at right. angles to the plane ABC, it makes right 
angles with DA, DB, DC which it meets in that plane; and 
m the triangles EDB, FDB, ED and DB are equal to FD and 
DB, each to each, and they contain right angles ; therefore 
r HE: 

to the baſe FB; in the G 

ſame manner FA is e- 
qual to FA, and EC to 
FC: And in the triangles 
EBA, FBA, EB, BA 
are equal to FB, BA, 
and the baſe EA is e- 
qual to the baſe FA; 
wherefore the angle 
EBA is equal < to the 
angle FBA, and the tri- 
angle EBA equal b tc 
the triangle FBA, and 
the other angles equal to 


fore theſe triangles are 
ſimilar d: In the fame manner the triangle EBC is ſimilar te 
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the triangle FBC, and the triangle EAC to FAC; therefore Book XI. 
there are two ſolid figures each of which is contained by fix —w— 
triangles, one of them by three triangles, the common vertex 
of which is the point G, and their baſes the ſtraight lines AB, 
BC, CA and by three other triangles the common vertex 
of which is the point E and their baſis the ſame lines AB, 
BC, CA; The other ſolid is contained by the fame three tri- 
angles the common vertex of which is. G, and their baſes AB, 
BC, CA ; and by three other triangles of which the common 
yertex is the point F, and their baſes the ſame ſtraight lines 
AB, BC, CA: Now the three triangles GAB, GBC, GCA 
are common to both ſolids, and the three others EAB, EBC, 
ECA of the firſt ſolid have been ſhown equal and ſimilar to the 
three others FAB, FBC, FCA of the other ſolid, each to each; 
therefore theſe two ſolids are contained by the fame number of 
equal and fimilar planes : But that they are not equal is mani- 
feſt, becauſe the firſt of them is contained in the other: There- 
fore it is not univerſally true that ſolids are equal which are 
contained by the ſame number of equal and ſimilar planes. 

Cor. From this it appears that two unequal ſolid angles may 
be contained by the fame number of equal plane angles. 

For the ſolid angle at B, which is contained by the four plane 
angles EBA, EBC, GBA, GBC is not equal to the ſolid angle 
at the ſame point B which is contained by the four plane angles 
FBA, FBC, GBA, GBC; for this laſt contains the other : 
And each of them is contained by four plane angles, which are 
equal to one another, each to each, or are the ſelf ſame; as 
has been proved: And indeed there may be innumerable ſolid 
angles all unequal to one another, which are each of them con- 
tained by plane angles that are equal to one another, each to 
each : It is likewiſe manifeſt that the before-mentioned ſolids 
are not ſimilar, ſince their ſolid angles are not all equal. 

And that there may be innumerable ſolid angles all unequal 
to one another, which are each of them contained by the ſame 
plane angles diſpoſed in the fame order, will be plain from the 
Sq three fallowing propoſitions. | 


PROP. Il PROBLEM. 
Three magnitudes, A, B, C being given, to find a fourth 


lar to ſuch, that every three ſhall be greater than the remaining one. 
the Let D be the fourth: . B, 
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—— les chan either of the two B and C: And firſt, let B and C 


NOT IZ Z. 
er: Of the three A, B, C, let A be that which is not 


together be not leſs than A: therefore B, C, D together are 
greater than A; and becauſe A is not leſs than B; A, C, D 
together are greater than B: In the like manner A, B, D to- 
gether are greater than C: Wherefote in the caſe in Which B 
and C together are not leſs than A, any magnitude D which is 
leſs than A, B, C together will anſwer the problem. 

But if B and C together be leſs than A; then, becauſe it is 
required that B, C, D together be greater than A, from each 
of theſe taking away B, C, the remaining one D muſt be 
greater than the exceſs of A above B and C: Take therefore 
any magnitude D which is leſs than A, B, C together, but 
greater than the exceſs of A above B and C; Then B, C, D 
together are greater than A; and becauſe A is greater than ei- 
ther B or C, much more will A and D, together with either of 
the two B, C be greater than the other : And, by the con- 


ſtruction, A, B, C are together greater than D. 


Cor. If beſides it be required, that A and B together ſhall 
not be leſs than C and D together; the exceſs of A and B to- 
gether above C muſt not be leſs than D, that is, D myſt not be 
greater than that exceſs. - 


PROP. ll. PROBLEM. 


Four magnitudes A, B, C, D being given, of which A and 


B together are not lefs than C and D together, and ſuch that 
any three of them whatever are greater than the fourth ; it is 
required to find a fifth magnitude E ſuch, that any two of the 
three A, B, E ſhall be greater than the third, and alſo that any 
two of the three C, D, E ſhall be greater than the third. Let 
A be not leſs than B: And C not leſs than D. 

Firſt, Let the exceſs of C above D be not leſs than the exceſs 
of A above B: It is plain that a magnitude E can be taken 
which is leſs than the ſum of C and D, but greiter than the 
exceſs of C above D; let it be taken; then 4 is greater like- 


wiſe than the exceſs of A above B; wherefore E and B together 
are greater than A; and A is not leſs than B; therefore A and 
E together are greater than B: And, by the hypotheſis, A and 
B together are not leſs than C and D together, and C and D 
toge 998 than E; therefore likewiſe A and B are 


greater than 


ther : 


and 7 
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the 

C, D are together greater than the fourth A; C and D toge- 
ther are greater than the exceſs of A above B: Therefore a 
magnitude may be taken which is leſs than C and D together, 
but greater than the exceſs of A above B. Let this magnitude 
be E; and becauſe E is greater than the exceſs of A above B, 
B together with E is greater than A: And, as in the preceding 
caſe, it may be ſhown that A together with E is greater than 
B, and that A together with B 1s greater than E: Therefore, 
in each of the caſes, it has been ſhown that any two of the 
three A, B, E are greater than the third. 

And becauſe in each of the caſes E is greater than the exceſs 
of C above D, E together with D is greater than C; and, 
the hypotheſis, C is not leſs than D; therefore E together wi 
C is greater than D; and, by the conſtruction, C and D toge- 
ther are greater than E: Therefore any two of the three, C, 
D, E are greater than the third. 


PROP. IL THEOREM 


There may be innumerable ſolid angles all unequal to one 
another, each of which is contained by the ſame four plane an- 
cles, placed in the ſame order. 

Take three plane angles, A, B, C, of which A is not leſs 
than either of the other two, and ſuch, that A and B toge- 
ther are leſs than two right angles: and by problem 1. and 
its corollary, find a fourth angle D ſuch, that any three what- 
ever of the angles A, B, C, D be greater than the remaining 
angle, and ſuch, that A and B together be not lefs than C 
and D together: And by problem 2. find a fifth angle E ſuch 
that any two of the angles A, B, E be greater than the third, 


A 


aud alſo that any two of the angles C, D, E be greater * 
| the 


| 


E F | 
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Book XI. the third: And becauſe A and B together are leſs than two 
_y— right angles, the double of A and B together is leſs than four 


® 23. 11. 


right angles : But A and B together are greater than the angle 
E; wherefore the double of A, B jo. 1p is greater than 
the three angles A, B, E together, which three are conſe. 
quently leſs than four right angles; and every two of the 
ſame angles A, B, E are greater than the third; therefore, 
by prop. 23. 11. a ſolid angle may be made contained by three 
42 angles equal to the angles A, B, E, each to each. Let 
this be the angle F contained by the three plane angles GFH, 
HFK, GFK which are equal to the angles A, B, E, each to 
each : And becauſe the angles C, D together are not greater 
than the angles A, B together, therefore the angles C, D, E 
are not greater than the angles A, B, E: But theſe laſt three are 
lefs than four right angles, as has been demonſtrated : where. 
fore alſo the angles C, B, E are together leſs than four right 
angles, and every two of them are greater than the third; there- 
fore a ſolid angle may be made which ſhall be contained by three 
plane angles equal to the angles C, D, E, each to each“: And 


1 F 


. 
XXX 2 


by prop. 26. 11. at the point F in the ſtraight line FG a ſolid 
angle may be made equal to that which is Nn by the 
three plane angles that are equal to the angles C, D, E: Let 
this be made, and let the angle GFK, which is equal to E, be 
one of the three: and let KFL, GFL be the other two which 
are equal to the angles, C, D, each to each. Thus there is 2 
ſolid angle conſtituted at the point F contained by the four plane 
angles GFH, HFK, KFL, GFL which are equal to the angles 
A, B, C, D, each to each. F 

Again, Find another angle M ſuch, that every two of the 
three angles A, B, M be greater than the third, and alſo 
every two of the three C, D, M be greater than the yr? 


NOTE 8. 


And, as in the preceding part, it may be demonſtrated that Book XI. 


the three A, B, M are leſs 0 
than four right angles, as alſo, N 
that the three C, D, M are 
leſs than four right angles. 
Make therefore * a ſolid angle 
at N contained by the three 
plane an les ONP, PNQ, 
ONO, which are equal to A, 0 
B, M, each to each: And by | 
prop. 26. 11. make at the 
point N in the ſtraight line ON a ſolid angle contained by threes 
plane angles of which one is the angle ONQ equal to M, and 
the other two are the angles QNR, ONR which are equal to 
the angles C, D, each to each. Thus, at the point N, there 
is a ſolid angle contained by the four plane angles ONP, PN 
QNR, ONR which are equal to the angles A, B, C, D, ea 
to each. And that the two ſolid angles at the points F, N, 
each of which is contained by the above named four plane an- 
gles, are not equal to one another, or that they cannot coin- 
cide, will be plane by conſidering that the angles GFK, ** 
that is, the angles E, M, are unequal by the conſtruction; an 
therefore the ſtraight lines GF, FK cannot coincide with ON, 
NO, nor conſequently can the ſolid angles, which therefore 
are unequal. | 

And becauſe from the four plane angles A, B, C, D, there 
can be found innumerable other angles that will ſerve the ſame 
purpoſe with the angles E and M; it is plain that innumerable 
other ſolid angles may be conſtituted which are each contained 
by the ſame Hoe lane angles, and all of them unequal to one 


P 


| another, Q. E. D. 


And from this it appears that Clavius and other authors are 
miſtaken, who aſſert that thoſe ſolid angles are equal which are 
contained by the ſame number of plane angles that are equal to 
one another, each to each. Alſo it is plain that the 26th prop. 
of book 11. is by no means ſufficiently demonſtrated, becauſe 
the equality of two ſolid angles, whereof each is contained by 
three plane angles which are equal to one another, each to 
each, is only afſumed, and not demonſtrated, 


PROP. 


Q a 23. IT, 
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NOTE s. 


PROP. I. B. XL 


The words at the end of this, « for a ſtraight line cannot done, t. 
ec meet a ſtraight line in more than one point,” are left out, as an 
addition by ſome unſkilful hand ; for this is to be demonſtrated, 
not aſſumed. : , 

Mr Thomas Simpſon, in his notes at the end of the 2d edition In th 
of his elements of geometry, p. 262. after repeating the words re left 
of this note, adds, No, can it poſſibly — any want of 4 in thi 
« ſkill in an editor (he means Euclid or Theon) to refer to an «no O 
tc axjom which Euclid himſelf hath laid down, 1. Ne. 14.” from tl 
he means Barrow's Euclid, for it is the 10th in the Greek, « and one of 
ec not to have demonſtrated, what no man can demonſtrate ?” ment li 
But all that in this caſe can follow from that axiom is, that, if not a ſt 
two ſtraight lines could meet each other in two points, the parts which 
of them betwixt theſe points muſt coincide, and ſo they would 
have a ſegment betwixt theſe points common to both. Now, 28 
it has not been ſhown in Euclid, that they cannot have a com- The 
mon ſegment, this does not prove that they cannot meet in two 

ints from which their not having a common ſegment, is de- 11.1 
duced in the Greek edition: But, on the contrary, becauſe * needle 
cannot have a common ſegment, as is ſhown in Cor. of 11 
prop. Book 1. of 4to edition, it follows plainly that they cannot 
meet in two points, which the remarker ſays no man can de- In t 
monſtrate. Creek 

Mr Simpſon, in the ſame notes, p. 265. juſtly obſerves, that Oxfor: 
in the corollary of prop. 11, Book 1. 4to edit. the ſtraight lines 
AB, BD, BC, are ſuppoſed to be all in the ſame plane, which 
cannot be afſumed in 1ſt prop. book 11. This, ſoon after the 
4to edition was publiſhed, I obſerved and corrected as it is now 
in this edition: He is miſtaken in thinking the 1oth axiom he 
mentions here to be Euclid's ; it is none of Euclid's, but is the 
oth in Dr Barrow's edition, who had it from Herigon's Curius, 
vol. 1. and in place of jt the corollary of 1oth prop. Book J. 
was added. 


& $'$ Hy JW BI * 


This propoſition ſeems to have been _—__ and vitiated by 
| ſome editor; for all the figures defined in the 1ſt book of the 
elements, and among them triangles, are by the hypotheſis, 
plane figures; that is, ſuch as are deſcribed in a plane; where- 
fore the ſecond part of the enunciation needs no demonſtration. 
Beſides, a convex ſuperficies may be terminated by three ſtraight 
lines 
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te 2” 
t, if 


* K* 


FEE F873 8 


F Fr 


* 
— 


22598 


1 F. 


rn 


lines meeting one another: The thing that ſhould have been Book Xl. 
12 lines, that mee 


demonſtrated is, that two, or three 
one another, are in one plane. And as this is not ſufficient! 
done, the enunciation and demonſtration are changed into thoſe 
now put into the text. . 


PROP. III. B. XL. 


In this propoſition the following words near to the end of it 
are left out, viz. © therefore DEB, DFB are not ſtraight lines; 
« in the like manner it may be demonſtrated that there can be 
« no other ſtraight line between the points D, B:“ Becauſe 
from this, that two lines include a ſpace, it only follows that 
one of them is not a ſtraight line : And the force of the argu- 
ment lies in this, viz. if the common ſection of the planes be 
not a ſtraight line, then two ſtraight lines could include a ſpace, 
which is abſurd ; therefore the common ſection is a ſtraight line. 


PROP. N. BR. XL 


The words © and the triangle AED to the triangle BEC“ 
ue omitted, becauſe the whole concluſion of the 4th prop. 
B. 1. has been ſo often repeated in the preceding Books, it was 
needleſs to repeat it here. 


TaDE VT. 0 Xx 


In this, near to the end, , ought to be left out in the 
Greek text: And the word « plane” is rightly left out in the 
Oxford edition of Commandine's tranſlation. 


FROF.. VE. KL AL 


This propoſition has been put into in this book by ſome un- 
kilful editor, as is evident from this, that ſtraight lines which 
are drawn from one point to another in a plane; are, in the 
preceding books, ſuppoſed to be in that plane: And if they 
were not, ſome demonſtrations in which one ſtraight line is 
ſuppoſed to meet another would not be conclufive, becauſe 
theſe lines would not meet one another : For inſtance, in prop. 
39. B. 1. the ſtraight line GK would not meet EF, if GK were 
not in the plane in which are the parallels AB, CD, and in 
which, by hypotheſis, the ſtraight line EF is: Beſides, this 


ith propoſition is demonſtrated by the preceding 3. in which 

the very thing which is propoſed to be demonſtrated in the 7th, 

5 twice aſſumed, viz. that the ſtraight line drawn from one 

point to another in a plane, is in that plane; and the ſame thing 

5 aſſumed in the preceding 6th prop. in which the ſtraight 15 
g whic 
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Bock xl. which joins the points B, D that are in the plane to which AB be rea 
d CD are at right angles, is ſuppoſed to be in that plane: « cit! 
And the 7th, of which another demonſtration is given, is kept At 
in the book merely to preſerve the number of the propoſitions; ner 
for it is evident from the 7th and 35th definitions of the iſt any d 
book, though it had not been in the elements. cher 


PROP. VEL . IL 


In the Greek, and in Commandine's and Dr Gregory's tranſ. 
lations, near to the end of this propoſition, are the following Ar 
words: « But DC is in the plane through BA, AD,” inſtead of « if 1 

which, in the Oxford edition of Commandine's tranſlation is 
Tightly put © but DC is in the plane through BD, DA: But 
all the editions have the following words, viz. „ becauſe AB, 
« BD are in the plane thro BD, DA, and DC is in the plane 
« in which are AB, BD,” which are manifeſtly corrupted, or « H 
| have been added to the text; for there was not the leaſt neceſ- 


« of 
ſity to go ſo far about to ſhow that DC is in the ſame plane in « ig 
which are BD, DA becauſe it immediately follows from prop. 

7. preceding, that BD, DA, are in the plane in which are the 
parallels AB, CD: Therefore, inſtead of theſe words, there T1 

' ought only to be © becauſe all three are in the plane in which 
<« are the parallels AB, CD.” | __ 
PROP. XV. B. Ni. | — 


After the words, © and becauſe BA is parallel to GH,” the caſe 
following are added, „ for each of them is parallel to DE, and 
« are not both in the ſame plane with it,” as being maniſeſtiy 
forgotten to be put into the text. 


PROP. XVI. B. XI. a fit 


In this, near to the end, inſtead of the words, « but ſtraight i 58g, 
e lines which meet neither way” ought to be read, «but ſtraight * 


« lines in the ſame plane which produced meet neither v:? _ 
Becauſe, though in citing this definition in prop. 27. book 1. ded 
it was not neceſſary to mention the words, «© in the ſame plane,” this 
all the ſtraight lines in the books preceding this being in the 5 
ſame plane ; yet here it was quite neceflary. hs 
PROP. XX. B. NX. 
In this near the beginning, are the words, « But if not, I 


e let BAC the greater :” But the angle BAC may happen to fam 
de equal to one of the other two: Wherefore this place * to be 


NOTE S. 


be read thus, But if not, let the angle BAC be not leſs than Bock Xl. 
—— 


« either of the other two, but greater than DAB.” 

At the end of this propoſition it is ſaid, © in the ſame man- 
« ner it may be demonſtrated,” though there is no need of 
any demonſtration ; becauſe the angle BAC being not leſs than 
aller of the other two, it is evident that BAC together withone 
of them is greater than the other. 


PROP. XXII. B. XI. 


And likewiſe in this, near the beginning, it is ſaid, “But 
« if not, let the angles at B, E, H be unequal, and let the 
« angle at B be greater than either of thoſe as E, H:“ Which 
words manifeſtly ſhow this place to be vitiated, becauſe the an- 


gle at B may be equal to one of the other two. They ought 


therefore to be read thus, “ But if not, let the angles at B, E 
« H be unequal, and let the angle at B be not leſs than either 
« of the other two at E, H: Therefore the ſtraight line AC 
« jg not leſs than either of the two DF, GK.” 


PROP. XXIII. B. XI. 


The demonſtration of this is made ſomething ſhorter, by not 
repeating in the third caſe the things which were demonſtrated 
in the firſt; and by making uſe of the conſtruction which Cam- 
panus has given; but he does not demonſtrate the ſecond and 
third caſes: The conſtruction and demonſtration of the third 
caſe are made a little more ſimple than in the Greek text. 


PROP. XXIV. B. XI. 


The word « ſimilar” is added to the enunciation of this pro- 
N becauſe the planes containing the ſolids which are to 
« demonſtrated to be equal to one another, in the 25th pro- 
poſition, ought to be ſimilar and equal, that the equality of the 
ſolids may be inferred from prop. C, of this book: And, in the 
Oxford edition of Commandine's tranſlation, a corrollary is ad- 


died to prop. 24. to ſhow that the 8 mentioned in 


this propoſition are ſimĩlar, that the equality of the ſolids in 
prop. 25. may be deduced from the roth def. of Book. 11. 


PROP. XXV. and XVI. B. XI. 


In the 25th prop. ſolid figures which are contained by the 
ſame number of ſimilar and equal plane figures, are ſuppoſed 
to be equal to one another. And it ſeems that Theon, or _ 

| 0 
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Book XI. other editor, that he might ſave himſelf the trouble of demons 


ſtrating the ſolid figures mentioned in this propoſition to be 
equal to one another, has inſerted the 1oth def. of this book, 
to ſerve inſtead of a demonſtration z which was very ignorant. 
done. | 

7 Likewiſe in the 26th prop. two ſolid angles are ſappoſed to 
be equal : If each of them be contained by three plane angles 
which are equal to one another, each to each. And it is ſtran 
enough that none of the commentators on Euclid have, as 2 
as I know, perceived that ſomething is wanting in the demon- 
ſtrations of theſe two propoſitions. Clavius, indeed, in a note 
upon the rith def. of this book, afhrms, that it is evident that 
thoſe ſolid angles are equal which are contained by the {ame 
number of plane ahgles, equal to one another, each to each, 
becauſe they will coincide, if they be conceived to be placed 
within one another ; but this is ſaid without any proof, nor isit 
always true, except when the ſolid angles are containedby three 
plane angles only, which are equal to one another, each to 
each: And in this caſe the propoſition is the ſame with this, 
that two ſpherical triangles that are equilateral to one another, 
are alſo equiangular to one another, and can coincide ; which 
ought not to be granted without a demonſtration. Euclid does 
not afſume this in the caſe of rectilineal triangles, but demon- 
ſtrates in prop. 8. Book 1. that triangles which are equilateral 
to one another are alſo equiangular to one another ; and from 
this their total equality appears by prop. 4. book 1. And Me- 
nelaus, in the 4th prop. of his firſt book of ſpherics, explicitly 
demonſtrates that ſpherical triangles which are muatually equi- 
lateral, are alſo equiangular to one another; from which it is 
eaſy to ſhow that they muſt coincide, providing they have their 
ſides diſpoſed in the ſame order and ſituation. 

To ſupply theſe defects, it was neceſſary to add the three pro- 
poſitions marked A, B, C to this Book. For the 2 * 26th, 


and 28th prpoſiotions of it, and conſequently eight others, viz. 


the 27th, 3 1it, 32d, 33d, 34th, 36th, 37th and goth, of the ſame, 
which depend upon them, have hitherto ſtood upon an infirm 
foundation; as alſo, the 8th, 12th, Cor. of 17th and 18th of 


12th book, which depend upon the gth definition. For it has 
deen ſhown in the notes on def. 10. of this book, that ſolid 
figures which are contained by the ſame number of ſimilar 
and equal plane figures, as alſo ſolid angles that are contained 


by the ſame number of equal plane angles, are not always e- 
qual to one another. 
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N OTE S. 
It is to be obſerved that Tacquet, in his Euclid, defines equal 


Book XI. 
ſolid angles to be ſuch, © as being put within one another doͤd 


* coincide :” But this is an axiom, not a definition ; for it is 


demonſtrate the 36th prop. of thi 
book, without the help of the 35th of the ſame; Concerning 
which demonſtration, ſee the note upon prop. 36. 


PRO. XXVIH. B. XI. 


In this it ought to have been demonſtrated, not aſſumed, 
that the diagonals are in one plane. Clavius has ſupplied this 


PROP. XXIX. B. XI. 


There are three caſes of this propoſition; the firſt is, when 
the two parallelograms oppoſite to the baſe AB have a fide com- 
mon to both ; the ſecond is, when -theſe are ſe- 
parated from one another ; and the third, when there is a part 
of them common to both ; and to this laſt only, the demon- 
ſtration that has hitherto been in the elements does agree. The 
firſt caſe is immediately deduced from the preceding 28th . 
chick fronts ts Gl penbet oiene ond pope Bs nar, 
for it is neceſſary to none but to it, and to the 40th of this book, 
as we now have it, to which laſt, it would, without doubt, have 
been premiſed, if Euclid had not made uſe of it in the 29th; 
but ſome unſkilful editor has taken it away from the elements, 
and has mutilated Euclid's demonſtration of the other two caſes, 


9 is now reſtored, and ſerves for both at once. 


PROP. XXX. B.XI . 


In the demonſtration of this, the oppoſite planes of the ſolid 
CP, in the figure in this edition, that is, of the ſolid CO in 
Commandine's figure, are not proved to be parallel; which it 
is proper to do for the ſake of learners. * 


PROP. XXXI. B. XI. 


There are two caſes of this propoſition; the firſt is, when 
the inſiſting ſtraight lines are at right angles to the baſes ; the 
other, when they are not: The -firſt caſe is divided again into 
wo others, one of which is, when the baſes are equiangular 
parallelograms; the other, 8 they ate not 2 
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NOTE 8. 


+ The Greek editor makes no mention of the firſt of theſe two 
laſt caſes, but has inſerted the demonſtration of it as a part of 
that of the other : And therefore have taken notice of 
itin a | ght it better to give theſe two caſey 
ſeparately : ſomething ſhorter 
SD 14. book 

. r i ich the in- 
rr the edi. 


tor does not prove that the ſolids deſcribed 
zee paralllopipeds, which iti not to be thou bt t 8 
: Alſo the words, of which the in 
are not in the ſame ſtraight lines,” he = 
ak i hand for they may be inthe fame Araight lines 


PROP. XXII. B. XI. 


The editor has ſorgot to order the parallelogram FH to be 
applied in the angle GH to the angle LCG, which is 
neceſſary. Clavius bas ſupplied this. 

in the ' conſtruction, it is required to com the 
ſolid of which the baſe is FH, and altitude the ſame with that 
of the ſolid CD: But this does not determine the ſolid to be 
completed, fince there may be jnnumerable ſolids upon the 
dame baſe, and of the ſame altitude : It ought therefore to be 
faid, © complete the ſolid of which the baſe is FH, and one of 
* its inſiſting ſtraight lines is FD :” The ſame correction mult 
be made in the following propoſition 33. wm 


PROP, D. B. XI. 


It is very probable that Euclid gave this propoſition a place in 
the elements, fince he gave the like propoſition concerning equi- 


angular parallelograms in the 23d, B. 6. 
PROP. XXXIV. B. XI. 


In this the words, du a eprorura bs gow im Toy avrs 
„ of which the infiſting ſtraight. lines are not in the 
« ſtraight lines,” are thrice repeated ; but theſe words — 
either to de left out, as they are by Clavius, of, in place of them, 
ought to be put. whether the infiſting ſtraight lines be, . 
*« not, in the ſame firaight lines: Ver he takes caſe is with- 
our any reaſon excluded; alſo the words, ra in; of whey 
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ſtructed as in the text. 
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« the altitudes, are twice put for ar & iperura, * of which Book XI. 


« the infiſting ſtraight lines; which is a plain miſtake : For the —— 
altitude is always at right angles to the baſe. 


PROP. XXXV. B. XI. 


The angles ABH, DEM are demonſtrated to be right angles 
m a ſhorter way than in the Greek ; I 
DFM may be demonſtrated to be right angles: Alſo the repe- 
tition of the ſame demonſtration, which begins with “ in the 
« ſame manner,” is left out, as it was probably added to the 
text by ſome editor: for the words © in like manner we may 
« demonſtrate,” are not inſerted except when the demonſtration 
is not given, or when it is ſomething different from the other 
if it be given, as in prop. 26. of this book. Companus has not 
this repetition. 

We have given another demonſtration of the corollary, be- 
fides the one in the original, by help of which the following 
36th prop. may be demonſtrated without the 3 5th. 


PROP. XXXVI. B. XI. 


Tacquet in his Euclid demonſtrates this propofition without 
the help of the 35th ; but it 1s plain, that the ſolids mentioned 
in the Greek text in the enunciation of the propoſition as equi- 
angular, are ſuch that their ſold angles are contained by three 
plane angles equal to one another, each to each ; as is evident - 
from the conſtruction. Now Tacquet does not demonſtrate, 
but aſſumes theſe ſolid angles to be equal to one another; for 
he ſuppoſes the ſolids to be already made, and does not give the 
conſtruction by which they are made : But, by the ſecond de- 
monſtration of the preceding corollary, his demonſtration is 
rendered legitimate like wiſe in the caſe where the ſolids are con- 


PROP. XXXVII. B. XI. 


In this it is aſſumed that the ratios which are triplicate of thoſe 
ratios which are the ſame with one another, are likewiſe the 
fame with one another ; and that thoſe ratios are the ſame with 
one another, of which the triplicate ratios are the ſame with one 
another ; but this ought not to be granted without a demonſtra- Y 
tion ; nor did Euclid aſſume the firſt and eaſieſt of theſe two 

fitions, but demonſtrated it in the caſe of duplicate ratios, 
in the 22d prop. book 6. On this account, another demonſtra- 
tion is given of this propoſition like to that which Euclid gives 
in prop. 22. book 6. as Clavius has done. 
Z 2 PROP, 
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PROP. XXVIII. B. XI. 


When it is required to draw a perpendicular from RE TY 
one plane which is at right angles to another plane, unto this 
1a? plane, it is done by drawing a perpendicular from the point 
to the common ſection of the planes; for this perpendicular 
will be perpendicular to the plane, by Def. 4. of this book: 
Aad it would be fooliſh in this caſe * by the 11th prop. of 
the ſame: But Euclid *, Apollonius, and other geometers, 
when they have occaſion for this problem, dire& a perpendicu- 
lar to be drawn from the point to the plane, and conchude that 
it will fall upon the common ſection of the planes, becauſe this 
is the very ſame thing as if they had made uſe of the conſtruc. 
tion above mentioned, and then concluded that the ftraight line 
muſt be perpendicular to the plane ; but is expreſſed in fewer 
words : Some editor, not perceiving this, thought it was ne- 
ceſſary to add this propoſition, which can never be of any uſe to 
the r1th book, and its being near to the end among propoſi- 


tions with which it has no connection, is a mark of its having 
been added to the text. 


PROP. XXXIX. B. XI. 


In this ĩt is ſuppoſed, that the ſtraight lines which biſect the 


ſides of the oppoſite planes, are in one plane, which qught to 
have been demonſtrated ; as is now done. 


B. XII. 


Book XII. Bok x17. "THE learned Mr Moor, profeſſor of Greek in the Univer- 


ſity of Glaſgow, obſerved to me, that it plainly appears 
from Archinnedes s epiſtle to Doſitheus, prefixed to his books of 
the Sphere and Cylinder, which epiſtle he has reſtored from 


ancient manuſcripts, that Eudoxus was the author of the chief 
propoſitions in this 12th book. 


PROP. II. B. XII. 


At the beginning of this it is ſaid, « if it be not fo, the ſquare 
** of BD ſhall be to the ſquare of FH, as the circle ABCD is 
© to ſome ſpace either leſs than the circle EFGH, or greater 
« than it:“ And the like is to be found near to the end of this 
propoſition, as alſo in prop. 5. 11. 12. 1b. of this book: Con- 
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cerning which, it is to be obſerved, that, in the demonſtration Book XII. 


of theorems, it is ſufficient, in this and the like caſes, that a 
thing made uſe of in the reaſoning can poſlibly exiſt, provi- 
ding this be evident, though it cannot be exhibited or found by 
a geometrical conſtruction: So, in this place, it is aſſumed, that 
there may be a fourth rtional to theſe three magnitudes, 
viz. the ſquares of BD, FH, and the circle ABCD ; becauſe 
it is evident that there is ſome ſquare equal to the circle ABCD 
though it cannot be found geometrically ; and to the three rec- 
tilineal figures, viz. the ſquares of BD, FH, and the ſquare 
which is equal to the circle ABCD, there is a fourth ſquare 
proportional ; becauſe to the three ſtraight lines which -are 
their fides, there is a fourth ſtraight line ptoportional /, and 
this fourth ſquare, or a ſpace equal to it, is the ſpace which 
in this propoſition is denoted by the letter 8: And the like is to 
be underſtood in the other places above cited: And it is pro- 
bable that this has been ſhewn by Euclid, but left out by ſome 
editor ; for the lemma whieh ſome unſkilful hand has added to 
this propoſition explains nothing of it. 


PROP. III. B. XII. 


In the Greek text and the tranflations, it is ſaid, and 
« becauſe the two ſtraight lines BA, AC which meet one an- 
« other,” &c. here the angles RAC, KHL are demonſtrated 
to be equal to one another by 1cth prop. B. 1x. which had 
been done before : Becauſe the triangle EAG was proved to 
be fimilar to the triangle KHL: This repetition is left out, and 
the triangles BAC, KHL, are proved to be ſimilar in a ſhorter 
way by prop. 21. B. 6. | 


— 


PROP. IV. Z. XII. 


A few things in this are more fully explained than in the 
Greek text. 


PROP. V. B. XII. 


In this, near to the end, are the words, ôg ?umpoodrv iTrixtn, 
% as was before ſhown,” and the ſame are found again in the 
end of prop. 18. of this book ; but the demonſtration referred 
to, except it be the uſeleſs lemma annexed to the 2d prop. is no 
where in theſe elements, and has been perhaps left out by ſome 
editor who has forgot to cancel thoſe words alſo. 


TY 
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NOTES. 
PROP. VI. B. XII. 


A ſhorter demonſtration is given of this; and that which 
is in the Greek text may be made ſhorter by a ſtep than it is: 
For the author of it makes uſe of the 22d prop. of B. 5. twice : 
Whereas once would have ſerved his purpoſe; becauſe that pro- 
poſition extends to any number of magnitudes which are pro- 
portionals taken two and two, as well as to three which are pro- 
portional to other three. 


COR. PROP. VIII. B. XII. 


The demonſtration of this is imperfect, becauſe it is not 
ſhown, that che triangular pyramids into which thoſe upon mul. 
tangular baſes are divided, are fimilar to one another, as ought 
neceſſarily to have been done, and is done in the like caſe in 

- 12. of this Book: The full demonſtration of the corollary 
Is as follows: 

Upon the polygonal baſes ABCDE, FGHRL, let there be fi- 
milar and fimilarly fituated pyramids which have the points M. 
N for their — The pyramid ABC DEM has to the pyra- 
mid FGHKLN the triplicate ratio of that which the fide AB 
. ous ſide FG. 

be divided into the triangles ABE, EBC, 
ECD, "FL Len, LHR, which are fimilar * each to each; 
And becauſe the pyramids are fimilar, therefore ® the trian 
EAM is fimilar to the triangle LFN, and the triangle A 


© 4.6. do FEN: Wherefore ME is to EA, as NL to LF; and as AE 


. . nnn F 
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fn like manner it may be ſhewn that EB is to BM, as LG to Book XII. 
GN; therefore, again, ex 2 as EM to MB, fois LN to 


NG : Wherefore the triang EMB, LNG having their fides 

roportionals are d equiangular, and fimilar to one another : 
. — the pyramids which have the triangles EAB, EFG 
for their baſes, and the points M, N for their vertices, are fi- 
milar * to one another, for their ſolid angles are * equal, and 
the ſolids themſelves are contained by the fame number of fi- 
milar planes : In the ſame n EBC M may 
be ſhewn to be fimilar to the pyramid LGHN, and the pyra- 
mid EC DM to LHKN: And becauſe the pyramids EABM, 
LFGN are ſimilar, and have triangular baſes, the pyramid EBM 
has f to andy 77 ee _ * that which EB has to the 
homologous . in e manner, the pyramid 
EBCM has to the p id LGHN the triplicate — 4. that 
which EB has to : Therefore as the pyramid EABM is to 


d. 5. 6, 


812. 


the pyramid LFGN, fo is the pyramid EBC M to the pyramid 


LGHN : In like manner, as the pyramid EBCM is to LGHN, 
ſo is the pyramid ECDM to the pyramid LHKN : And as one 
of the antecedents is to one of the conſequents, ſo are all the 
antecedents to all the con ts: Therefore as the pyramid 
EABM to the pyramid N, ſo is the whole pyramid 
ABCDEM to the whole pyramid FGHKLN : And the pyra- 
mid EABM has to the pyramid LFGN the triplicate ratio of 
that which AB has to FG; therefore the whole pyramid has to 


the whole pyramid the triplicate ratio of that which AB has to 


the homologous fide FG, Q. E. D. | 
PRO P. XI. and XII. B. XII. 


The order of the letters of the alphabet is not obſerved in 
theſe two propoſitions, according to Euchd's manner, and is 
now reſtored : By which means, the firſt part of prop. 12. may 
be demonſtrated in the ſame words with the firſt part of prop. 
I1.; on this account the demonſtration of that firſt part is leſt 


out, and afſumed from prop. 11. 
P R O P. XII. B. XII. 


In this propoſition the common ſection of a plane parallel to 
the baſes of a cylinder, with the cylinder itſelf, is ſuppoſed to 
be a circle, and it was thought proper briefly to demon it z 
from whence it is ſufficiently manifeſt, that this plane divides 
the cylinder into two others: And the ſame thing is under. 
ſtood to be ſupplied in * 


PROP. 


N O T K 8. 


« And complete the cylinders AX, EO,” both the enuncia- 
tion and expolition of the propoſition repreſent the cylinders as 
well as the cones, as already deſcribed : Wherefore the read. 


ought rather to be, and let the cones be ALC, ENG; 


« And the cylinders AX, EO.” 

The firſt caſe in the ſecond part of the demonſtration is want- 
ing ; and ſomething alſo in the ſecond caſe of that part, before 
the repetition of the conſtruction is mentioned; which are now 
added. 


PROP. XVII. B. XII. 


In the enunciation of this propoſition, the Greek words 4. 
Tw gyatora opayay reti mowedpor vyſpation pn aden Tis 
eXaooo; TP@aigag xata Ty , are thus tranſlated by Com- 
mandine and others, in majori folidum polyhedrum deſeri- 
* bere quod minoris ſphere ſuperficiem non tangat;” that is, 
to deſcribe in the greater ſphere a ſolid polyhedron which ſhall 
« not meet the ſuperficies of the leſſer ſphere :” W hereby 
they refer the words zata tw iniparuxy to theſe next to them 
Tng £Xaooo0; oPaipa; : But they ought by no means to be thus 
tranſlated, for the ſolid polyhedron doth not only meet the ſu- 
perficies of the leſſer ſphere, but pervades the whole of that 
ſphere : Therefore the foreſaid words are to be referred to 
To oTepeoy woeJper, and ought thus to be tranſlated, viz. to de- 


ſcribe in the greater ſphere a ſolid polyhedron whoſe ſuperficies 


ſhall not meet the leſſer ſphere ; as the meaning of the propo- 
fition neceſſarily requires. 

The demonſtration of the propoſition is ſpoiled and mutila- 
ted : For ſome eaſy things are very explicitly demonſtrated, 
while others not ſo obvious are not . ſufficiently explained; for 
example, when it is affirmed, that the ſquare of KB is greater 
than the double of the ſquare of BZ, in the firſt demonſtra- 
tion; and that the angle BZK is obtuſe, in the ſecond : Both 
which ought to have been demonſtrated : Refides, in the firſt 
demonſtration, it is ſaid, draw KN from the point K perpen- 
« dicular to BD;” whereas it ought to have been ſaid, * join 
« KV,” and it ſhould have been demonſtrated that KV is. 
perpendicular to BD : For it is evident from the figure in Her- 
vagius's and Gregory's editions, and from the words of the 


demon- 


pon the point Q a different point from V, 
which is likewiſe ſuppoſed in the demonſtration. Comman- 
dine ſeems to have been aware of this; for in this figure he 
marks one and the ſame point with the two letters V, II; 
before Commandine, the learned John Dee, in the commen- 
tary he annexes to this propoſition in Henry Billinſley's tranſ- 
lation of the Elements printed at London, ann. 1570, expreſaly 
takes notice of this error, and gives a demonſtration ſuited to 
the conſtruction in the Greek text, by which he ſhews that the 

icular drawn from the point K to BD, muſt neceſſarily 
fall upon the point V. ern 939 a 

Likewiſe it is not demonſtrated that the quadrilateral fi 

SOPT, TPRY, and the triangle YRX do not meet the fler 
ſphere, as was neceſſary to have been done: Only Clavius, as 
far as I know, has obſerved this, and demonſtrated it by a lem- 
ma, which is now premiſed to this propoſition, ſomething alter- 
ed and more briefly demonſtrated. 

In the corollary of this propoſition, it is ſuppoſed that a 
folid polyhedron is deſcribed in the other ſphere fimilar to that 
which is deſcribed in the ſphere BCDE ; but, as the conſtruction 
by which this may be done is not given, it was thought proper 
to give it, and to demonſtrate, that the pyramids in it are fimi- 
far to thoſe of the ſame order in the ſolid polyhedron deſcribed 
in the ſphere BCDE. 


From the 2 notes, it is ſufficiently evident how 
much the elements Euchd, who was a moſt accurate geo- 
meter, have been vitiated and mutilated by ignorant editors. 
The opinion which the greateſt part of learned men have en- 


| tertained concerning the preſent Greek edition, viz. that it is 


very little or nothing different from the genuine work of Eu- 
cid, has without doubt deceived them, and made them leſs 
attentive and accurate in examining that edition; whereby ſe- 
veral errors, ſome of them groſs enough, have eſcaped their 
notice from the age in which Theon hved to this time. Upon 
which account there is ſome 2 to hope that the pains we 
have taken in correcting thoſe errors, and freeing the Ele- 
ments as far as we could from blemiſhes, will not be unac- 


ceptable 


. 5 8 * 
Dr Barrow's Le&. Mathemat. and in theſe notes ; or are ſuch, 


except one which has been taken notice of in the note on 


juſtly fays in page 297. of the above named Book, that Ni. 
« ſi machinis i ca- 
% cuſfa.” ' 
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UCLID's DATA is the firſt in order of the 

books written by the ancient geometers to 
facilitate and promote the method of reſolution 
or analyſis. In the general, a thing is ſaid to be 
given Which is either actually exhibited, or can 
be found out, that is, which is either known by 
hypotheſis, or that can be demonſtrated to be 
known; and the propoſitions in the book of 
Euclid's Data ſhew what things can be found 
out or known from thoſe that by hypotheſis are 
already known; ſo that in the analyſis or in- 
yeſtigat ion of a problem, from the things that 
are laid down to be known or given, by the help 
of theſe propoſitions other things are demonſtra- 
ted to be given, and from theſe, other things are 
again ſhewn to be given, and ſo on, until that 
which was propoſed to be found out in the 
problem is demonſtrated to be given, and when 
this is done, the problem is ſolved, and its com- 
poſition is made and derived from the compoſi- 
tions of the Data which were made uſe oĩ in the 
analyſis. And thus the Data of Euclid a1> of 
the moſt general and neceſſary uſe in the ſo.'1- 
tion of problems of every kind. 

Euclid is reckoned to be the author of the 
Book of the Data, both by the ancient and mo- 
dern geometers; and there ſeems to be no doubt 
of his having written a book on this ſubject, but 
which, in the courſe of ſo many ages, has been 
much vitiated by unſkilful editors in ſeveral 
places, both in the order of the propoſitions, and 

1 


— — 


PREFACE. 


inthe definitions and demonſtrations themſel 
To correct the errors which are now found in 
and bring it nearer to the accuracy with which 
it was, no doubr, at firſt written by Euclid, is the 
defign of this edition, that ſo it may be render. 
ed more uſeful ro geometers, at leaſt to begin. 
ners who deſire to learn the inveſtigatory method 
of the ancients. And for their ſakes, the com. 
poſitions of moſt of the Data are ſubjoined to 
their demonſtrations, that the compoſitions of 
problems ſolved by help of the Data may be 
the more eaſily made. | 
Marinus the philoſopher's preface, which, in 
the Greek edition, is prefixed to the Data, is 
here left out, as being of no uſe to underſtand 
them. At the end of it, he ſays, that Euclid 
has not uſed the ſynthetical, but the analytical 
method in delivering them; in which he i; 
quite miſtaken ; for, in the analyſis of a the- 
orem, the thing to be demonſtrated is aſſumed 
in the analyſis ; but in the demonſtrations of 
the Data, the thing to be demonſtrated, which 
is, that ſomething or other is given, is never 
once aſſumed in the demonſtration, from which 
it is manifeſt, that every one of them is de- 
monſtrated ſyntherically ; though indeed, if a 
propoſition of the Data be turned into a pro- 
blem, for example the 84th or 85th in the for- 
mer editions, which here are the 85th and 
86th, the demonſtration of the propoſition be- 
comes the analyſis of the problem. | 
Wherein this edition differs from the Greek, 
and the reaſons of the alterations from it, will 
he ſhewn in the notes at the end of the Data. 
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A ratio is ſaid to be given, b 
to a given magnitude which Irrer 


tc 367 1 
EUCLID: DA T A. 


DEFINITIONS. 


I. 
PACES, lines, and an r 
ade, when aha 1 them can be found 


Reftlineal figures are ſaid to be gi in f which have 
le ratios of their ſides given. 


Points, lines, and ſpaces are ſaid to be given in poſition, which 


have always the ſame ſituation, and which are either actually 


** 


An angle is ſaid to be given in poſition, which is contained by 
* 


A circle is ſaid to 6 when a ſtraight line 
aca e is given in 6 588 


ia ale ARG ts the 
centre of which is given in poſition, and a line from 
— gre in magni. 


Segments of circles are ſaid to be given in magnitude, when 
n ,, 470 gies 2 agg. 


a of fn on and magnj- 
95 and 
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. X. 
A magnitude is faid to be leſs than another by. a gi 


” 
tude, when this — being nl oleh wh 
is equal to the other magnitude. 


* 1, PROPOSITION TL 


gER< 60 TH Ss 


See R. HE ratios of given abe to one — 
1 is given. 


Let A. B be two given magnitùdes, the ratio of A to B̃ is 
ven. 
li. given magnitude, there may | 
«1. dt,” * bo fond ene equelto it; let this be C : And 
dat. becauſe B is given, one equal to it may be 
found ; letit be D; ike Ab ual to C, | 
b J. f. and B to D; therefore® A is to „ C to 
D; and conſequently the ratio of A to B is 
iven, becauſe the ratio of the given magni ' 
9 D which is the ſame with it, has been A B CD 
found. 


ste N. IF a given magnitude has a given ratio to another 

magnitude, * and if unto the two magnitudes by 

+ which the given ratio is exhibited, and the given 
magnitude, a fourth proportional can be found ;" 

the other magnitude 1s given. | 


Let the given magnitude A have a given ratio to the mag- 
nitude B; if a fourth proportional can be found to the three 
magnitudes above named, B is given in magnitude. 

Becauſe A is given, » magn itude may be 

az 1. def. found equal to it *; let this he C: And be- | . 
cauſe the ratio of A to B is given, a ratio | | 
which is the fame with it may be found, let 


A +» hw „ 


this en ebe eee ABCD 
to the given magnitude F: Unto the magni- E F 
tudes F. C find a fourth proportional 
D, which, by the AS; cer Dr Pars 
Wherefore, becauſe e B. E to F; and 

v1. 8. as E to F, ſo is C to D; A is to B, as C to 


The figures in the m ea 


EF. 


N Bi 


| 4 & 
. But A is equal to C; therefore e B is equal to D. The c 14- 
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3. 


magnitude Bis therefote given , becauſe a magnitude D equal a r def. 


to it has been found. 

The limitation within the inverted commas is not in the 
Greek text, but is now neceſſarily added; and the fame muſt be 
underſtood in all the propoſitions of the book which depend 
upon this ſecond propoſition, where it is not expreſsly mention- 
ed. See the note upon it. | 


PROP. IL 


I any given magnitudes be added together, their 
ſum ſhall be given. | | 


Let any given magnitudes AB, BC be added together, their 
ſum AC is given. 
Becauſe AB is given, a 2 
let this be DE : And becauſe ** | c 
ven, one equal to it may be found; A CI: B 
this be EF : Wherefore, becauſe AB is D 
equal to DE, and BC equal to Ey; the A. ELT 
whole AC is equal to the whole DF : 
AC is therefore given, becauſe DF has been found which is 
equal to it. | | 


PROP. IV. 4 


T* a given magnitude be taken from a given magni- 
tude; the remaining magnitude ſhall be given. 


From the given magnitude AB, let the given magnitude AC 
be taken; the remaining magnitude CB is given. 

Becauſe AB is given, a magni 
found; let this be DE: And becauſe | 
AC is given, one equal to it may be / 
found; let this be DF: Wherefore be- 
cauſe AB is equal to DE, and AC to D 
DF; the remainder CB is equal to the 


C B 
EE 


remainder FE. CB is therefore given *, becauſe FE which is 
equal to it has been found. | 


A2 


PROP. 


nitude equal to it may be found a 1. del. 


e equal to it may * be a x def. 
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PROP. v. 


I of three magnitudes, the firſt together with the ſe. 
cond be given, and alſo the ſecond together with 
the third; either the firſt is equal to the third, or one 
of them is greater than the other by a given magnitude. 


Let AB, BC, CD be three magnitudes, of which AB together 
with BC, that is AC, is given : and alſo BC together with CD, 
that is BD, is given. Either AB is equal to CD, or one of 
them is greater than the other by a given magnitude. 

Becauſe AC, BD are each of them given, they are either 
equal to one another, or not equal. 
Firſt, let them be equal, and — dB (© _D 
AC is equal to BD, take away the common part BC; therefore 
the remainder AB is equal to the remainder CD. 

But if they be unequal, let AC be greater than BD, and 


| make CE equal to BD. Therefore CE is given, becauſe BD is 


= 4 dat. 


a 2. def. 


b 4. dat. 


c E. 5. 


given. And the whole AC is gi- 
ven; therefore * AE the remainder 
Is given. And becauſe EC is equal AE B C_D 
to BD, by taking BC from both, 
the remainder EB is equal to the remainder CD. And AE is 


given; wherefore AB exceeds EB, that is CD by the given 
magnitude AE. 


E-R0-F. 


FF a magnitude has a given ratio to a part of it, it ſhall 
alſo have a given ratio to the remaining part of it. 


Let the magnitude AB have a given ratio to AC a part of it; 
it has alſo a given ratio to the remainder BC. 


Becauſe the ratio of AB to AC is given, a ratio may be | 


found which is the ſame to it: Let this be the ratio of DE 
a given magnitude to the given mag- A A bots 
nitude DF. And becauſe DE, DF are , 
given, the remainder FE is d given: rages "ag 
And becauſe AB is to AC, as DE to D F E 
DF, by converſion e AB is to BC, as a 


DE to EF. Therefore the ratio of AB to BC is given, becauſe 
the ratio of the given magnitudes DE, EF, which is the ſame 
with it, has been found, 

| Con. 
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Cor. From this it follows, that the parts AC, CB have a gi- 
yen ratio to one another: Becauſe as AB to BC, ſo is DE to 


ſes EF; by diviſion d, AC is to CB, as DF to FE; and DF, d 27. f. 
th FE are given; therefore the ratio of AC to CB is given. . def. 
ne | | 


her F two magnitudes which have a given ratio to one gee N. 
D, another, be added together; the whole magni- 


of tude ſhall have to each of them a given ratio. 
der Let the 1 AB, BC which. have a given ratio to one 
D another, be added together; the whole AC has to each of the 
_ magnitudes AB, BC a given ratio. 
Ore cauſe the ratio of AB to BC is given, a ratio may be 
found which is the ſame with it; let this be the ratio of the a 2. def. 
nd given magnitudes DE, EF : And be- 5 
) is cauſe DE, EF are given, the whole i — 2 
DF is given d: And becauſe as AB to 
D BC, ſo is DE to EF; by compoſition I) EROS E F "IP 
2 c AC is to CB as DF to FE; and by e 18. g. 
converſion d, AC is to AB, as DF to DE: Wherefore becauſe 4 E. g. 
Tis AC is to each of the magnitudes AB, BC, as DF to each of 
en the others DE, EF; the ratio of AC to each of the magni- 
tudes AB, BC is given . 
P R O P. VIII. ; 7. 


I. a given magnitude be divided into two parts which ge N. 
have a given ratio to one another, and if a fourth 
proportional can be found to the ſum of the two mag- 


itz nitudes by which the given ratio is exhibited, one of 

A them, and the given magnitude ; each of the parts is 

DE gLIVEn. | 

B Let the given magnitude AB be divided into the parts AC, | 

525 CB which have a given ratio to one another; if a fourth pro- | 

E portional can be found to the above A c By | 
named magnitudes; AC and CB are —— 

— each of them given. 

uſe Becauſe 4. ratio of AC to CB iD > - E 

— given, the ratio of AB to BC is given ; therefore a ratio 3, 5. ga, 


ASS - which 
OR, 
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which is the ſame with it can be found Þ, let this be the ratio of 
the given magnitudes DE, EF: And 

becauſe the given magnitude AB has A. C B 
to BC the given ratio of DE to EF, if 

unto DE, EF, AB a fourth propor- E E 
tional can be found, this which is BC 

is given e; and becauſe AB is given, the other part AC is 

wen d. 
® In the ſame manner, and with the like limitation, if the dif- 


ference AC of two magnitudes AB, BC which have a given 
ratio be given; cach of the magnitudes AB, BC is given. 


PROP. IX. 


AGNITUDES which have given ratios to the 


ſame magnitude, have alſo a given ratio to 
one another. | 


Let A, C have each of them a given ratio to B; A has 2 


given ratio to C. 
Becauſe the ratio of A to B is given, a ratio which is the 
ſame to it may be found * ; let this be the ratio of the given 
magnitudes D, E: And becauſe the ratio of B to C is given, 2 
ratio which is the ſame with it may be found; let this be the 
ratio of the magnitudes F, G: 
To F, G, ory a fourth propor- 
tional H, if it can be done; and 
becauſe an Aw B, ſo is D to E; 
and as B to C, ſo is (F to G, and 


ſo is) E to H; ex æquali, as A to | | 
C, fois D to H: Therefore the ra- K B C D 


ratio of the given magnitudes D and 
H, which is the ſame with it, has 
been found: But if a fourth propor- 
tional to F, G, E cannot be found, 


E H 
tio of A to Cis given *, becauſe the F G 


then it can only be faid that the ratio of A to C is compounded 


of the ratios of A to B, and B to C, that is, of the given ra- 
tios of D to E, and F to G. 


PROP. 


WWF _ WF Thy. _—_ 


the raw of B 8 e mn 


DATA. 


PROP. X 


JF two or more magnitudes have given ratios to one 
another, and if they have given ratios, though 
they be not the ſame, to ſome other magnitudes ; 3 


theſe other magnitudes ſhall alſo have given ratios to 
one another. ä 


Let two or more magnitudes A, B, C have given ratios to 
one another; and let them have Rades DE F: the agu. 
not the ſame, to ſome other magnitudes D og 
tudes D, E, F have given ratios to one anothe 

Becauſe the ratio of A to Bis given, and likewiſe the ratio 
of A to D; therefore the ra- — D—— 
tio of D to B is given; but R | 


— 


therefore the ratio of 
E is given: And becauſe the C F 
ratio of B to C is given, and alſo the ratio of B to E; the ratio 


of E to C is given“: And the ratio of C to F is wen; where- 


fore the ratio of E to F is given: D, E, F have given 
ratios to one another. a 


PROP. XL 
FF two magnitudes have each of them a given ratio 


- to another magnitude, both of them together ſhall 
have a given ratio to that other. 


. nitude D; AC has a given ratio to the 


wt dp e ee 
Becauſe AB, BC have each of 
them a given ratio to D, the ratio A. B_C 
of AB to BC is given : And by 


compoſition, the ratio of AC to CB D 


is given d: But the ratio of BC to f 
D is given ; ; 1 the ratio of AC to 4 is given, 


Aag PROP. 
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b 9. dat, 
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r R O P. XI. 


FF the whole have to the whole a given ratio, and the 

parts have to the parts given, but not the ſame, ra- 
tios : Every one of them, whole or part, ſhall have to 
every one a given ratio. 


Let the whole AB have a given ratio to the whole CD, and 
the parts AE, EB have given, but not the ſame, ratios to the 
parts CF, FD: Every one ſhall have to every one, whole or 
part, a given ratio. 

Becauſe the ratio of AE to CF is given, as AE to CF, fo 
make AB to CG; the ratio therefore of AB to CG is given; 
wherefore the ratio of the remainder EB to the remainder 
FG is given, becauſe it is the ſame * with the ratio of AB to 
CG: And the ratio of EB to-FD is. A. E B 
given, wherefore the ratio of FD ©. —— = 
to FG is given®; and by conver- C F G D 
given c: And becauſe AB has to ang 


fion, the ratio of FD to DG is 
each of the magnitudes CD, CG A given ratio, the ratio of CD 


to CG is given®; and therefore © the ratio of CD to DG is 


given: But the ratio of GD to DF is given, wherefore d the 
ratio of CD to DF is given, and conſequently « the ratio of CF 
to FD is given ; but the ratio of CF to AE is given, as alſo the 
ratio of FD to EB; wherefore e the ratio of AE to EB is given; 
as alſo the ratio of AB to each of them f: The ratio therefore 
of every one to every one is given. 


PROP, Al. 


| 1 the firſt of three proportional ſtraight lines has a 


given ratio to the third, the firſt ſhall alſo have a gi- 


ven ratio to the ſecond, 


Let A, B, C be three proportional ſtraight lines, that is, as 
A to B, ſo is B to C; if A has to C a given ratio, A ſhall alſo 
have to B a given ratio. 

Becauſe the ratio of A to C is given, a ratio which is the 


42. def. ſame with it may be found; let this be the ratio of the gi- 


b x3.6. ven ſtraight lines D, E; and between D and E find a d mean 


! 


proportional 
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portional F; therefore the rectangle contained by D and 
Fi. equal to the ſquare of F, and the rect- 
angle D, E is given, becauſe its fides D, E are 


e given; wherefore the ſquare of F, and the 
ſtraight line F is 4 And becauſe as A is 
to C, fois D to E; but as A to C, fo is c the 
4 ſquare of A to the ſquare of B; and as D to 
E, ſo is c the ſquare of D to the ſquare of F: 
herefore the ſquare d of A is to the ſquare of A 
B, as the ſquare 'of D to the ſquare of F: D 
e As therefore © the ſtraight line A to the 
T ſtraight line B, ſo is the ſtraight line D to the | 
ſtraight line F: Therefore the ratio of A to B 
is given , becauſe the ratio of the given 
ſtraight lines D, F which is the ſame with it 
has been found. 


j 


| 
| 


3 PROP. XV. A. 


og yy ww © 


Fa magnitude together with a given magnitude has See N. 

a given ratio to another magnitude ; the exceſs of 
) this other magnitude above a given magnitude has a 
"i given ratio to the firſt magnitude: And if the exceſs 
of a magnitude above a given magnitude has a given 
ratio to another magnitude ; this other magnitude 
together with a given magnitude has a given ratio 
to the firſt magnitude, | 


„„ e 


Let the magnitude AB together with the given magnitude 
BE, that is have a given ratio to the magnitude CD ; the 
exceſs of CD above a given magnitude has a given ratio to AB. 

Becauſe the ratio of AE to CD is given, as AE to CD, fo 
make BE to FD; therefore the ratio of BE to FD is given, and 
BE is given; wherefore FD is gi- B E 
ven *: And becauſe as AE to CD, fo and . it 
is BE to FD, the remainder AB is d | 6 a 
to the remainder CF, as AE to CD : C F D FLOP 
But the ratio of AE to CD is given, , 
therefore the ratio of AB to ef is given; that is, CF the exceſs 
: of CD above the given magnitude FD has a given ratio to AB. 

g Next, Let the exceſs of the magnitude AB above the given - 
* magnitude BE, that is, let AE have a given ratio to the mag · 
1 Aa 4 | nitude 
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nitude CD: CD together with a given magnitude has a given 
ratio to AB. | 

Becauſe the ratio of AE to CD is given, as AE to CD, fo 
make BE to FD; therefore the ratio o 
BE to FD is given, and BE is given, 
wherefore FD is given *: And becauſe | 
as AE to CD, ſo is BE to FD, A; isC D F 
to CF, as < AE to CD: But the ratio —— 
of AE to CD is given, therefore the ratio of AB to CF is given; 
that is, CF which is equal to CD together with the given 
magnitude DF has a given ratio to AB. ; 


FROP, .. 


F a magnitude together with that to which ano. 

ther itude has a given ratio, be given; the 

ſum of this other, and that to which the firſt magni- 
tude has a given ratio is given. 


Let AB, CD be two magnitudes of which AB together with 
BE to which CD has a given ratio, is given; CD is given toge- 
ther with that magnitude to which AB has a given ratio. 


Becauſe the ratio of CD to BE is given, as BE to CD, fo 


make AE to FD; therefore the ratio of AE to FD is given, 
and AE is given, wherefore * FD B FE. 


is given: And becauſe as BE to A. 
CD, ſo is AE to FD: ABis® to 

FC, as BE to CD: And the ratio F C D 

of BE to CD is given, wherefore * 

the ratio of AB to FC is given: And FD is given, that is CD 
together with FC to which AB has a given ratio 1s given. 


PR O P. XVI. 


F the exceſs of a magnitude above a given magni- 


tude, has a given ratio to another magnitude; the 
exceſs of both together above a given magnitude ſhall 
have to that other a given ratio: And if the exceſs of 
two magnitudes together above a given magnitude, 
has to one of them a given ratio; either the excels 


of the other above a given magnitude has to that one 


a given ratio; or the other is given together with the 
magnitude to which that one has a given ratio. 


EB 


en Let the exceſs of the magnitude AB above a given magni- 
tude, have a given ratio to is magnitude BC; the exceſs of 
ſo AC, both of them together, above the given magnitude, has a 
B given ratio to BC. ; : 
Let AD be the given magnitude, the exceſs of AB above 
which, viz. DB has a ven ratio A D B C 
to BC: And becauſe DB has a gi- 5; : 


ren ratio to BC, the ratio of DC to a 
n; CB is given, and AD is given; therefore DC, the exceſs of a 5. dat. 
en AC above the given magnitude AD, has a given ratio to BC. 


Next, let the exceſs of two magnitudes AB, BC together, 


above a given magnitude, have to 
ane of them BCa given ratio; ci-4._._J _B BC 
ther the exceſs of the other of them | 
AB above the given magnitude ſhall have to BC a given ra- | 
tio; or AB is given, together with the magnitude to which BC 
i has a given ratio. 
Let AD be the given magnitude, and firſt let it be leſs than 
AB; and becauſe DC the exceſs of AC above AD has a given 
ratio to BC, DB has d a given ratio to BC; that is, DB the ex- h Cor. 6. 
- of AB above the given magnitude AD, has a given ratio to dat. 
But let the given magnitude be greater than AB, and make 
AE equal to it; and becauſe EC, the exceſs of AC above AE 
has to BC a given ratio, BC has c a given ratio to BE; and be-, 6 dat. 
cauſe AE is given, AB together with BE to which BC has a 
given ratio is given. 


® 5 


BS £Þ 


PROP. XVI. 


11. 


5 


F the exceſs of a magnitude above a given magni- ee N. 

. tude has a given ratio to another magnitude; theex- 9 
ceſs of the ſame firſt magnitude above a given magni- | 
tude, ſhall have a given ratio to both the magnitudes 
together. And if the exceſs of either of two magni- . | 
tudes above a given magnitude has a given ratio to 
both magnitudes together ; the exceſs of the ſame 
ſhove a given magnitude ſhall have a given ratio to the 
other. 


S. EN F 


LY 


Let the exceſs of the magnitude AB above a given magni- 
tude have a given ratio to the magnitude BC; the exceſs of AB 


aboye a given magnitude has a given ratio to AC, 


2 F © © 


* 
- 
- » 
o 
* 
* 
1 
” 1 
* 
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a 5. dat. 


b 2. dat. 
C 1a. 3. 


14 


a 1. dat. 


: EZ UC LI B's 
Let AD be the given magnitude; and becauſe DB, the ex. 


if 
ceſs ot AB above AD, has a given ratio to BC; the ratio of 4 
Dre AE to ( 
with this ratio; therefore the ratio | the givt 
of AD to DE is given; and 4 A E DB _c be ie 
is given, wher-fore > DE, and the remainder AE are given: And But 1 
becauſe as DC to DB, ſo is AD to DE, AC is e to EB, as DC Wot AB 
to DB; and the ratio of DC to DB is given; wherefore the b, oi 
ratio of AC to EB is given: And becauſe the ratio of EB to AC dec rati 


given ratio to AB and BC together, that is to AC; the exceſ 
of AB above a given magnitude has a given ratio to BC. 

Lei AZ be the given magnitude; and becauſe EB the exceſs 
of AB aboi2 AL has to AC a given ratio, as AC to EB ſo 
make AD to DL; therefore the ratio of AD to DE is given, 
as alſo 9 the ratio of AD to AE: And AE is given, where- 
fore Þ AD is given : And becauſe, as the whole AC, to the 
whole EB, ſo is AD to DE, the remainder DC is e to the 
remainder DB, as AC to EB; and the ratio of AC to EB is 


given; wherefore the ratio of DC to DB is given, as alſo f the 


ratio of DB to BC: And AD is given; therefore DB, the ex- 
ceſs of AB above a given magnitude AD, has a given ratio to 
BC. 


PROP. XVII. 


F to each of two magnitudes, which have a given ra- 
tio to one another, a given magnitude be added; the 
whole ſhall either have a given ratio to one another, 


or the exceſs of one of them above a given magnitude 


ſhall have a given ratio to the other. 


is given, and that AE is given, therefore EB the exceſs of AB Wihe rat 
above the given magnitude AE, has a given ratio to AC, than th 
Next, let the exceſs of AB above a given magnitude have a {WAB-to 


therefo 
wen 3 
7 
BG to 
CD, ſo 
But the 
to CF 1 
GE is | 
magnit 
monſtr 


[ f 
ra 
the re 


anotin 
magni 


Let the two magnitudes AB, CD have a given ratio to one 
another, and to AB let the given magnitude BE be added, and 
the given magnitude DF to CD: The wholes AE, CF either 
have a given ratio to one another, or the exceſs of one of them 
abond a given magnitude has a given ratio to the other *. 

Becauſe BE, DF are each of them given, their ratio is git 


= 4 © 
ſ - * 


K | 
if this ratio be the ſame with 

2 of AB to CD, the ratio of A _B E 
AE to CF, which is the ſame d with C D F 

the given ratio of AB to CD, ſhall *2 = 

2 given. 

fi if the ratio of BE to DF be not the ſame with the ratio 
of AB to CD, either it is greater than the ratio of AB to 
CD, or, by inverſion, the ratio of DF to BE is greater than 
te ratio of CD to AB: Firſt, let A B G E 
the ratio of BE to DF be greater R — 
than the ratio of AB to CD; and as 

AB. to CD, ſo make BG to DF; C D F 
therefore the ratio of BG to DF is * —— 
gen; and DF is given, therefore <BG is given: And becauſe c. 2 dat, 
BE has a greater ratio to DF than "24g to CD, that is, than) 

BG to DF, BE is greater d than BG: And becauſe as AB to d 10. f. 
CD, ſo is BG to DF; therefore AG is d to CF, as AB to CD: © 

But the ratio of AB to CD is given, wherefore the ratio of AG 

to CF is given; and becauſe BE, BG are each of them given, 

GE is given: Therefore AG, the excels of AE above a given 
magnitude GE, has a given ratio to CF, The other caſe is de- 
monſtrated in the ſame manner. 


PROP XX. 13. 


[* from each of two magnitudes, which have a given 

ratio to one another, a given magnitude be taken, 
the remainders ſhall either have a given ratio to one 
another, or the exceſs of one of them above a given 
magnitude, ſhall have a given ratio to the other. 
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b 12. 5. 


— 


— 


Let the magnitudes AB, CD have a given ratio to one an- 
ther, and from AB let the given magnitude AE be taken, 
and from CD, the given magnitudes CF : The remainder EB, 
'D ſhall either have a given ratio to one another, or the ex- 
cis of one of them above a gi- , 1 B 
en magnitude ſhall have a given — — 
atio to the other. 
Becauſe AE, CF are each of C 1 Wa 
em given, their ratio is given“; | 
od if this ratio be the ſame with the ratio of AB nn 


a I. dat. 


310 1 TS 


ratio of the remainder EB to the remainder FD, which is the have 
b19.5- ſame d with the given ratio of AB to CD, ſhall be given. 
But if the ratio of AB to CD be not the ſame with the ra 
of AE to CF, either it is greater than the ratio of AE to Cp: 
or, by inverſion, the ratio CD to AB is greater than the n. 17 
tio of CF to AE: Firſt, let the ratio of AB to CD be greater 


than the ratio of AE to CF, and as AB to CD, ſo make 40 i 
to CF; therefore the ratio of AG a E G the o 
to CF is given, and CF is given, rol _3B toget 


6 2. dat. wherefore e AG is given: And a 
becauſe the ratio of AB to CD, C * E D 
that is, the ratio of AG to CF, , 

is greater than the ratio of AE to CF; AG is greater d than 
AE: And AG, AE are given, therefore the remainder EG is 
given; and as AB to CD, ſo is AG to CF, and fo is® the re. 
mainder GB to the remainder FD ; and the ratio of AB toCD 
is given: Wherefore the ratio of GB to FD is given; there 
fore GB, the exceſs of EB above a given magnitude EG, has a 


given ratio to FD. In the ſame manner the other caſe is de- 
monſtrated. 


d 10. 5. 


16. PROP. XX 


I to one of two magnitudes which have a given n 
tio to one another, a given magnitude be added, MW to F 
and from the other a given magnitude be taken; the W ratic 
exceſs of the ſum above a given magnitude ſhall have give 
a given ratio to the remainder, with 


Let the two magnitudes AB, CD have a given ratio to one 
another, and to AB let the given magnitude EA be added, and 
from CD let the given magnitude CF be taken; the exceſs of 
the ſum EB above a given magnitude has a given ratio to the 
rem 1inder FD. 


Becauſe the ratio of AB to CD is given, make as ABto and 
nh 8 AG to CF . the ratio of AG to CF is given, I of 
a 2. dat. an is given, W ore * AG 
is given; — EA is given, there- E A G B * 
fore the whole EG is given: And D 
becauſe as AB to CD, ſo is AG C — — 1 
b 19. 5. to CF, and fo is d the remainder . _ 


GB to the remainder FD; the ratio of GB to FD on 
And EG is given, therefore GB, the exceſs of the ſum hs 
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bove the given magnitude EG, has a given ratio to the remain- 
der FD. 


PROP. XX. C. 
— 


F two magnitudes have a given ratio to one another, See N. 
if a given magnitude be added to one of them, and 
the other be taken from a given magnitude; the ſum, 
together with the magnitude to which the remainder 
has a given ratio, is given: And the remainder is gi- 
ven together with the magnitude to which the ſum 


4than has a given ratio. | 
oe Let the two magnitudes AB, CD have a given ratio to-one 


0 CU another; and to AB let the given magnitude BE be added, and 
there. let CD de taken from the given magnitude FD : The ſum AE 
ow is given together with the magnitude to which the remainder 

. — FC has a given ratio. . 
* Becauſe the ratio of AB to CD is given, make as AB to 
CD, ſo GB to FD : Therefore the ratio of GB to FD is given, 


and FD is given, wherefore GB G B E 


is given ; and BE is given, the 


a 2 dat. 
whole GE is therefore given: And 
en n. I becauſe as AB to CD, fois GBE & D 
dded, MW to FD, and ſo is d GA to FC; the . "EY CIS 


3 the W ratio of GA to FC is given: And AE together with GA is 

| have given, becauſe GE is given; therefore the ſum AE, together 
with GA, to which the remainder FC has a given ratio, is gi- 
ren. The ſecond part is manifeſt from prop. 15. 


to one 

ed, and | PROP. XXIL D. 
ceſs of | 

to the F two magnitudes have a given ratio to one another, Sec N. 


if from one of them a given magnitude be taken, 
% and the other be taken from a given magnitude; each 
Sen of the remainders is given together with the magni- 
B tude to which the other remainder has a given ratio. 


_D Let the two magnitudes AB, CD have a given ratio to one 
| another, and from AB let the given magnitude AE be hos, 
| | | | an 
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and let CD be taken from the given magnitude CF : the 8 
mainder EB is given together with the magnitude to which the 
other remainder DF has a given ratio. | 
Becauſe the ratio of AB to CD is given, make as AB to 
CD, ſo AG to CF: The ratio of AG to CF is therefore given, 
a 2. dat, and CF is given, wherefore * AG A E. B 
is given ; and AE is given, and 5 I. 
erefore the remainder EG is gi- | 


ven: And becauſe as AB to C 
big.5s. ſo is AG to CF: And ſo is d the 
N remainder BG to the remainder DF; the ratio of BG to DF i; 
given: And EB together with BG is given, becauſe EG is g. 
ven : 'Therefore the remainder EB together with BG, to which 
DF the other remainder has a given ratio, 1s given. 'The ſecond 
part is plain from this and prop. 15. 


PROP. XXII. 
* BY from two given magnitudes there be taken magni. 


20. 


tudes which have a given ratio to one another, the 

mainders ſhall either have a given ratio to one an- 

other, or the exceſs of one of them above a given mag. 
nitude ſhall have a given ratio to the other. 


Let AB, CD be two given magnitudes, and from them let 
the magnitudes AE, CF, which have a given ratio to one an- 
other, be taken; the remainders EB, FD either have a given ra- 
tio to one another, or the exceſs of one of them above a given 
magnitude has a given ratio to the other. | 

Becauſe AB, CD are each of a 
them given, the ratio of AB to 
CD is given: And if this ratio C 
be the fame with the ratio of AE L 
to CF, then the remainder EB 

a 19.5. has* the ſame given ratio to the remainder FD. 

But if the ratio of AB to CD be not the ſame with the rs 
tio of AE to CF, it is either greater than it, or, by inv 
the ratio of CD to AB is greater than the ratio of CF to AE: 
Firſt, let the ratio of AB to CD be greater than the ratio of 
AE to CF; and as AE to CF, ſo make AG to CD; there- 
fore the ratio of AG to Co is given, becauſe the ratio of 

b 2. dat. AE to CF is given; and CD is given, wherefore d AG 5 
| given; 


: and becauſe the ratio of AB to CD is greater than the 
ratio of (AE to CF, that is, than A | 
the ratio of) AG to CD; AB is * 
greater © than AG: And AB, 
AG are given; therefore the re- 
mainder BG is given : And be- ; 
cauſe as AF to CF, ſo is AG to CD, and fo is EG to FD ; 19. 5. 
the ratio of EG to FD is given: And GB is given; therefore 
EG, the exceſs of EB above a given magnitude GB, has a gi- 
ren ratio to FD. The other caſe is ſhown in the ſame way. 


— — 


PROP. XXIV. « 


F there be three magnitudes, the firſt of which has See N. 
a given ratio to the ſecond, and the exceſs of the ſe- 
cond above a given magnitude has a given ratio to the 
third ; the exceſs of the firſt above a given magnitude 
ſhall alſo have a given ratio to the third. 


Let AB, CD, E, be the three magnitudes of which AB hag 
2 given ratio to CD; and the exceſs of CD above a given mag- 
nitude has a given ratio to E: The exceſs of AB above a given 
magnitude has a given ratio to E. 

Let CF be the given magnitude, the exceſs of CD above 
which, viz. FD has a given ratio to E: And becauſe the ratio 
of AB to CD is given, as AB to CD, ſo make A 
AG to CF; therefore the ratio of AG to CF 
is given; and CF is given, wherefore * AG is 
given: And becauſe as AB to CD, fois AG ,.| 
to CF, and ſo is Þ GB to FD; the ratio of GB G 
to FD is given. And the ratio of FD to E is F | 
given, wherefore e the ratio of GB to E is e 9. dat. 
given, and AG is given; therefore GB the ex- 
ceſs of AB above a given magnitude AG has | 
a given ratio to E. | B D E 

Cor. 1. And if the firſt has a given ratio to the ſecond, 
and the exceſs of the firſt above a given magnitude has a given 
ratio to the third; the exceſs of the ſecond above a given mag- 
nitude ſhall have a given ratio to the third. For, if the ſecond 
be called the firſt, and the firſt the ſecond, this corollary will be 
the ſame with the propoſition, | | 


Cor, 
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Cor. 2. Alſo, if the firſt has a given ratio to the ſecond, and 
the exceſs of the third above a given magnitude has alſo a given 
ratio to the ſecond, the ſame exceſs ſhall have a given ratio to 
the firſt 3 as is evident from the gth dat. 


PROP. XVV. 


F there be three magnitudes, the exceſs of the firſ 
whereof above a given magnitude has a given ratio 

to the ſecond ; and the exceſs of the third above a gi. 
ven magnitude has a given ratio to the ſame ſecond: 


The firſt ſhall either have a given ratio to the third, or 


the exceſs of one of them above a given magnitude 
ſhall have a given ratio to the other. 


Let AB, C, DE be three magnitudes, and let the exceſſes of 
each of the two AB, DE above given magnitudes have given 
ratios to C; AB, DE either have a given ratio to one another, 
or the exceſs of one of them above a given magnitude has a 

| FB the © ſs of AB FR the given magnitude 

Let exce 1 i A 
have a given ratio to C; and let GE the ex- A 
ceſs of DE above the given magnitude DG 
have a given ratio to C; and becauſe FB, GE F 
have each of them a given ratio to C, they | 
have a given ratio *® to one another. But to FB, | 
GE the given magnitudes AF, DG are added; 
therefore d the whole magnitudes AB, DE 
have either a given ratio to one another, or R C E 
the exceſs of one of them above a given magni- 
tude has a given ratio to the other. 


PROP. XVII. 


F there be three magnitudes, the exceſſes of one 
of which above given magnitudes have given ratios 

to the other two magnitudes ; theſe two ſhall either 
have a given ratio to one another, or the exceſs of one 
of them above a given magnitude ſhall have à given 


G+ 


ratio to the other. 


Let 


U 
ms & „ OO 
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Let AB, CD, EF be three magnitudes, and let GT the ex- 
teſs of one of them CD above the given magnitude CG have 
a given ratio to AB; and alſo let KD the exceſs of the ſame 
CD above the given magnitude CK have a given ratio to EF, 
either AB has a given ratio to EF, or the exceſs of one of them 
above a given magnitude has a given ratio to the other. 

Becauſe GD has a given ratio to AB, as GD to AB, ſo 
make CG to HA ; therefore the ratio of CG to HA is given ; 
and CG is given, wherefore HA is given: And becauſe as a 2. dat. 
GD to AB, ſo is CG to HA, and ſo is d CD to HB; the ra- b 13, 5. 
tio of CD to HB is given: Alſo becauſe KD has a given ratio 
to EF, as KD to EF, fo make CK to LE; H 
therefore the ratio of CK to LE is given 3 and 
CK is given, wherefore LE * is given: And 
becauſe as KD to EF, ſo is CK to LE, and Af 
ſobis CD to LF; the ratio of CD to LF is | 
given : But the ratio of CD to HB is given, E. 
wherefore e the ratio of HB to LF is given: 7 
and from HB, LF the given magnitudes HA, F 
LE being taken, the remainders AB, EF ſhall 
either have a given ratio to one another, or the exceſs of one of 
them above a given magnitude has a given ratio to the other d. d 19. dat. 


& Another Demenſtratien. 


c 9. dat. 


Let AB, C, DE be three magnitudes, and let the excefles 
of one of them C above given magnitudes have given ratios to 
AB and DE; either AB, DE have a given ratio to one an- 
other, or the exceſs of one of them above a given magnitude 


has a given ratio to the other. 


Becauſe the exceſs of C above a given magnitude has a gi- 
ven ratio to AB; therefore * AB — with a given mag- x4. dat, 
nitude has a given ratio to C: Let this given F | 
magnitude be AF, wherefore FB has a given 
ratio to C: Alſo becauſe the exceſs of C above A Dx 
a given magnitude has a given ratio to DE; | * 
therefore PE together with a given magni- 
tude has a given ratio to C: Let this given | 
magnitude be DG, wherefore GE has a given Ci E 
ratio to C: And FB has a given ratio to C, therefore ® the ratio b 9. dat. 
of FB to GE is given: And from FB, GE the given magnitudes 
AF, DG being taken, the remainders AB, DE either have a 
given ratio to one another, or the exceſs of one of them above a 
given magnitude has a given ratio to the other c.“ 19. dat. 

B b | PROP. 
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PROP. XVII. 


F F there be three magnitudes : The exceſs of the flrſt 


1 of which above a given magnitude has a given ra- 


tio to the ſecond; and the exceſs of the ſecond above 
a given magnitude has alſo a given ratio to the third: 
The exceſs of the firſt above a given magnitude ſhall 


_ _ have a given ratio to the third. 


2 4. dat. to CF is given; and CF is given, wherefore * 


bigs. 


of HB to FD is given: And the ratio of FD | 


0 9. dat. 


Let AB, CD, E be three magnitudes, the exceſs of the firſt 
of which AB above the given magnitude AG, viz. GB, has a 
given ratio to CD; and FD the exceſs of CD above the given 
magnitude CF, has a given ratio to E: The exceſs of AB 
above a given magnitude has a given ratio to E. 

cauſe the ratio of GB to CD is given, as GB to CD, fo 
make GH to CF; therefore the ratio of GH Aj 
GH is given; and AG is given, wherefore 3 
the whole AH is given : And becauſe as GB C 
to CD, ſo is GH to CF, and ſo is ® the re-H+ F. 
mainder HB to the remainder FD; the ratio 


to E is given, wherefore c the ratio of HB to BI DI E 
E is given: And AH is given; therefore HB 
the exceſs of AB above a given magnitude AH has a given ra- 


tio to E. 


4 24. dat. 


tio to D: And AF is given, Becauſe AE, EF 1 


« Otherwiſe X 


Let AB, C, D be three magnitudes, the exceſs EB of the 
firſt of which AB above the given magnitude AE has a given 
ratio to C, and the exceſs of C above a given 
magnitude has a given ratio to D: The exceſs A 
of kB above a given magnitude has a given 
ratio to D. Se 

Becauſe EB has a given ratio to C, and the | 
exceſs of C above a given magnitude has a gi- F- 
ven ratio to D; therefore. q the exceſs of EB 4 
above a given magnitude has a given ratio to 
D: Let this ven magnitude be EF; therefore | | 
FB the exceſs of EB above EF has a given ra- B C D 


T 


E.. 0 7 . 


© WS wm 


he 


WT 0 | 
ate given: Therefore FB the exceſs of AB above a given mag —_— 
nitude AF has a given ratio to D. | 


P R O P. XXVII. I 


F two lines given in poſition cut one another, the ve N. 
point or points in which they cut one another are 
given. 


Let two lines AB, CD given in poſition cut one another in 
the point E; the point E is gi- 
ven. | 
Becauſe the lines AB, CD 
are given in poſition, they have 
always the ſame ſituation *, and 
therefore the point, or points 
in which they eut one 
have always the ſame fituation: 
And becauſe the lines AB, CD 
can be found *, the point, or 
points, in which they cut one 
another, are likewiſe found ; 
and therefore are given in poſition *: 


P ROF. XXX. 4 


o 


F the extremities of a ſtraight line be given in poſi- 


tion; the ſtraight line is given in poſition and 

magnitude; : 
Becauſe the extremities of the ſtraight line are given, | 

can be found : Let theſe be the points A, B, between which, . det. 
a_ ſtraight line AB can be drawn; 3 h x. Poſtu- 
this has an invariable poſition, be- A B late. 
cauſe between two given points there | 2 
can be drawn but one ſtraight line: And when the ſtraight line 
AB is drawn, its magnitude is at the ſame time exhibited, or 
given : Therefore the ſtraight line AB is given in poſition and 


B ba PROP. 


magnitude. 


of 
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27, ® PROP. XXX. 


F one of the extremities of a ſtraight line given in 
poſition and magnitude be given; the other extre- 
mity ſhall alſo be given. 


Leet the point A be given, to wit, one of the extremities of 
a ſtraight line given in magnitude, and which lies in the ſtraight 
line AC given in poſition; the other extremity is alſo given. 
Becauſe the ſtraight line is given in magnitude, one equal 
a 1. def. to it can be found ; let this be the ſtraight line D: From the 
greater ſtraight line AC cut off AB 
equal to the leſſer D: Therefore thc A B GC 
other extremity B of the ſtraight line i 
AB is found: And the point B has al- D 
ways the ſame ſituation; becauſe any 
other point in AC, upon the ſame fide of A, cuts off between 
it and the point A a greater or leſs ſtraight line than AB, that 
d 4. def. is, than D; Therefore the point B is given d: And it is plain 
another ſuch point can be found in AC produced upon the 
other ſide of the point A. | 


_—_ 


28. PROP. XXII. 


F a ſtraight line be drawn through a given point 
parallel to a ſtraight line given in poſition ; that 
ſtraight line is given in poſition. 


Let A be a given point, and BC a ſtraight line given in 
poſition ; the ſtraight line drawn through A parallel to BC is 
given in poſition. 

53 I % Through A draw * the ſtraight line D i A E 
DAE. parallel to BC; the Frraight * . 
line DAE has always the ſame poſiti- | 
on, becauſe no other ſtraight line can — . 0 
be drawn through A parallel to BC: 

Therefore the ſtraight line DAE which has been found is gi- 

b 4. def. ven ® in poſition. | 

h PROP. 
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F a ſtraight line be drawn to a given point in a 
ſtraight line given in poſition, and makes a given 
angle with it; that ſtraight line is given in poſition. 


Let AB be a ſtraight line given in poſition, and C a given 
point in it, the ſtraight line drawn 
to C, which makes a given angle F 
with CB, is given in poſition. G. - E 
Becauſe the angle is given, one 


equal to it can be found *; let this 1 
be * 1 at D, -4 the given 3 
int C, in the given ſtraight line 
NB, make d —_— le ECB equal A C B b 23. I. 
to the angle at D: Therefore the 
ſtraight line EC has always the | 
ſame ſituation, becauſe any other D * 
ſtraight line FC, drawn to the 
int C, makes with CB a greater or leſs angle than the angle 
CB, or the angle at D : Therefore the ſtraight line EC, which 
has been found, is given in poſition. 
It is to be obſerved, that there are two ſtraight lines EC, 
GC upon one fide of AB that make equal angles with it, and 
2 make equal angles with it when produced to the other 
ide. 5 
PROP. XXIII. 30. 
F a ſtraight line be drawn from a given point to a 
ſtraight line given in poſition, and makes a given 
angle with it, that ſtraight line is given in poſition. 
From the given point A, let the ſtraight line AD be drawn 
to the ſtraigh!: line BC given in poſition, and make with it a 
wen angle ADC; AD is given in 
Trim. , , of A... F | 
Throꝰ the point A, draw * the ſtraight C33 
line EAF parallel to BC; and becauſe - 


thro? the given point A, the ſtraight line B 


EAF is drawn parallel to BC, which is D C 


aan in poſition, EAF is therefore given in poſition d: And b 31. dat. 
cauſe the ſtraight line AD meets the parallels BC, EF, the 
b 3 angle 
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c 29.17. angle EAD is equal © to the angle ADC; and ADC is given, 
wherefore alſo the angle EAD is given: Therefore, becauſe the 
ſtraight line DA is drawn to the given point A in the ſtraight 
line EF given in poſition, and makes with it a given angle 

d 32. dat. EAD, fy is given d in poſition. 


31. | PR OP. XXXIV. 


See N. F from a given point to a ſtraight line given in pofi. 
tion; a ſtraight line be drawn which is given in 
magnitude; the ſame is alſo given in poſition. 


Let A be a given point, and BC a ſtraight line given in poſi- 
tion, a ſtraight line given in magnitude wn from the point 
A to BC is given in poſition. | 
Becauſe ge ſtraight line is given in magnitude, one equal to 
23.def, it can be found *; let this be the ſtraight line D: From the 
point A draw AE perpendicular to BC; 2 A 
. AE is the ſhorteſt of all the ſtraight | 
lines which can be drawn from the point A 
to BC, the ſtraight line · D, to which one 
equal is to be drawn from the point A to B E C 
BC, cannot be leſs than AE. If therefore D 
D be equal to AE, AE is the ſtraight line given in magnitude 
drawn from the given point A to BC: And it is evident that 
þ 33. dat. AE is given in poſition b, becauſe it is drawn from the | 
point A to BC, which is given in poſition, and makes with BC BC 
the given angle AEC. 

But if the ſtraight line D be not equal | to AE, it muſt be 
ter than it: Produce AE, and make AF equal toD; and 
om the centre A, at the — AF, deſcribe the circle GFH, 

and join AG, AH : Becauſe the circle GFH is given in _ 
e 6. def. tion e, and the ſtraight line BC is alſo given in poſition; 
d 28. dat. fore their interſection G is given d; 


and the point A is given; where- 
e 29. dat. fore AG is given in pn that ; 8. E Ml C 
is, the ſtraight line AG 18 3 ä 


magnitude, (for it is equal to D) 
and drawn from the given point A D 


. ³˙·- as ² tiö . ˙ AS 4 EARS 


there 


to the ſtraight line BC given in poſition, is alſo given in poſi- 
tion: And in like manner AH is given in poſition :, Therefore 
in this caſe there are two ſtraight lines AG, AH of the ſame 


given 


In (S8 
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given magnitude which can be drawn from a given point A to 
a ſtraight line BC given in poſition, 


PROP. XXXV. 32 


I F a ſtraight line be drawn between two parallel 
ſtraight lines given in poſition, and makes given an- 
gles with them, the ſtraight line 1s given in magnitude. 


Let the ſtraight line EF be drawn between the parallels AB, 
CD, which are given in poſition, and make the given angles 
BEF, EFD: EF is given in magnitude, 

In CD take the given point G, and through G draw * GH 31. x. 
parallel to EF: And becauſe CD meets the parallels GH, EF, 


the angle EFD is equal d to the angle b 29. I. 
HGD? And EFD is a given angle; A EHB '1 


becauſe HG is drawn to the given point 
G, in the ſtraight line CD, given in poſi- | — 
tion, and makes a given angle HGD: C F G D 

the ſtraight line HG is given in poſi- | 

tion e: And AB is given in poſitiong therefore the point H is c 32. dat. 
given d; and the point G is alſo given, wherefore GH is given d 28. dat. 
in magnitude e: And EF is equal to it, therefore EF is given e 29. dat. 
in magnitude, . EM 


| wherefore the angle HG is given; and 1 / þ / "Sis 


P R O P. XXXVI. 33. 


F a ſtraight line given in magnitude be drawn be- Ser N. 
tween two parallel ſtraight lines given in poſition, 
it ſhall make given angles with the parallels. 


Let the ſtraight line EF given in magnitude be drawn be- 
tween the parallel ſtraight lines AB, CD, R 
which are given in poſition: the angles A EH ; 
AEF, EFC ſhall be given. | | 

* _ k 1. def. 


Becauſe EF is given in magnitude, a 
— line equal to it can be found *: 


let this be G: In AB take a given point C F] 
H, e F K D 
lar to CD: Therefore the ſtraight line G, 


— P. 13. 1. 


* 


U CL 1:D'% 


that is, EF cannot be leſs than HK: And if G be equal to HK, 
EF alſo is equal to it; wherefore EF is at right angles to CD; 
for if it be not, EF would be greater than which is abſurd. 
Therefore the angle EFD is a right, and conſequently a given 


angle. 
But if the ſtraight line G be not equal to HK, it muſt be 
ater than it: Produce HK, and take HL, equal to G; and 
rom the centre H, at the diſtance HL, deſcribe the circle 


MLN, and join HM, HN: And becauſe the circle c MLN, 


and the ſtraight line CD, are given in poſition, the points M, 
N ared given: And the point 


H is given, wherefore the A E HK B 
ſtraight lines HM, HN, are : 

given in poſition e: And CD \ 

is given in poſition; therefore K 


ven in poſition f: Of the 

ſrraight lines HM, HN, let Gor _—__ . 

HN be that which is not parallel to EF, for EF cannot be pa- 
rallel to both of them and draw EO parallel to HN: EO there- 
fore is equal g to HN, that is, to G; and EF is equal to G, 
wherefore EO is equal to EF, and the angle EFO to the angle 
EOF, that is b, to the given angle HNM, and becauſe the angle 
HNM, which is equal to the angle EFO, or EFD, has been 
found; therefore the angle EFD, that is the angle AEF, is 
given in magnitude k: and conſequently the angle EFC. 


PR OP. XXVII. 


F a ſtraight line given in magnitude be drawn from 

a point to a ſtraight line given in poſition, in a given 

angle; the ſtraight line drawn through that point 

parallel to the ſtraight line given in poſition, is given 
in poſition. 

Let the ſtraight line AD given in magnitude be drawn from 


the point A to the ſtraight line BC given in 

ko. ay in the given angle ADG : the E An F 

ftraight line EAF 3 through A parallel / [ 

to BC is given in poſition. . 
In BC take a given point G, and draw GH: — 

parallel to AD: And becauſe HG is dran B. D G 

to a given point G in the ſtraight line BC gi- 


the angles HMN, HNM, are CGG L D 


2 
ven 


2 


0 9 


Sr > © Pos? 


DATA. _— 


in poſition, in a given angle HGC, for it is equal * to the 29. r. 
— 5 ADC; HG is given in poſition d; but it is given 32. dat. 
alſo in magnitude, becauſe it is equal to © AD which is given inc 34. 1. 
magnitude; therefore becauſe G one of the extremities of the 
ſtraight line GH given in poſition and magnitude is given, the R 
other extremity H is ”__ d; and the ſtraight line EAF, which d 30. dat. 


is drawn through given point H parallet to BC given in 
poſition, is therefore given e in poſition. e 31. dat. 


p R OP. XXVII. 34 


F a ſtraight line be drawn from a given point to 

two parallel ſtraight lines given in poſition, the 

ratio of the ſegments between the given point and the 
parallels ſhall be given. | [ 


Let the ſtraight line EFG be drawn from the given point E 
to the parallels AB, CD, the ratio of EF to EG is given. 

From the point E draw EHK perpendicular to CD; and 
becauſe from a given point E the ſtraight line EK is drawn to 
CD which is given in poſition, in a given angle EKC; EK is 


= Ik A FH B 
EKH B N 
e 


C KG D 
CG K D 


given in poſition ; and AB, CD are given in poſition ; there- a 33. dat. 
tore d the points H, K are given: And the point E is given zb 28. dat. 
wherefore c EH, EK are given in itude, and the ratio d of e 29. dat. 
them is therefore given. But as EH to EK, ſo is EF to EG, d x. dat. 
becauſe AB, CD are parallels ; therefore the ratio of EF to EG 


is given. | 


PROP. XXIX. 35. 36. 


F the ratio of the ſegments of a ſtraight line be- See N. 
tween a given point in it and two parallel ſtraight 
lines, be given, if one of the parallels be given in po- 

ſition, the other js alſo given in poſition, * 


From 
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From the given point A, let the t line AED be drawn 
to the two poralle! ſtraight lines FG, and let the ratio of 
the ſegments AE, AD be given; if one of the parallels BC be 
given 1n poſition, the other * FG is alſo given in poſition. 

From the point A, draw AH perpendicular to BC, and let 
it meet FGinK; and becauſe is. drawn from the given 
point A to the ſtraight line BC given in poſition, and males 


A FEK 0 


| 3 4 
| FE E/ Kk G 1 
. 8 H DC 
| BD H © 
» 33. dat. given angle AHD; AH is given * in 
poſition ; and BC is 8 en in 
poſition, t therefore the point H is gi- B DHC NV 
b 28. dat. ven d: int A is alſo given; rati 
c 29. dat. Wherefore realty is given in magnitudec, wh 
and, becauſe FG, BC are parallels, pol 
as AE to AD, ſo is ARto AH; and — glxe 


the ratio of AE to AD is given, F E 3 
wherefore the ratio of AK to AH is given ; but 2 is 

d2. dat. in magnitude, therefore d AK is given in magnitude; and it is 

e 30. dat. Alſo given in poſition, and the point A is given; wherefore 
the point K is given. And becauſe the ſtraight line FG is drawn 


through the 3 point K parallel to BC which is given in po- 
f 31. dat. — therefore f FG is given in poſition. 


x PROP, XI. 3 


See N. * the ratio of the ſegments of a ſtraight line into 1 
which it is cut by three parallel ſtraight lines, be | 


given; if two of the' parallels are given in * 
the third is alſo given in poſition. 


Let AB, CD, HK be three parallel ſtraight lines, of which 
AB, CD are given in poſition; and let ratio of the ſeg · 


. 


8 FCZ 5555 


ln 


=3 al 


ore © 
rawn 
1 po- 


3 


LENS 


| therefore d the ſtraight lines LM, MN 


D.a4A- FT 4. . 


ments GE, GF into which the ſtraight line GEF is cut by the 
three parallels, be given; the third parallel HK is given in po- 
ſition. | 

In AB take a given point L, and draw LM perpendicular 
to CD, meeting HK in N; becauſe LM is drawn from the gi- 
yen point L to CD which is given in poſition and makes a gi- 
ven angle LMD ; LM is given in poſition -; and CD is given 
in poſition, wherefore the point M is given d; and the _ L 
is given, LM is therefore given in magnitude e; and becauſe 
the ratio of GE to GF is given, and as GE to GF, ſo is NL to 


H GN KA E L B 
a E L Bu CN X 


of 


| 8 1 
CF M DCF MD 


NM; the ratio of NL to NM is given; and therefore d the 975 
2 


ratio of ML to LN is given; but is given in magnitude d, d 
wherefore e LN is given in magnitude: and it is alſo given in. 
poſition, and the point L is given; wherefore f the point N is f zo. dat. 
given; and becauſe the ſtraight line HK is drawn through the 

ven point N parallel to CD which is given in poſition, there- 

ore HK is given in poſition 8, b 31. dat. 


PROP. XII. F. 


FF a ſtraight line meets three parallel ſtraight lines See N. 
which are given in poſition, the ſegments into 
which they cut it have a given ratio. 


Let the parallel ſtraight lines AB, CD, EF given in poſi- 
tion, be cut by the ſtraight line GHK ; the ratio of GH to HK 
is given. | 

In AB take a given point L, and 
draw LM hamalbel <2 to CD, meet- A_ 6G 1. B 
ing EF in N; therefore * LM is given 
in poſition; and CD, EF are given C D 
in poſition, wherefore the points M, 

N are given: And the point Lis given; | 


a 33. dat. 


29. dat. 


n 1 
are given in magnitude; and the ratio E K = N * 
: ; 0 
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e. of LM to MN is therefore given e: But as LM to MN, i 


39- 


222. To 


. 223. 1. 


cauſe the two ſides ED, 


GH to HK; wherefore the ratio of GH to HK is given, 


PROP. XII. 


F each of the ſides of a triangle be given in magni. 
tude, the triangle is given in ſpecies. 


Let each of the fides of the triangle ABC be given in mag. 
nitude, the triangle ABC is given in ſpecics. - 

Make a triangle DEF the ſides of which are equal, each 
to each, to the given ſtraight lines AB, BC, CA, which can 
be done; 1 ahy two of them muſt be greater than the 
third; and let DE be e- 
qual to AB, EF to BC, A D 
and FD to CA; and be- 


DF are equal to the two 
BA, AC, each to each, 
and the baſe EF equal to 

the baſe BC; the angle B C E F 
EDF, is equal ® to the angle BAC; therefore, becauſe the angle 
EDF, which is equal to the angle BAC, has been found, the 
angle BAC is given e, in like manner the angles at B, C are 
given. And becauſe the ſides AB, BC, CA are given, their 
ratios to one another are given d, therefore the triangle ABC 
is given e in ſpecies. 


PROP. XILIII. 


F each of the angles of a triangle-be given in mag- 
nitude, the triangle is given in ſpecies, - 


Let each of the angles of the triangle ABC be given in 
* the triangle ABC is given in ſpecies. 
ake a ſtraight line DE given in A 

poſition and magnitude, and at the 

points D, E make * the angle EDF 

equal to the angle BAC, and the 

angle DEF equal to ABC; there- | 

fore the other angles EFD, BAR C F 
are equal, and each of the angles at the points A, B, C, is g. 
| ven, 


15 give 
the r: 
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yen, wherefore each of thoſe at the points D, E, F is given: 
And becauſe the ſtraight line FD is drawn to the given point 
D in DE which is given in poſition, making the given angle 
EDF; therefore DF is given in poſition d. In like manner EF b 3a. dat. 
alſo is given in poſition; wheretore the point F is given: And 
the points D, E are given; therefore each of the ſtraight lines 
DE, EF, FD is given c in magnitude; wherefore the triangle c 29. dat. 
DEF is given in ſpecies d: and it is ſimilar e to the triangle d * 
ABC: which therefore is given in ſpecies. - kT at | 
PROP. XLIIV. 41. 


F one of the angles of a triangle be given, and if 
the ſides about it have a given ratio to one another; 
the triangle is given in ſpecies. 


Let the triangle ABC have one of its angles BAC given, and 
et the ſides BA, AC about it have a given ratio to one other; 
the triangle ABC is given in ſpecies. 

Take a ſtraight line DE given in poſition and magnitude, 
and at the point D in the given ſtraight line DE, make the 
angle EDF equal to the given angle BAC; wherefore the 
angle EDF is given; and becauſe the ſtraight line FD is drawn 
to the given point D in ED which is given in poſition, making 


the given angle EDF; therefore FD A 

is given in poſition . And becauſe D 
the ratio of BA to AC is given, -of 
make the ratio of ED to DF the #1 
ſame with it, and join EF; and be- | | 

cauſe the ratio of ED to DF is gi- B CG. F 


rea, and ED is given, therefore d DF is given in magnitude: b 2. dat. 
and it is given alfo in poſition, and the point D is given, where- 

fore the point F is given e: and the points D, E are given, c 30. dat. 
wherefore DE, EF, FD are given q in magnitude: and the d 29. dat. 
triangle DEF is therefore given e in ſpecies z and becauſe the e 42. dat. 
triangles ABC, DEF have one angle BAC equal to one 
angle EDF, and the ſides about theſe angles proportionals; the 
triangles are f ſimilar; but the triangle DEF is given in ſpecies, f 6. 6. 
and therefore alſo the triangle ABC. . | 


PROP. 
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1 PROP. XI. 


S&N. IF the ſides of a triangle have to one another giyei I 
ratios; the triangle is given in ſpecies. 


Let the ſides of the triangle ABC have given ratios ts one 
another, the triangle ABC is given in ſpecies. L 
Take a ſtraight line D given in magnitude; and becauſe the angl 
ratio of AB to BC is given, make the ratio of D to E the one 
| a 2. dat. ſame with it; and D is given, therefore E is given. And be. | 
| cauſe the ratio of BC to CA is given, to this make the ratio and 
| of E to F the ſame; and E is given, and therefore * F. And BC, 
| becauſe as AB to BC, ſo is D to E; by compoſition AB and and 
| BC together are to BC, as D to B 
| | and E to E; but as BC to CA, f 


| ſo is E to F; therefore, ex 4- 

| b22.5- quali, as AB and BC are to 

K A, ſo are D and E to F, and | 

| e. AB and BC are greater e than BIC 
G D EF 


CA; therefore and E are 
d A. 5. greater d than F. In the ſame 
manner any two of the three D, A 
E, F are greater than the third. H K 
e 12. 1. Make e the triangle G HK whoſe 
ſides are equal to D, E, F, ſo that GH be equal to D, HR u ang 
E, and KG to F; and becauſe D, E, F, are, each of them, are 
given, therefore GH, HK, KG are each of them given in mag. and 
f 42. dat. nitude; therefore the triangle GH is given f in ſpecies: But AB 
as AB to BC, ſo is (D to E, that is) GH to HK; and as BCto and 
CA, ſo is (E to F, that is) HK to KG; therefore, ex equal 
55. 6 as A to AC, ſo is GH to GK. Wherefore the triangle ABC dhe 
is equiangular and ſimilar to the triangle GHK; and the m. DE 
angle GHK is given in ſpecies; therefore alſo the triangle Ac A 
is given in ſpecies. | * 
on. If a triangle is required to be made, the ſides of which 
ſhall have the ſame ratios which three given ſtraight lines D, 
E, F have to one another; it is — that every two d 
them be greater than the third. 


* 
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PROP. XVI. 43. 


F the ſides of a right angled triangle about one of 
the acute angles have a given ratio to one ano- 
ther; the triangle is given in ſpecies. 


Let the ſides AB, BC about the acute angle ABC of the tri- 
angle ABC, which has a right angle at A, have a given ratio to 
one another; the triangle ABC is given in ſpecies. 

Take a ſtraight line DE given in poſition and magnitude; 
and becauſe the ratio of AB to BC is given, make as AB to 
BC, ſo DE to EF; and becauſe DE has a given ratio to EF, 
and DE is given, therefore EF is given; and becauſe as AB 2. da. 
to BC, ſo is DE to EF; and AB is leſs d than BC, therefore b rg. 1. 
DE is leſs e than EF. From the point D draw DG at right angles c A. 5. 
to DE, and from the centre E : 
at the diſtance EF, deſcribe a 
circle which ſhall meet DG in 
two points; let G be either of 
them, and join EG; there- 
fore the circumference of the 
circle is given d in poſition ; 


G 


d 6. def. 


and the ſtraight line DG is given e in poſition, becauſe it ise 32. dat. 
drawn to the given you D in DE given in poſition, in a given * 
2 


angle; therefore f the point G is given; and the points D, Ef 28. dat. 
are given, wherefore DE, EG, GD are given 8 in magnitude, g 29. dat. 
and the triangle DEG in ſpecies b. And becauſe the triangles h 42. dat. 
ABC, DEG have the angle BAC equal to the angle EDG, | 


and the ſides about the angles ABC, DEG proportionals, and 


each of the other angles BCA, EGD leſs than a right angle ; 
the triangle ABC is equiangular i and ſimilar to the triangle; ,. 6. 


DEG: But DEG is given in ſpecies ; therefore the triangle 
ABC is given in ſpecies: And in the ſame manner, the triangle 
—_ by drawing a ſtraight line from E to the other point in 
which | 


e circle meets DG is given ia ſpecies. 


PROP. 
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PR OP. XLVII. 


FF a triangle has one of its angles which is not 3 
right angle given, and if the ſides about another 
angle have a given ratio to one another; the triangle 
is given in ſpecies. 


Let the triangle ABC have one of its angles ABC a given, 
but not a right angle, and let the fides BA, AC about another 
angle BAC have a given ratio to one another; the triangle 
ABC is given in ſpecies. | 

Firſt, Let the given ratio be the ratio of 
equality, that is, let the ſides BA, AC, and A 
conſequently the angles ABC, ACB, be equal ; 
and becauſe the angle ABC is given, the an- 
plc ACB, and alſo the remaining * angle 

AC is given; therefore the triangle ABC is o 


v 43. dat. given d in ſpecies; and it is evident that in B 


this caſe the given angle ABC muſt be acute. 

Next, Let the given ratio be the ratio of a leſs to a greater, 
that is, let the fide AB adjacent to the given angle be leſs 
than the ſide AC: Take a ſtraight line DE given in poſition and 
magnitude, and make the angle DEF equal to the given 
angle ABC; therefore EF is given e in poſition z and becauſe 
the ratio of BA to AC is given, 
as BA to AC, ſomakeED to DG; 
and becauſe the ratio of ED to 
DG is given, and ED is given, 
the ſtraight line DG is given d, 
and BA is leſs than AC, therefore 
ED is leſs e than DG. From the 


Th 
B Do 
D 
centre D, at the diſtance DG | 
deſcribe the circle GF meeting 
EF in F, and join DF; and E PF 
* 


becauſe the circle is given f in po- 

ſition, as alſo the ſtraight line EF, 

the point F is given 8; and the 

points D, E are given; wherefore 

the ſtraight lines DE, EF, FD 

are given h in magnitude, and the triangle DEF in ſpe- 

cies i. And becauſe BA is leſs than AC, the angle ACB is 

leſs k than the angle ABC, and therefore ACB is leſs | than 
a 


< jy 70 md og. 
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er than AC, ED is greater e than DH. L | 
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à right angle. In the ſame manner, becauſe ED is lefs than 
DG or DF, the angle DFE is leſs than a right angle: And be- 
cauſe the triangles ABC, DEF have the angle ABC equal to 
the angle DEF, and the fides about the angles BAC, EDF 


proportionals, and each of the other angles ACB, DFE leſs 


than a right angle; the triangles ABC, DEF are m ſimilar, and m 3. 6. 
DEF is given in ſpecies, wherefore the triangle ABC is alſo gi- 
ven in ſpecies. 

Thirdly, Let the given ratio be the ratio of a greater to a 
leſs, that is, let the fide AB adjacent to the given angle be 
greater than AC; and as in the laſt A. 
caſe, take a ſtraight line DE given in 


poſition and magnitude, and make the 
angle DEF equal to the given angle 
ABC ; therefore EF is given e in poſi- B | 


tion: Alſo draw DG perpendicular to D 
EF; therefore if the ratio of BA to | 


AC be the ſame with the ratio of ED 


to the perpendicular DG, the triangles 
ABC, DEG are ſimilar m, becauſe the 
angles ABC, DEG are equal, and DGE 
is a right angle : 'Therefore. the angle E G F 
Ach is a right angle, and the triangle ABC is given in ® ſpe- b 43. dat. 
cies. | | 

But if, in this laſt caſe, the given ratio of BA to AC be 
not the ſame with the ratio of ED to DG, that is, with the 
ratio of BA to the perpendicular AM drawn from A to BC; 
the ratio of BA to AC muſt be leſs than o the ratio of BAo8. 5. 
to AM, becauſe AC is greater than AM, Make as BA to AC 
ſo ED to DH; therefore the ratio of A 
ED to DH is leſs than the ratio of (BA 
to AM, that is, than the ratio of) ED 
to DG; and conſequently, DH is great- 
erp than DG; and becauſe BA is great- B 


From the center D, at the diſtance DH, 
deſcribe the circle KHF which neceſſari- 
ly meets the ſtraight line EF in two 
points, becauſe DH is greater than DG, 
and leſs than DE. Let the circle meet E KN I F 
EF in the points F, K which are given, 

as was ſhown in the preceding cas ; and, DF, DE being join- 
ed, the triangles DEF, DEK = given in ſpecies, as was there 

| 4 MED 


* 


8 7. 


a 9. 1. 
b 3. 6. 


© 83:3. 


d 47. dat. 


e 43. dat. 
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ſhewn. From the centre, A at the diſtan e AC, deſcribe a cir- 
cle meeting BC again in L: And if the a.zgle ACB be leſs than 
a right angle, muſt be greater tha 1 a right angle: And 
on the contrary. In the fame manner, if che angle DFE be leſs 
than a right angle, DEE muſt be greater than one; and on 
the contrary. each of the angles 

ACB, DFE be either leſs or greater — A 
a right angle; and becauſe in the tri- 
angles ABC, DEF the angles ABC, 
DEF are equal, and the ſides BA, AC, B 
and ED, DF, about two of the other 
angles proportionals, the triangle ABC 

is ſimilar m to the triangle DEF. In the 
ſame manner, the triangle ABL is ſimi- ; 
lar to DEK, And the triangles, DEF, 

DEK are given in ſpecies 3 — al- E F 
ſo the triangles » ABL are given in H 
ſpecies. And from this it is evident, that, in this third caſe, 
there are always two triangles of a different ſpecies, to which 
the things mentioned as given in the propoſition can agree. 


P R OP. XLVII. 


I a triangle has one angle 22 and if both the 
. fides together about that angle have a given ratio to 
the remaining ſide ; the triangle is given in ſpecies. 


Let the triangle ABC have the angle BAC given, and let the 
ſides BA, AC together about that angle haye a given ratio to 
BC; the triangle ABC is given in ſpecies, 

Biſect a the angle BAC by Oe ſtraight line AD); therefore 
the — is given. d becauſe as BA to AC, ſo is 


BD to DC, utation, as AB to BD, 
ſo is AC to - and as BA and AC to- A 


gether to BC, ſo is e AB to BD. But the 
ratio of BA and AC together to BC is gi- 
ven, wherefore the ratio of AB to BD 4 


is given, and the angle BAD is given; 


- 


therefore d the triangle ABD is given' in 


D 0 


ſpecies, and the angle ABD is therefore given; the. angle BAC 


is alſo given, wherefore the triangle ABC is given in ſpecies e. 
A triangle which ſhall have the things that are mentioned 


in the; propoſition to be given, can be found in the following. 


manner. 


r, ,,, ,,, v 
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manner. Let EFG be the given angle, and let the ratio of H 
to K be the given ratio which the two ſides about the angle 
EFG muſt have to the third fide of the triangle; therefore be- 
cauſe two fides of 2 triangle are greater than the third fide, 
the ratio of H to K muſt be the ratio of a greater to a leſs. 
Biſect * the angle EFG by the ſtraight line FL, and by the 9. ©- 
47th propoſition find a triangle of which EFL is one of the 
angles, and in which the ratio of the ſides about the angle oppoſite 
to FL is the ſame with the ratio of H to K: To do which, 
take FE given in poſition and magnitude, and draw EL per- 
pendicular to FL : Then if the ratio of H to K be the ſame with 
the ratio of FE to EL, produce EL, and let it meet FG in P; 
the triangle FEP is that which was to be found : for it has 
the given angle EFG ; and be- | H 
cauſe this angle is biſected by F K 
FL, the ſides EF, FP together | | 
are to EP, as d FE to EL, that b z. 6. 
e, is, as H to K. : 
ch But if the ratio of H to K 
be not the ſame with the ratio E N 0 
of FE to EL, it muſt be leſs than : 
it, as was ſhown in prop. 47. and in this caſe there are two tri- 
angles, each of which has the given angle EFL, and the ratio of 
ne the ſides about the angle oppoſite to FL the ſame with the ratio 
to of H to K. By prop. 47. find theſe triangles EFM, EFN each 
of which has. the angle EFL for one of its angles, and the ratio 
of the fide FE to EM or EN the ſame with the ratio of H to K; 
* and let the angle EMF be greater, and ENF leſs than a right 
angle. And becauſe H is greater than K, EF is greater than 
EN, and therefore the angle EFN, that is, the angle NFG, is 5 
leſs e than the angle ENF. To each of theſe add the angles f 18. 1. 
NEF, EFN; therefore the angles NEF, EFG are leſs than the 
angles NEF, EFN, FNE, that is, than two right angles; there- 
fore the ſtraight lines EN, FG muſt meet together 3 „ 
duced; let them mett in O, and produce EM to G. of 
the triangles, EFG, EFO has the things mentioned to be given 
in the propoſition: For each of them has the given angle EFG; 
\ and becauſe this angle is biſected by the ſtraight line FMN, the 
C fides EF, FG together have to EG the third fide the ratio of 
\C FE to EM, that is, of H to K. In like manner, the ſides EF, 
e. FO together have to EO the ratio whieh H has to K. 
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PROP. XIIXX. 


F a triangle has one angle given, and if the fides a- 
bout another angle, both together have a given ra- 
tio to the third fide ; the triangle is given in ſpecies. 


Let the triangle ABC have one angle ABC given, and let the 
two ſides BA, AC about another angle BAC have a given ra- 
tio to BC; the triangle ABC is given in ſpecies. | 

_ the angle BAC to be biſeCted by the ſtraight line 
AD; BA and AC together are to BC, as AB to BD, as was 
ſhown in the preceding propoſition. But the ratio of BA and 
AC together to BC is given, therefore alſo the ratio of AB to 


a 44. dat. BD is given. And the angle ABD is yiven, wherefore * the 


b 43- dat. 


| fide FG the ratio of EF to FL, that is, the given ratio of H to K. 


triangle ABD is given in ſpecies; and conſequently the angle 


BAD), and its double the angle BAC 


are given; and the angle ABC is gi- A. 
ven. Therefore the triangle ABC is 
given in ſpecies d. 

A triangle which ſhall have the 
things mentioned in the propoſition to B D GC 
be given, may be thus found. Let E. 
EFG be the given angle, and the ra- 
tio of H to K the given ratio; and K 
by prop. 44. find the triangle EFL, | 
which has the angle EFG for one of 
its angles, and the ratio of the ſides F IL. 6 
EF, FL about this angle the ſame with 
the ratio of H to K; and make the angle LEM equal to the 
angle FEEL. And becauſe the ratio of H to K is the ratio which 
two ſides of a triangle have to the third, H muſt be greater than 
K; and becauſe EF is to FL, as H to K; therefore EF is great- 


er than FL, and the angle FEL, that is, LEM, is therefore leſs 
than the angle ELF. Wherefore the angles LFE, FEM are 


leſs than two right angles, as was ſhown in the foregoing propo- 
ſition, and the ſtraight lines FL, EM muſt meet if produced; 
let them meet in G, EFG is the triangle which was to be found; 


for EFG is one of its angles, and becauſe the angle FEG is bi- 


ſeed by EL, the two ſides FE, EG together have to the third 


PROP. 


D A T A 


PROP. L. 76. 


8 Tf from the vertex of a triangle given in ſpecies, a 
ſtraight line be drawnto the baſe in a given angle ; 
it ſhall have a given ratio to the baſe. 


From the vertex A of the triangle ABC which is given in 

ſpecies, let AD be drawn to the baſe BC in a given angle ADB; 
e ratio of AD to BC is given. | | 
Becauſe the triangle ABC is given in 


1 © 


ſpecies, the angle ABD is given, and the 


| * 
angle ADB is given, therefore the triangle | as 
ABD is given * in ſpecies; wherefore the / k I 
ratio of AD to AB is given. And the ra- a 
— n 


tio of AB to BC is given; and therefore b b. 9. dat. 
the ratio of AD to BC is given. 


DD 
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2 figures given in ſpecies, are di- 
| vided into triangles which are given in ſpecies, ' 


— 


Let the rectilineal figure ABC DE be given in ſpecies; 
ABCD E may be divided into triangles given in ſpecies. 

Join BE, BD; and becauſe ABCDE is given in ſpecies, the 
angle BAE is given *, and the ratio of A | 
BA to AE is given *; wherefore the 0. 6 

triangle BAE is given in ſpecies d, and b 44. dat. 

the angle AEB is therefore given *. But B 
the whole angle AED is given, and E 
therefore the remaining angle BED is C 
given, and the ratio of AE to EB is | >D 
given, as alſo the ratio AE to ED; therefore the ratio of 
BE to ED is given e. And the angle BED is given, wherefore g 9. dat, 
the triangle BED is given b in ſpecies. In the ſame manner, | 
the triangle BDC is given in ſpecies : Therefore rectilineal fi- "A 
gures which are given in ſpecies are divided into triangles given 


in ſpecies. 
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I. two triangles given in ſpecies be deſcribed upon 
the ſame ſtraight line; they ſhall have a given ra- 
tio to one another. 


Let the triangles ABC, ABD given in ſpecies be deſcribed 
upon the ſame ſiraight line AB; the ratio of the triangle ABC 
to the triangle ABD is given. 

Through the point C, draw CE parallel to AB, and let it 
meet DA produced in E, and join BE. Becauſe the triangle 
ABC is given in ſpecies, the angle BAC, that is, the angle 
ACE, is given; and becauſe the triangle ABD is given in ſpe- 
cies, the angle DAB E. 
that is, the angle 
AEC, is given. There- 
fore the triangle ACE 
is given in ſpecies; 
where fore the ratio of 
EA to AC is given ?, 
and the ratio of CA to 
AB is given, as alſo 


. the ratis of BA to AD ; therefore the ratio of > RA t AD jo 


given, and the triangle ACB is equal c to the triangle AEB, and 
as the triangle AEB, or ACB, is to the triangle ADB, ſo is 4 the 
ſtraight line EA to AD. But the ratio of EA to AD is given, 
therefore the ratio of the triangle ACB to the triangle ADB is 
given, 


PROBLEM. 


To find the ratio of two triangles ABC, ABD given in ſpe- 
cies, and which are deſcribed upon the ſame ſtraight line AB. 

Take a ſtraight line FG given in poſition and magnitude, 
and becauſe the angles of the triangles ABC, ABD are given, 
af the points F, G of the ſtraight line FG, make the angles 
GFH, GFK equal to the angles BAC, BAD; and the angles 
FGH, FGK equal to the angles ABC, ABD, each to each, 
Therefore the triangles ABC, ABD are equiangular to the tri- 
angles FGH, FGK, each to each. 'Through the point H draw 


HL parallel to FG meeting KF produced in L. And becauſe 


the angles BAC, BAD are equal to the angles GFH, GFK, each 
to each; therefore the angles ACE, AEC are equal to FHL 
FLH, each to each, and the triangle AEC equiangular to the 
triangle FLH. Therefore as EA to AC, ſo is LF to FH; and 

N as 


a 
te 
F 
A 
1 
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as CA to AB, ſo HF to FG; and as BA to AD, ſo is GF 
to FK; wherefore, ex zquali, as EA to AD, ſo is LF to 
FK. But as was ſhown, the triangle ABC is to the triangle 
ABD, as the ſtraight line EA to AD, that is, as LF to FK. 
The ratio therefore of LF to FK has been found, which is the 
ſame with the ratio of the triangle ABC to the triangle ABD. 


PROP. LUI. 


9. 

* two rectilineal figures given in ſpecies be deſcribed ses N, 
upon the ſame ſtraight line; they ſhall have a gi- 

ven ratio to one another. | 


Let any two rectilineal figures ABCDE, ABFG- which are 
given in ſpecies, be deſcribed upon the ſame ſtraight line AB; 
the ratio of them to one another is given. 

Join AC, AD, AF; each of the triangles AED, ADC, 
ACB, AGF, ABF is given? in ſpecies. And becauſe the tri- a 51. dat. 
angles ADE, ADC given in ſpecies h 
are deſcribed upon the ſame ſtraight 2 D 
line AD, the ratio of EAD to DAC F 
is given d; and, by compoſition, 
the ratio of EACD to DAC is 

iven c. And the ratio of DAC to 
AB is given d, becauſe they are 
deſcribed upon the ſame age G 
line AC; therefore the ratio o | 
EACD to AC; is given d; and, by u—RL IN O 4 g. dat, 
compoſition the ratio of ABCDE | 
to ABC is given. In the ſame manner, the ratio of ABFG to 
ABF is given. But the ratio of the triangle ABC to the triangle 
ABF is given; wherefore d, becauſe the ratio of ABCDE to 
ABC is given, as alſo the ratio of ABC to ABF, and the ratio 
of ABF to ABFG ; the ratio of the rectilineal ABCDE to the 
| rectilineal ABFG is given d. 


| PROBLEM. 


To find the ratio of two rectilineal figures given in ſpecies, 
and deſcribed upon the ſame ſtraight line. 
Let ABCDE, ABFG be two rectilineal figures given in 
| ſpecies, and deſcribed upon the ſame ſtraight line AB, and 
| join AC, AD, AF. Take a ſtraight line HK given in poſition 
| and magnitude, and by the 52d dat. find the ratio of the tri- 
| angle ADE to the triangle ＋ and make the ratio of HK 
; Cc 4 to 
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to KL the ſame with it. Find alſo the ratio of the triangle 
ACD to the triangle ACB. And make the ratio of KL to 
LM the ſame. Alſo, find the ratio of the triangle ABC to the 
triangle ABF, and make the ratio of LM to the ſame. 
And laſtly, find the ratio of the triangle AFB to the triangle 
AFG, and make the ratio of MN 

to NO the ſame. Then the ratio of D 
ABCDE to ABFG is the ſame with 
the ratio of HM to MO. 

Becauſe the triangle EAD is to 
the triangle DAC, as the ſtraight 
line HK to KL; and as the triangle 
DAC to CAB, fo is the ſtraight 
line KL to LM; therefore by uſing 
compoſition as often as the number H 
of triangles requires, the reftilineal 
ABCDE is to the triangle ABC, as the ſtraight line HM to ML. 
In like manner, becauſe the triangle GAF is to FAB, as ON to 
NM, by compoſition, the rectilineal ABFG is to the triangle 
ABF, as MO to NM ; and by inverſion, as ABF to ABFG, fo 
is NM to MO. And the triangle ABC is to ABF, as LM to 
MN. Wherefore, becauſe as ABCDE to ABC, ſo is HM to 
ML; and as ABC to ABF, fo is LM to MN; and as ABF 
to ABFG, ſo is MN to MO; ex zquali, as the rectilineal 
ABCDE to ABFG, fo is the ſtraight line HM to MO. 


PROP. IIV. 


1 two ſtraight lines have a given ratio to one another; 
the ſimilar rectilineal figures deſcribed upon them 
ſimilarly, ſhall have a given ratio to one another, 


Let the ſtraight lines AB, CD, have a given ratio to one an- 
other, and let the ſimilar and fimilarly placed rectilineal figurey 
E, F be deſcribed upon them ; the ratio of E to F is given. 


To AB, CD, let G be a third 3 
proportional z therefore as AB to ö | 
CD, ſo is CD to G. And the ratio N 
of AB to CD is given; wherefore | 


the ratio of CD to G is given; and A 3 C DB 
conſequently the ratio of AB to G is H 1 


« 9. dat. alſo given 2. But as AB to G, ſo is —?h! . 
5e. Cor. a0. the figure E to the figure d F. Therefore the ratio of E to F 


oh PROBLEM, 
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To find the ratio of two ſimilar rectilineal figures, E, F, ſimi- 
jarly deſcribed upon ſtraight lines AB, CD which have a given 
ratio to one another: Let G be a third proportional to AB, CI). 
Take a ſtraight line H given in magnitude; and becauſe the 
ratio of AB to CD is given, make the ratio of N to K the ſame 
with it; and becauſe H is given, K is given. As His to K, 
ſo make K to L; then the ratio of E toÞ is the ſame with the 
ratio of H to L; for AB is to CD, as H to K, wherefore CD is 
to G, as K to L; and, ex æquali, as AB to G, ſo is H to L: 
But the figure E is tod the figure F, as AB to G, that is, as Hb. 2 cor. 
to L. 20. 6. 


PROP. LV. * 


F two ſtraight lines have a given ratio to one ang. 
ther; the rectilineal figures given in ſpecies deſcri- 
bed upon them, ſhall have to one another a given ratio, 


Let AB, CD be two ſtraight lines which have a given ratio 


- 


fo to one another; the rectilineal figures E, F given in ſpecies 
2 and deſcribed upon them, have a given ratio to one another. 
to Upon the ſtraight line AB, deſcribe the figure AG ſimilar 
BF and ſimilarly placed to the figure F; and becaufe F is given in 
al ſpecies, AG is alſo given in ſpe- 

cies: Therefore, fince the figures EN 

E, AG which are given in ſpe- A B CID 

cies, are deſcribed upon the ſame | F | 

ſtraight line AB, the * ud + G 
T; to AG is given *, and becaule , | 0M a 
m the mired AB to CD is given 1 L 1 


and upon them are deſcribed the ſimilar and ſimilarly placed 
rectilineal figures AG, F, the ratio of AG to F is given d ; b 54. dat. 
*Y and the ratio of AG to E is given; therefore the ratio of E to 
ey F i5 given c. : | Cc 9. dat, 
PROBLEM, 


To find the ratio of two rectilineal figures E, F given in ſpe- 
cies and deſcribed upon the ſtraight lines AB, CD which have 
a given ratio to one another. 

Take a ſtraight line H given in magnitude; and becauſe 
the rectilineal figures E, AG given in ſpecies are defcribed up- 
on the ſame ſtraight line AB, find their ratio by the 53d dat. 
F and make the ratio of H to K the ſame, K is therefore given. 

And becauſe the ſimilar rectilineal figures AG, F are deſcribed 


41 upon 
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upon the ſtraight lines AB, CD, which have a given rati 

nd their — . the 54th dat. and make the ratio of Kur The 
the ſame : The figure E has to F the ſame ratio which H has to of the 
L; For, by the conſtruction, as E is to AG, ſo is H to R; Bec 
and as AG to F, ſo is K to L; therefore, ex æquali, as E to F; of Al 
ſo is H to L. ven d. 


* PROP. LI. ip 


F a rectilineal figure given in ſpecies be deſcribed nayb 
upon a ſtraight line given in magnitude; the figure I line 
is given in magnitude. becau 


Let the rectilineal figure ABCDE given in ſpecies be deſeri- the fa 
bed upon the ſtraight line AB given in magnitude; rhe figure of Al 
ABCDE is given in magnitude. NY 

Upon AB let the ſquare AF be deſcribed; therefore AF is e 

iven in ſpecies and magnitude, and beeauſe the rect ilin al to EF 
gures ABCDE, AF given in ſpecies are C | 
deſcribed upon the ſame ſtraight line AB, 
a 53. dat. the ratio of ABCDE to AF is given: 
But the ſquare AF is given in magnitude, 
b 2. dat. therefore d alſo the figure ABCDE is D 
given in magnitude. 


PRO B. E F 

To find the magnitude of a rectilineal L M 0 

figure given in ſpecies deſcribed upon a ven 1 
ſtraight line given in magnitude. 

Take the ſtraight line GH equal to Let 


the given ſtraight line AB, and by the 

53d 2 find — ratio which the — 8 H K ig 
AF upon AB has to the figure ABCDE ; and make the ratio of Let 
GH to HK the ſame; and upon GH deſcribe the ſquare GL, Bf the ſti 
and complete the parallelogram LHKM ; the figure ABCDE is Wt G, 
equal to LHKM ; becauſe AF is to ABCDE, as the ſtraight che ra 
line GH to HK, that is, as the figure GL to HM; and AFis fore tl 


c 14.5. Equal to GL; therefore ABCDE is equal to HM e. | and C 
| | where 
53. P R O P. LVII. 15 give 


FF two rectilineal figures are given in ſpecies, and if The 
a ſide of one of them has a given ratio to a ſide of found 
| the other; the ratios of the remaining ſides to the re- yo 
| maining ſides ſhall be given, 44 

Let 
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Let AC, DF be two reQtilineal figures given in ſpecies, and 
let the ratio of the fide AB to the fide DE be given, the ratios 


b 10. dat. 


of the remaining fides to the remaining fices are alſo given. 
Becauſe the ratio of AB to DE is given, as alſo * the ratios a 3. def. 
of AB to BC, and of DE to EF, the ratio of BC to EF is gi- 
ven d. In the ſame manner, the ra- D 
tios of the other ſides to the other , 
fides are givqu. . 
The ratib which BC has to aX.\ 
may be found thus: Take a ſtraight RB C E 
line G given in magnitude, and 
becauſe the ratio of BC to BA is 
given, make 1 G to H | 
the ſame; and au e ratio | | 
of AB to DE is given, make the G H K I. 
ratio of H to K the ſame; and 
make the ratio of K to L the ſame with the given ratio of DE 
to EF. Since therefore as BC to BA, fo is G to H; and as BA 
to DE, fois H to K; and as DE to EF, fois K to L; ex æ- 
quali, BC is to EF, as G to L; therefore the ratio of G to L has 
been found, which is the ſame with the ratio of BC to EF. 


PROP. LVIN. A 


J. two ſimilar rectilineal figures have a given ratio to see N. 
one another, their homologous ſides have alſo a gi- 
ven ratio to ane another, 


Let the two ſimilar rectilineal figures A, B, have a given ra- 


tio to one another, their homologous ſides have alſo a given ra- 
tio 


Let the fide CD be homologous to EF, and to CD, EF let 


the ſtraight line G be a third proportional. As therefore CD a a. Cor. 
to G, ſo is the figure A to Bz and 20. 6. 


* ratio of A to B is given, there- 2 
ore the ratio of CD to G is given; i 
and CD, EF, G are proportionals; — 
wherefore d the ratio of CD to EF C | DE F & 8 
is given. — 
The ratio of CD to EF may be FF - + 
lound thus: Take a ſtraight line H H L . K 
given in magnitude; and becauſe the ratio of the figure A to 
B is given, make the ratio of H to K the ſame with it : And, 
% the 13th dat. direQs to be done, find a mean proportional L 
| between 
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between H and K ; the ratio of CD to EF is the ſame with thy 


54- 


c 53. dat. 


d 58. dat. 


the ratio of A to B is given, 


of H to L. Let G be a third proportional to CD, EF; there, 
fore as CD to G, ſo is (A to B, and ſo is) H to K; and as Cy 
to EF, ſo is H to L, as is ſhown in the 13th dat. 


PROP. LIX. 


FF two rectilineal figures given in ſpecies have a gi. 
ven ratio to one another, their ſides ſhall likewif 
have given ratios to one another, 


Let the two rectilineal figures A, B given in ſpecies, have 2 
given ratio to one another, their ſides ſhall alſo have given n- 
tios to one another, - | 

If the figure A be ſimilar to B, their homologous fides 
ſhall have a given ratio to one another, by the preceding pro- 
poſition ; and becauſe the figures are given in ſpecies, the fides 
of each of them have given ratios * to one another; therefore 
each fide of one of them has d to each fide of the other a given 
Tatio. 

But if the figure A be not ſimilar to B, let CD, EF be any 
two of their ſides; and upon EF conceive the figure EG to be 
deſcribed ſimilar and ſimilarly | 
placed to the figure A, ſo that 
CD, EF be homologous ſides; 
therefore EG 1s given in ſpe · 
cies; and the figure B is given 
in ſpecies; wherefore © the ra- 
tio of B to EG is given; and 


therefore d the ratio of the fi- 
gure A to EG is given; and 
A is ſimilar to EG; therefore d the ratio of the ſide CD to E 
is given; and conſequently ® the ratios of the remaining fides 
to the remaining ſides are given. 

The ratio of CD to EF may be found thus: Take a ſtraight 
line H given in magnitude, and becauſe the ratio of the * 
A to B is given, make the ratio of H to K the ſame with it. 
And by the 53d dat. find the ratio of the figure B to EG, and 
make the ratio of K to L the fame: Between H and L 


find a mean proportional M, the ratio of CD to EF is the 


ſame with the ratio of H to M; becauſe the figure A is to Þ 
as H to K; and as B to EG, ſo is K to L; ex æquali, as 4 
ED ö = 


* 


D A.T A. 


4 EG, ſo is H to L: And the figures A, EG are fimilar, and 
Mis a mean proportional between H and L; therefore, as was 
ſne wn in the preceding propoſition, CD is to EF as H to M. 


PROP. LX. 


Fa rectilineal figure be given in ſpecies and mag- 
nitude, the fides of it ſhall be given in magnitude. 


Let the rectilineal figure Abe given in ſpecies and magnitude, 
its fides are given in magnitude. 

Take a ſtraight line BC given in 
and upon BC deſcribe * the figure 
placed, to the figure A, 
and let EF be the fide of 
the figure A homologous 
to BC the fide of D; 
therefore the figure D is 
given in ſpecies. And be- 
cauſe upon the given 
ſtraight, line BC — | * 

re D given in ſpecies Fad 
. deſcrided, D is given d M KR 
in magnitude, and the figure A is given in magnitude, there- 
fore the ratio of A to D is given: And the figure A is ſimilar 
to D; therefore the ratio of the fide EF to the homologous 
fide BC is given e; and BC is given, wher-fore d EF is given: 
And the ratio of EF to EG is given e, therefore EG is given. 
And, in the ſame manner, = of the other ſides of the figure 
A can be ſhewn to be given. 


PROBLEM. 


To deſcribe a rectilineal figure A ſimilar to a given figure D 
and equal to another given figure H. It is prop. 25. b. 6. Elem. 
- Becauſe each of the figures D, H is given, their ratio is gi- 
ren, which may be found by making * upon the given ſtraight 
line BC the parallelogram BK equal to D, and upon its fide 
CK making f the parallelogram -KL equal to H in the angle 
KCL equal to the angle MBC ; therefore the ratio of D to H, 
that is, of BK to KL, is the ſame with the ratio of BC to CL: 
And becauſe the figures D, A are fimilar, and that the ratio of 


itude, 
ilarly 


1 


7 and 
ſimilar, and 


N 
E 3 


F 
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SS- 


a 18. 6, 


b 56. dat. 


c 58. dat, 
d. 2. dat. 
e 3. def. 


D to A, or H, is the ſame with the ratio of BC to CL; by 


the 58th dat. the ratio of the homologous ſides BC, EF is the 


lame with the ratio of BC to the mean proportional between 


BC and CL. Find EF the mean proportional; then EF is 2 
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ſide of the figure to be deſcribed, homologous to BC the fd the r 
of D, and the figure itſelf can be deſcribed by the 18th prop, gram 
B. 6. which, by the conſtruction, is fimilar to D; and becayp A1 
g 2. Cor. D is to A, as 3 BC to CL, that is as the figure BK to KL; any rallel 


. = - that D is equal to BK, therefore A h is equal to KL, that is, toy MW to th 


37. PROP. LX. 1 
see N. FF a parallelogram given in magnitude has one f che p 
its ſides and one of its angles given in magnitude, Cc 

the other ſide alſo is given. = 


Let the parallelogram ABDC given in magnitude, have the Cc 
fide AB and the angle BAC given in magnitude, the other fide 00 
AC is given. PR 


Take a ſtraight line EF given in poſition and magnitude; _ 
and becauſe the parallelogram AD oo, 
is given in magnitude, a rectilineal . 
a 1. def. figure equal to it can be found *. Mak 
And a parallelogram equal to this _ 
b Cor. 45. figure can be applied ® to the given . 
1. ſtraight line EF in an angle equal to F 8 
the given angle BAC. Let this be as ; 
the parallelogram EFHG having | * 
the angle FEG equal to the angle f of 7 
BAC. And becauſe the parallelo- H : 4 


grams AD, EH are equal, and have 
the angles at A and E equal; the ſides about them are reci 
c 14 6. Cally proportional e; therefore as AB to EF, fo is EG to AC; 
112.6, and AB, EF, EG are given, therefore alſo AC is given 4 T 
Whence the way of finding AC is manifeſt. 


6 PROP. LXII. — 
Ae F a parallelogram has a given angle, the reQangle "an | 
contained by the ſides about that angle has a given the 

ratio to the parallelogram. tio 

Let the parallelogram ABCD have the gi- 1 ven 


ven angle ABC, the rectangle AB, BC has h 

a given ratio to the parallelogram AC. 2 that 
From the point A draw AE 8 B | 

cular to BC; becauſe the angle ABC is gi- 


E 
ven, as alſo the ng AEB, the triangle bl 
G K 


C | 

Li 

a 43. dat. ABE is given * in ſpecies; therefore the ide « 
ratio of BA to AE is given. But as BA to * ther 


b f. 6. AE, ſo is d the rectangle AB, BC to the 


H 
rectangle AE, BC; therefore the ratio of * 


* 


% 


V4 T2. 
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the rectangle AB, BC to AE, BC that is e, to the parallelo-c 35. r. 


AC is given. 

And it is evident how the ratio of the rectangle to the pa- 
rallelogram may be found by making the angle FGH equal 
to the given angle ABC, and drawing, from any point F in 
one of its ſides, FK perpendicular to the other GH; for GF 
is to FK, as BA to AE, that is, as the rectangle AB, BC, to 
the parallelogram AC. $M | 

Cor. And if a triangle ABC has a given angle ABC, the 
rectangle AB, BC contained by the fides about that angle, 
ſhall haye a given ratio to the triangle ABC. 

Complete the parallelogram ABCD therefore, by this pro- 
poſition, the rectangle AB, BC has a given ratio to the paral- 
lelogram AC; and AC has a given ratio to its half the tri- 


angle a ABC; therefore the rectangle AB, BC has a given 4 41. 1. 


e ratio to the triangle ABC. 

And the ratio of the rectangle to the triangle is found thus: 
Make the triangle FGK, as was ſhown in the propoſition ; the 
ratio of GF to the half of the ndicular FE is the ſame with 
the ratio of the rectangle AB, BC to the triangle ABC. Be- 
cauſe, as was ſhown, Gp is to FK, as AB, BC to the paralle- 
logram AC; and FK is to its half, as AC is to its half, which 
is the triangle ABC; therefore, ex æquali, GF is to the half 
of FK, as AB, BC rectangle is to the triangle ABC. 


PROP. LXIIL 


F two. parallelograms be equiangular, as a fide of 
1 the firſt to a ſide of the ſecond, ſo is the other ſide of 
the ſecond to the ftraight line to which the other ſide of 
the firſt has the ſame ratio which the firſt parallelogram 
has to the ſecond. And conſequently, if the ratio of 
the firſt parallelogram to the ſecond be given, the ra- 
tio of the other fide of the firſt to that ſtraight line is gi- 
ven; and if the ratio of the other ſide of the firſt to 
that ſtraight line be given, the ratio of the firſt paralle- 


logram to the ſecond 1s given. 


Let AC, DF be two equiangular parallelograms, as BC, a 
fide of the firſt, is to EF, a fide of the ſecond, ſo is DE, the o- 
ther fide of the ſecond, to the ſtraight line to which AB, me 


e 9. dat, 


56. 


= 
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ther ſide of the firſt has the ſame ratio which AC has to DF, of 
Produce the ſtraight line AB, and make as BC to EF, ſo ſp 
DE to BG, and complete the parallelo- A 
gram BGHC; — becauſe BC or | ra 
GH, is to EF, as DE to BG, the ſides B 
about the equal angles BGH, DEF are to 
2 14. 6. Teciprocally proportional; wherefore * al 
the parallelogram BH is equal to DF, (G@f#— al 
and AB is to BG, as the parallelogram D b 
AC is to BH, that is, to DF ; as there- h 
fore BC is to EF, ſo is DE to BG, which g 
is the ſtraight line to which AB has the ——— 10 
ſame ratio that AC has to DF. a 
And if the ratio of the parallelogram AC to DF be given, t] 
then the ratio of the ſtraight line AB to BG is given; and if le 
the ratio of AB to the ſtraight line BG be given, the ratio of 
the parallelogram AC to DF is given. a 
a 
PROP. LXIV. f 
74. 73. q 
t 


Zee N. I two parallelograms have unequal, but given angles, 
and if as a ſide of the firſt to a ſide of the ſecond, ſo 4 
the other ſide of the ſecond be made to a certain ſtraight , 
line; if the ratio of the firſt parallelogram to the ſe- x 
cond be given, the ratio of the other ſide of the firſt to | 
that ſtraight line ſhall be given. And if the ratio of the 1 
other fide of the firſt to that ſtraight line be given, the | 
ratio of the firſt parallelogram to the ſecond ſhall be 

given. «7 $3 68 
- Let ABCD, EFGH be two parallelograms which have the 
unequal, but given, angles ABC, EFG; and as BC to FG, fo 
make EF to the ſtraight line M. If the ratio of the parallelo- 

gram AC to EG be given the ratio of AB to M is given. 
At the point B of the ſtraight line BC make the angle 
CBK equal to the angle EFG, and complete the parallelogram 
KBCL. And becauſe the ratio of AC to EG is given, and that 
a 35. 1. AC is equal * to the parallelogram KC, therefore the ratio of 
KC to EG is given; and KC, EG are equiangular ; there- 
v 63. dat. fore as BC to FG, ſo is d EF to the ſtraight line to which KB 
has a given ratio, viz. the ſame which the 

KC has to EG; but as BC to FG, ſo is EF to the ſtraight 
line M; therefore KB has a given ratio to M; and the = 


» DF, 
F, fo 


nd if 


-# 


FOR 


af 5% 


here- 
1 KB 
gram 
aight 
ratio 

of 
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| of AB 10 BK is given, becauſe the triangle ABK is given in 


ſpecies e; therefore the ratio of AB to M 1s given d. 

And if the ratio of AB to M be given, the ratio of the pa 
rallelogram AC to EG is given; for ſince the ratio of KB & 60 
BA is given, as alſo the ratio of AB K 
to M, the ratio of KB to M is given a; A__L_D 
and becauſe the parallelogram 15 EG 
are equiangular, as BC oo | to FG, ſo is e 
b EF to the ſtraight line to which KB C. 
has the ſame ratio which the parallelo- E H 
gram KC has to EG; but as BC to FG. 
10 is EF to M; ere 0 KB is to M, M 
as the parallelogram KC is to EG; and © 


the ratio of KB to M is given, therefore the ratio of the paral - 


lelogram KC, that is, of AC to EG, is given. 

Cor. And if two triangles ABC, EFG have two equal 
angles, or two unequal, but given, angles ABC; EFG, and if 
as BC a ſide of the firſt to FG a ſide of the ſecond, ſo the other 
ſide of the ſecond EF be made to a ſtraight line M; if the ratio 
of the triangles be given, the ratio of the other fide of the firſt 
to the ſtraight line M is given. 

Complete the parallelograms ABCD, EFGH ; and becauſe 
the ratio of the triangle ABC to the triangle EFG is given, the 
ratio of the — J AC to EG is given e, becauſe the pa- 
rallelograms are double f of the triangles; and becauſe BC is to 
FG, as EF to M, the ratio of AB to M is given by the 63d dat. 
if the angles ABC, EFG are equal; but if they be unequal, 
but given angles, the ratio of AB to M is given by this propoſi- 
tion. 

And if the ratio of AB to M be 
rallelogram AC to EG is given by 
therefore the ratio of the triangle ABC to EFG is given. 


PROP. LXV. 
1 two equiangular parallelograms have a given ratio 
to one another, and if one ſide has to one ſide a 


given ratio; the other fide ſhall alſo have to the other 
tide a given ratio. 


n, the ratio of the pa- 
e ſame propoſition; and 


b 63. dab, 


75. 


e 15. 5. 
far. 1. 


Let the two equiangular i AB, CD have a gi- ; 


ven ratio to one another, and let the ſide EB have a given ratio 
to the ſide FD; the other fide AE has alſo a given ratio to. 


the other fide CF. 
Dd | Beeauſe 


* 0 P * v 
: 9 1 


a 63. dat. 
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AB, CD have 2 


Becauſe the two equiangular paralle | 
given ratio to one another ; as EB, a of the firſt, is to FD, 


2 fide of the ſecond, ſo is* FC, the other fide of the ſecond, to 
the ſtraight line to which AE, the other fide of the firſt, hag 
the ſame given ratio which the firſt elogram AB has 
to the other CD. Let this ſtraight line be EG; therefore the 
ratio of AE to EG is given; 
and EB is to FD, as FC to 


ven; and becauſe the ratio of G 


3 

EG, * the us of 3 * 
FC to EG is given, becauſe . 
the ratio of EB E | | F 


to FD is gi- | 


AE to EG, as alſo the ratio 
of FC to EG is given; the HKL 
ratio of AE to CF is given d. | 
The ratio of AE to CF may be found thus: Take a ſtraight 
line H given Eg. ratio of the pa- 
AB to CD is given, make the ratio of H to K the 
ſame with it. And becauſe the ratio of FD to EB is given, 
make the ratio of K to L the ſame : 'The ratio of AE to CF is 
the ſame with the ratio of H to L. Make as EB to FD, ſo FC 
to EG, therefore, n as FD to EB, ſo is EG to FC; 
and as AE to EG, ſo is * (the parallelogram AB to CD, and fo 
is) H to K; but as EG to FC, fo is (FD to EB, and ſo is) K 
to L; therefore, ex æquali, as AE to FC, ſo is H to L. 


PROP. LXVI. 
F two parallelograms have unequal, but given 


angles, and a given ratio to one another ; if one 


ſide has to one fide a given ratio, the other fide has 


alſo a given ratio to the other fide. 


Let the two parallelograms ABCD, EFGH which have the 
given e angles ABC, EFG have a given ratio to one an- 
other, and let the ratio of BC to FG be given; the ratio alfo 
of AB to EF is given. | 


At the point B of the ſtraight line BC make the angle CBK 


equal to the given angle EFG, and complete the parallelo- 


gram BELC; and becauſe each of the angles BAK, AKB is 

a 43. dat. given, the triangle ABK is given in ſpecies; therefore the 

| ratio of AB to BK is given; and becauſe, by the hypotheRs, 
ce 


„ 2 o&© = = 


D A T A 4 
the ratio of the parallelagram AC to EG is ven, and that AC 
is equal Þ to BL; therefore io ante af to EG is given: b 35. r. 
And becauſe BL is equiangular to EG, and by the hypotheſis, 

tags ng y wht 5y- e c 65. dat. 
EF is given, and the ratio o | 

to BA is given; the ratio there- A. K DL 


fore d of AB to EF is given. Py 
The ratio of AB to EF may be RV Ac ” 4 
found thus: Take the ſtraight line 
MN given in poſition and magni- E—J N 
tude ; and make the angle NMO F G p 
equal to the — angle BAK, 
and the angle MNO equal to the 0 
giren angle EFG or AKB: And 
becauſe the parallelogram BL is NN to EG, and has a 
given ratio to it, and that the ratio of BC to FG is given; find 
by the 65th dat. the ratio of KB to EF; and make the ratio of 
O to OP the ſame with it : Then the ratio of AB to EF is che 
ſame with the ratio of MO to OP: for fince the triangle ABR 
is 2388 to MON, as AB to BK, ſo is MO to ON: And 
as KB to EF, ſo is NO to OP; therefore, ex æquali, as AB to 
EF, ſo is MO to OP. | 
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PROP. LXVIL 70. 


J* he ſides of two equiangular parallelograms have s 8. 
ven ratios to one another; the parallelograms 


thall have a given ratio to one another. 


Let ABCD, EFGH be two equiangular parallels „and 
let the ratio of AB to EF, as alſo the ratio of BC to FG, be gi- 
ven; the ratio of the parallelogram AC to EG is given. 

Take a ſtraight line K given in magnitude, becauſe the 

' ratio of AB to 2 
make the ratio of K to che A D E H 
ſame with it; therefore L is . ö 
given*: And becauſe theratio wy 2 C 
of BC to FG is given, make eee 
the ratio of L to M the ſame: 
Therefore M is given *: and t 
K is given, wherefore ® : the Mn— | b x. dat, 

ratio of K to M is given: But the paralle AC is to the 
parallelogram EG, as the ſtrai * line K to the ſtraight line M, 
8 2 | ag 
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as is denionſtrated in the 23d prop. of B. 6. Elem. therefore 


the ratio of AC to EG is given. | 
From this it is plain how the ratio of two equiangular paral- 
lelograms may be found when the ratios of their ſides are given. 


P R OP. LXVIII. 
F che ſides of two parallelograms which have un- 


equal, but given angles, have given ratios to one 
another; the parallelograms ſhall have a given ratio 
to one another. | 


Let two parallelograms ABCD, EFGH which have the given 
unequal angles ABC, EFG have the ratios of their ſides, viz. of 
AB to EF, and of BC to FG, given ; the ratio of the parallelo- 
gram AC to EG is given. | 

At the point B of the ſtraight line BC make the angle CBK 
equal to the given angle EFG, and complete the parallelo- 
gram KBCL : And becauſe each of the angles BAK, BKA is 


a 43. dat. given, the triangle ABK is given in ſpecies: Therefore the 


b 9. dat. 


c 67. dat. 


6. 35. I: 


ratio of AB to BK is given; and the ratio of AB to EF is gi 
ven, wherefore Þ the ratio of BK to EF is given: And the 


ratio of BC to FG is given; 
and the angle KBC is equal K A L D E H 


to the angle EFG; there- Y N 

fore c tlie ratio of the paral- 

lelogram KC to EG is gi- B_ c 

ven: But KC is equal d to MXN | 

AC; therefore the ratio of 

AC to EG is given. | oPQFG 
The ratio of the parallelogram AC to EG may be found 

thus : Take the ſtraight line MN given in poſition and magni- 

tude, and make the angle MNO equal to the given angle KAB, 

and the angle NMO equal to the given angle AKB or FEH: 


And becauſe the ratio of AB to EF is given, make the ratio of 
NO to P the ſame; alſo make the ratio of P to Q the ſame 


with the given ratio of BC to FG, the parallelogram AC is to 


EG, as MO to Q. | 


Becauſe the angle KAB is equal to the angle MNO, and 


the angle AKB equal to the angle NMO; the triangle AKB is, 


equiangular to NMO: Therefore as KB to BA ſo is MO to 


ON; and as BA to EF, ſo is NO to P; wherefore, ex æ- 
quali, as KB to EF, ſo is MO to P: And BC is to FG, as P 
| to 


* 


a 2 — — Mod 


— 
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to Q , and the parallelograms KC, EG are equiangular; there- — 
fore, as was ſhown in prop. 67. the parallelogram KC, that is, 
AC, is to EG, as MO to Q. | | 
Cor. 1. If two triangles ABC, DEF have two equal angles, 51. 
or two unequal, but given angles ABC, DEF, and if the ratios 
of the ſides about theſe angles, viz. 
the ratios of AB to DE, and of BC A 8 D H 
to EF be given; the triangles ſhall N N| 
have a given uo to one another. wy 
Complete the parallelogramsBG, 
EH; r ratio of BG to EH is gi- B CE F . 
ven *; and therefore the triangles which are the haves d ofa 67. or 68, 
them have a given e ratio to one another. dat. 


Con. 2. If the baſes BC, EF of two triangles ABC, DEF haveb 34. 1. 


a given ratio to one another, and if alſo the ſtraight lines AG, 53. 
DH which are drawn to the baſes from the oppoſite angles, 
DHF have a given ratio to one 
another; the triangles ſhall have KA LD 

Draw BK, ELparallel to AG, /N LN 
DH, and complete the paralle- B C H F 

8 

their equals, the angles KBC, LEF are either equal, or un- 
equal, but given; and that the ratio of AG to DH, that is, of 
the ratio of the parallelogram KC to LF is given; wherefore dt. 
alſo the ratio of the triangle ABC to DEF is given b. — LO 12 - 


'Þ op © 
either in equal angles, or unequal, but given angles AGC, 
a given ratio to one another. 
lograms KC, LF. And becauſe the angles AGC, DHF, or 
KB to LE, is given, as alſo the ratio of BC to EF; therefore * a 67. or 68. 
IS. 3. 
PROP. LXIX. 6r. 


bn a parallelogram which has a given angle be ap- 

plied to one ſide of a rectilineal figure given in ſpa- 
cies; if the figure have a given ratio to the parallelo- 
gram, the parallelogram is given 1n ſpecies. 


Let ABCD be a rectilineal figure given in ſpecies, and to one 
ſide of it AB, let the parallelogram ABEF having the given 
angle ABE be applied; if the figure ABCD has a given ratio to 
the parallelogram BF, the parallelogram BF is given in ſpecies. 

Through the point A draw AG parallel to BC, and through 


the point C draw CG parallel to AB, and produce GA, CB to 
| D d 3 the 


* 


— 
- 


$22 


4 3. def. 


b 53. dat. 
c 9. dat. 


d 35. 1. 
e 1. 6. 


lar to BF may be found | 
thus: Take a ſtraight HF KE P 


SES UCLS D's. 
the points H, K; becauſe the angle ABC is given *, and the 


ratio of AB to BC is given, the figure A being given in 


ſpecies; therefore, the parallelogram BG is given in ſpecies. 

d becauſe upon the ſame ſtraight line AB the two rectilineal 

ures BD, BG given in ſpecies. are deſcribed, the ratio of 
BD to BG is given ®; and, by hypotheſis, the ratio of 
BD to the parallelogram BF is given; wherefore c the ratio of 
BF, that is d, of parallelogram BH, to BG is given, and 
therefore e the ratio of the ſtraight line KB to BC is given; 
and the ratio of BC to BA is given, wherefore the ratio of 
KB to BA is given e: And becauſe the angle ABC is given, the 
adjacent angle ABK is given; and the angle ABE is given, 
therefore the remaining angle KBE is given, The angle EKB 
is alſo given, becauſe it is equal to the angle ABK; therefore 
the triangle BKE is given in ſpecies, and conſequently the ra- 
tio of EB to BK is given; and the ratio of KB to BA is given, 


wherefore c the ratio of D 
2 0 


EB to BA is given; and 
line LM = in poſition and magnitude; and becauſe the 


the angle ABE is given, 
therefore the parallelo- 
gram BF is given in 
ſpecies. 

A parallelogram fimi- 
angles ABK, ABE are given, make the angle NLM equal to 
ABK, and the angle. NLO equal to ABE. And becauſe the 
ratio of BF to BD is given, make the ratio of LM to P the 
ſame with itz and becauſe the ratio of the figure BD to BG 
is given, find this ratio by the 53d dat. and make the ratio 
of P to Q the ſame. Alſo, becauſe the ratio of CB to BA is 
given, make the ratio of Q to R the ſame and take LN e- 
qual to R; through the point M draw OM parallel to LN 


and complete the parallelogram NLOS ; then this is ſimilar to 
the parallelogram BF. | 


Becauſe the angle ABK is equal to NLM, and the angle ABE 


to NLO, the angle KBE is equal to MLO; and the angles 
BKE, LMO are equal, becauſe the angle ABK is equal to 
NIM; therefore the triangles BEE, LMO are equiangu- 
lar to one another; wherefore as BE to BK, ſois LO to 
LM; and becauſe as the figure BF to BD, ſo is the ſtraight 
line LM to P; and as BD to BG, foisP to Q; ex zquali, 
as BF, that is d BH to BG, ſo is LM to 2 
| a | , 
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BG, as KBto BC; as therefore KB to BC, ſo is LM to Q; 
and becauſe BE is to BK as LO to LM; and as BK to 

ſo is LM to Q: And as BC to BA, fo Q was made to R; there- 
fore, ex æquali, as BE to BA, ſo is to R, that is to LN; 
and the angles ABE, NLO are equal; therefore the paralle- 
logram BF is fimilar to LS. ; 


PROP. LX. 


F two ſtraight lines have a given ratio to one ano- 
ther, and upon one of them be deſcribed a recti- 
lineal figure given in ſpecies, and upon the other a 
parallelogram having a given angle ; if the figure have 
a given ratio to the parallelogram, the | 
is given in ſpecies. | | 

Let the two ſtraight lines AB, CD have a given ratio to one 
another, and upon AB let the figure AEB given in ſpecies be 
deſcribed, and upon CD the * DF having the given 
angle FCD; if the ratio of AEB to DF be given, the paralle- 
logram DF is given in ſpecies, 

Upon the ſtraight line AB, conceive the parallelogram AG 
to be deſcribed ſimilar, and ſimilarly placed to FD ; and becauſe 
the ratio of AB to CD is given, and upon them are deſcribed 
the ſimilar rectilineal figures AG, 


G 
FD; the ratio of AG to FD is gi- 

ven*; and the ratio of FD to A 
is given; therefore d the ratio of 
AEB to AG is given; and the angle 
ABG is gran, rs it is equal to 
the angle FCD ; becauſe therefore 
the parallelogram AG which has a 
given angle ABG is applied to a ſide 
AB of the figure AEB given in ſpe- 
cies, and the ratio of AEB to AG is given, the parallel 


ogram 
AG is given e in ſpecies; but FD is ſimilar to AG; therefore 6 69, dat. 


FD is given in ſpecies. 

A parallel ſimilar to FD may be found thus: Take a 
_ t line H given in magnitude; and becauſe the ratio of 
the figure AEB to FD is given, make the ratio of H to K the 
ſame with it: Alſo, becauſe the ratio of the ſtraight line CD to 
AB is given, find by the 54th dat. the ratio which the figure 
FD deſcribed upon CD has to the figure AG deſcribed upon 


AB fimilar to FD; and make the ratio of K to L the ſame 


with this ratio: And becauſe the ratios of H to K, and of K 
Dd 4 | to 
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c 38. dat. 
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d 54. dat. 
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to L are given, the ratio of H to L is given b; becauſe, there. 
fore, as AEB to FD, fois H to K; and as FD to AG, fo is 
K to L; ex æquali, as AEB to AG, ſo is H to L; there. 
fore the ratio of AEB to AG, is given; and the figure AEB 
is given in ſpecies, and to its fide AB the parallelogram AG 
is applied in the given angle ABG; therefore by the 6gth dat. 
a parallelogram may be found ſimilar to AG: Let this be the 

arallelogram MN; MN alſo is ſimilar to FD; for, by the con- 
Rruction, MN is fimilar to AG, and AG is ſimilar to FD; 
therefore the parallelogram FD is ſimilar to MN. 


PROP. LXXL. 


F the extremes of three proportional ſtraight lines 
have given ratios to the extremes of other three 
proportional ſtraight lines; the means ſhall alſo have 
a given ratio to one another : And if one extreme has 
a given ratio to one extreme, and the mean to the 
mean; likewiſe the other extreme ſhall have to the 
other a given ratio. 


Let A, B, C be three proportional ſtraight lines, and D, E, 
F, three other; and let the ratios of A to D, and of C to F be 
given; then the ratio of B to E is alſo given. 

Becauſe the ratio of A to D, as alſo of C to F is given, the 
ratio of the rectangle A, C to the rectangle D, F is given *; 
hut the ſquare of B is equal ® to the rectangle A, C; and the 
ſquare of E to the rectangle d D, F; therefore the ratio of the 
ſquare of B to the ſquare of E is given; wherefore e alſo the ra- 
tio of the ſtraight line B to E is given. 

Next, let the ratio of A to D, and of B to E be gi- 
ven; then the ratio of C to F is alſo given. | 

Becauſe the ratio of B to E is given, the ratio of 
the ſquare of B to the ſquare of E is given d; tliere- BC 
fore d the ratio of the rectangle A, C to the rectangle DE F 
D, F is given; and the ratio of the ſide A to the | 
ſide D is given; therefore the ratio of the other fide 
C to the other F is given e. | 

Cor. And if the extremes of four proportionals have to the 
extremes of four other proportionals given ratios, and one of 
the means a given ratio to one of the means; the other mean 
ſhall have a given ratio to the other mean, as may be ſhown in 


the ſame manner awin the foregoing propoſition, 
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PROP. IXXI. 


FF four ſtraight lines be proportionals; as the firſt is 
J to the ſtraight line to which the ſecond has a given 
ratio, ſo is the third to a ſtraight line to which the 
fourth has a given ratio. 


Let A, B, C, D be four proportional ſtraight lines, viz. as 
AtoB, ſoC to D; as Ais to the ſtraight line to which B has 
a given ratio, ſo is C to a ſtraight line to which D has a given 
ratio. 

Let E be the ſtraight line to which B has a given 
ratio, and as B to E, ſo make D to F: The ratio of 
B to E is given *, and therefore the ratio of D to F; 
and becauſe as A to B, ſois C to D; and as B to E. 
ſo D to F; therefore, ex æquali, as A to E, ſo is A B 
C to F; and E is the ſtraight line to which B has a | | 


| a Hyp. 
E 
given ratio, and F that to which D has a given ratio; 


therefore as A is to the ſtraight line to which B has a 
given ratio, ſo is C to a line to which D has a given 


ratio. 


PROP. LXIIII. a. 
F four ſtraight lines be proportionals ; as the firſt is See N. 
to the ſtraight line to which the ſecond has a given 
ratio, ſo 1s a ſtraight line to which the third has a given 
ratio to the fourth, © 


Let the ſtraight line A be to B, as CtoD; as A to the 
ſtraight line to which B has a given ratio, ſo is a a 
ſtraight line to which C has a given ratio to D. 

Let E be the ſtraight line. to which B has a given 
ratio, and as B to E, ſo make F to C; becauſe the 
ratio of B to E is given, the ratio of C to F is given: 

And becauſe A is to B, as C to D; and as to E, A N E 
oF to C; therefore, ex æquali in proportione per- F C D 
turbata ®, A is to E, as F to D; that is, A is to E to 


which B has a given ratio, as F, to which C has a 
given ratio, is to D. 
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"4 PROP. LXXIV. 


Fa triangle has a given obtuſe angle; the excel 

of the ſquare of the ſide which ſubtends the obtuſe 

angle, above the ſquares of the fides which contain it, 
ſhall have a given ratio to the triangle. 


Let the triangle ABC have a given obtuſe angle ABC; and 
produce the pan, line CB, and from the point A draw AD 
perpendicular to BC: The excefs of the ſquare of AC above 
the fquares of AB, BC, that is *, the double of the recta 
contained by DB, BC, has a given ratio to the triangle 
ABC. | 

| Becauſe the angle ABC is given, the angle ABD is alſo given; 

| and the angle ADB is given; wherefore the triangle ABD 
b 43. dat. is given d in ſpecies ; md therefore the ratio of AD te DB 
c 17.6. is given: And as AD to DB, fo is c the rectangle AD, BC 
to the rectangle DB, BC; wherefore the ratio of the rect. 


2 12. 2. 


angle AD, BC to the rectangle DB, BC is given, as alſo the | 


ratio of twice the rectangle DB, BC to 
the rectangle AD, BC: But the ratio of A E 
the rectangle AD, BC to the triangle ABC \ 
is given, becauſe it is doubled of the tri- 
angle; therefore the ratio of twice the EG 
rectangle DB, BC to the triangle ABC is t— 
given e; and twice the rectangte DB, BC DB C 
is the exceſs of the ſquare of AC above the ſquares of AB, 
BC: therefore this exceſs has a given ratio to the triangle ABC. 
And the ratio of this exceſs to the triangle ABC may be 
found thus : Take a ſtraight line EF given in poſition and mag- 
nitude ; and becauſe the angle ABC is given, at the point F 
of the ſtraight line EF, make the angle EFG equal to the angle 


ABC; produce GF, and draw EH ndicular to FG ; then 
the ratio of the'exceſs of the ſquare of AC above the ſquares 


d 41. 1. 


e 9. dat. 


of AB, BC to the triangle ABC, is the ſame with the ratio of 


quadruple the ſtraight line HF to HE. | 
Becauſe the angle ABD is equal to the angle EFH, and 
the angle ADB to EHF, each being a right angle; the tri- 
f 4.6. angle ADB is equiangular to EH; ore f as BD to DA, 
g Cor.4.5.ſo FH to HE; and as quadruple of BD to DA, fo is 8 qua- 
druple of FH to HE: But as twice BD is to DA, ſo is c twice 
the rectangle DB, BC to the rectangle AD, BC; and as DA 
hC.s. to the 


/ 


of it, ſo is the rectangle AD, BC to its half the 
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triangle ABC; therefore, ex quali, as twice BD is to the half 
of DA, that is, as quadruple of BD is to DA, that is, as qua- 


druple of FH to HE, ſo is twice the rectangle DB, BC to the 
triangle ABC. 


PROP. LXXV. 


FF a triangle has a given acute angle, the ſpace by 
which the ſquare of the fide ſubtending the acute 
angle is leſs than the ſquares of the ſides which con- 
tain it, ſhall have a given ratio to the triangle. 


Let the triangle ABC have a given acute angle ABC, and 
draw AD perpendicular to BC, the ſpace by which the ſquare 
of AC is leſs than the ſquares of AB, BC, 
of the rectangle contained by CB, BD, has a given ratio to the 
triangle ABC. 

Becauſe the angles ABD, ADB are each of them given, 
the triangle ABD is given in ſpecies; and therefore the ratio 
of BD to DA is given: And as BD to DA, A 
ſo is the rectangle CB, BD to the rectangle 
CB, AD: therefore the ratio of theſe rect- 
angles is given, as alſo the ratio of twice the 
rectangle CB, BD to the rectangle CB, AD; 
but the rectangle CB, AD has a given ratio 
to its half the triangle ABC: therefore b the B 
ratio of twice the rectangle CB, BD to the triangle ABC is gi- 
ven; and twice the rectangle CB, BD is * the ſpace by which 


63. 


is *, the double * 13. 2. 


DC b 9. dat» 


the ſquare of AC is leſs than the ſquares of AB, BC; there- 


fore the ratio of this ſpace to the triangle ABC is given: And 
the ratio may be found as in the preceding propoſition. 
LEMMA. : 
F from the vertex A of an iſoſceles triangle ABC, any ſtraight 
line AD be drawn to the baſe BC, ſquare of the fide 
ents of the baſe 


| 


AB is equal to the rectangle BD, DC of the 
together with the ſquare of AD; but if AD be drawn to the 
baſe produced, the {quare of AD is equal to the rectangle BD, 


DC together with the ſquare of AB. 
Cas. 1. Biſect the baſe BC in E, and 
join AE which will be perpendicular * to 


BC; wherefore the ſquare of AB is equal 

to the ſquares of AE, EB; but the ſquare 

of + Ya equal e to the rectangle BD, DC 

together with the ſquare of DE; there- | 

fore the ſquare of AB is equa! to the D BDE C 
; : ſquares 


af, 1. 


b 47. 1. 
c 5. 2. 
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b 47. 1. 


67. 


. 


ſquares of AE, ED, that is, to ® the ſquare of AD, together 
with the rectangle BD, DC; the other caſe is ſhown in the 
ſame way by 6. 2. Elem. 


P R O P. LXXVI. 


F a triangle have a given angle, the exceſs of the 

ſquare of the ſtraight line which is equal to the two 
ſides that contain the given angle, above the ſquare of 
the third fide, ſhall have a given ratio to the triangle. 


Let the triangle ABC have the given angle BAC, the exceſs 
of the ſquare of the ſtraight line which is equal to BA, AC to- 
gether — the ſquare of BC, ſhall have a given ratio to the 
triangle ABC. 

Produce BA, and, take AD equal to AC, join DC and 
produce it to E, and through the point B draw BE parallel to 
AC; join AE, and draw AF perpendicular to DC; and be- 


cauſe AD is equal to AC, BD is equal to BE; and BC is 


a 5. & 32. 
I. 


b 43. dat. 


c 50. dat 
d 1.6. 
e 41. I. 
8 29; . 
g 9. dat. 


drawn from the vertex B of the iſoſceles triangle DBE, there- 
fore, by the Lemma, the ſquare of BD, that is, of BA and 
AC together, is equal to the rectangle DC, CE together with 
the ſquare of BC; and, therefore, the ſquare of BA, AC to- 
gether, that is, of BD, is greater than 
the ſquare of BC by the rectangle DC, 
CE; and this 22 has a given 
ratio to the triangle ABC; Becauſe 
the angle BAC is given, the adjacent 
angle CAD is given; and each of the 
angles ADC, DCA is given, for 
each of them is the half * of the given 
angle BAC; therefore the triangle 
ADC is given in ſpecies ; and AF is 
drawn from its vertex to the baſe in l 
a given angle; wherefore the ratio of AF to the baſe CD is 
given e; and as CD to AF, ſo is d the rectangle DC, CE to 
the rectangle AF, CE; and the ratio of the rectangle AF, 
CE to its half e the triangle ACE is given; therefore the ra- 
tio of the rectangle DC, CE to the triangle ACE, that is 6 to 
the triangle ABC, is given 8: and the rectangle DC, CE is the 
exceſs of the ſquare of BA, AC together above the ſquare of 
BC : therefore the ratio of this exceſs to the triangle ABC 1 
iven. 7 
6 The ratio which the rectangle DC, CE has to the triangle 
ABC is found thus: Take the ſtraight line GH given in pol 
tion 


the ſides which contain the given angle is leſs than the ſquare 


tion and magnitude, and at the point G in GH make the angle 
HGK equal to the given angle CAD, and take GK equal to 
GH, join KH, and draw GL perpendicular to it: Then the 
ratio of HK to the half of GL is the ſame with the ratio of 
the rectangle DC, CE to the triangle ABC: Becauſe the angles 
HGK, DAC at the vertices of the iſoſceles triangles GHK, 
ADC are equal to one another, theſe triangles are ſimilar ; and 
becauſe GL, AF are perpendicular to the baſes HK, DC, as 
HK to GL, ſo is b (DC to AF, and fo is) the rectangle DC, h J. f. 
CE to the rectangle AF, CE; but as GL to its half, ſo is the 5 
rectangle AF, CE to its half, which is the triangle ACE, or 
the triangle ABC; therefore, ex æquali, HK is to the half of 
the ſtraight line GL, as the rectangle DC, CE is to the triangle 
ABC. 
Cor. And if a triangle have a given angle, the ſpace by 
which the ſquare of the ſtraight line which is the difference of 
of the third fide, ſhall have a given ratio to. the triangle. This 
is demonſtrated the ſame way as the preceding propoſition, by 
help of the ſecond caſe of the Lemma. es. 


PROP. LXXVII. 


I. the perpendicular drawn from a given angle of See N. 
a triangle to the oppoſite fide, or baſe, has a given 
ratio to the baſe, the triangle is given in ſpecies. 

Let the triangle ABC have the given angle BAC, and let the 


perpendicular AD drawn to the baſe BC, have a given ratio to 
it, the triangle ABC is given in ſpecies. 


If ABC be an iſoſceles triangle, it is evident that if any as. & 32. 


K. 


E O HM F 

one of its angles be given, the reit are alſo given; and there- 
fore the triangle is given in ſpecies, without the conſideration 
of the ratio of the perpendicular to the baſe, which in this caſe 
is given by prop. 50. 5 | 

But when ABC is not an iſoſceles triangle, take any ſtraight 
line EF given in poſition and magnitude, and upon it _— 
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b 2. dat. 


c 30. dat. 


d 31. dat. 


e 28. dat. 
f 29. dat. 
g 42. dat. 


of the ſegment at right angles, has unte the baſe. 


Deni D's 


the ſegment of a circle EGF containing an angle equal to 
wen angle BAC, draw GH biſecting EF at hr — 
in EG, GF: Then, ſince the angle EGF is equal to the angle 
BA „and that EGF is an iſoſceles _ and ABC is not 
—_— FEG is not equal to the angle CBA : Draw EL ma. 
kin angle FEL equal to the angle CBA; join FL, ang 
draw LM perpendicular to EF; then, becauſe the triangles ELF 
BAC are equiangular, as alſo are the triangles MLR, DAB, 
as ML to LE, ſo is DA to AB; and as LE to EF, ſo is AB 
BC; wherefore, ex zquali, as LM to EF, fo is AD to BC; 
and becauſe the ratio of AD to BC 1s given, therefore the ratio 
of LM to EF is given; and EF is given, wherefore d LM alſo 
is given. Complete the parallelogram LMFE; and becauſe LM 
is given, FK is given in magnitude; it is alſo given in poſition, 
and the point F is given, and conſequently c the point K; and be- 
cauſe through K the ſtraight line KL is drawn parallel to EF 
which is given in poſition, therefore d KL is given in poſition: 


GG | 
LK 


N 
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and the circumference ELF is given in poſition; therefore the 
point Lis given e. And becauſe the points L, E, F, are given, 
the ſtraight lines LE, EF, FL, are given f in magnitude; there- 
fore the triangle LEF is given in ſpecies g; and the triangle 
ABC is ſimilar to LEF, wherefore alſo ABC is given in ſpecies. 

Becauſe LM is lefs than GH, the ratio of LM to EF, thar 
is, the given ratio of AD to BC, mult be leſs than the ratio of 
GH to EF, which the ſtraight line, in a ſegment of à circle con- 
taining an angle equal to the given angle, that biſects the baſe 

Cor. 1. If two triangles, ABC, LEF, have ane angle BAC 
equal to one angle ELF, and if the perpendicular AD be to the 
baſe BC, as the perpendicular LM to the baſe EF, the triangles 
ABC, LEF are ſimilar. : 

Deſcribe the circle EGF about the triangle ELF, and draw 
LN parallel to EF, join EN, NF, and draw NO ndicu- 
lar to EF; becauſe the angles ENF, ELF are equal, and ＋ 


D A T A 
the angle EFN is equal to the alternate 
the angle FEL in the fame ſegment; therefore the triangle 
NEF is ſimilar to LEF ; and in the ſegment EGF there can 
be no other triangle upon the baſe EF, which has the ratio of 
its perpendicular to that baſe the ſame with the ratio of LM 
or NO to EF, becauſe the perpendicular muſt be greater or 
leſs than LM or NO; but, as has been ſhewn in the preceding 
demonſtration, a triangle, ſimilar to ABC can be deſcribed in 
the ſegment EGF upon the baſe EF, and the ratio of its perpen- 
dicular to the baſe is the ſame, as was there ſhewn, with the ra- 
tio of AD to BC, that is, of LM to EP; therefore that triangle 
muſt be either LEF, or NEF, which therefore are ſimilar to 
the triangle ABC. | 

Cor. 2. If a triangle ABC hag a given angle BAC, and if the 
ſtraight line AR drawn from the given angle to the oppoſite 
fide in a given angle ARC, has a given ratio to BC, the 
triangle ABC is given in ſpecies. 

. Draw AD perpendicular to BC; therefore the triangle ARD 
is given in ſpecies; wherefore the ratio of AD to AR is given: 
and the ratio of AR to BC is given, and conſequently h the ra- 
tio of AD to BC is given; — the triangle ABC is therefore 
given in ſpecies i. | 

Cor. 3. If two triangles ABC, LEF have one angle BAC 
equal to one angle ELF, and if ſtraight lines drawn from 
theſe angles to the baſes, making with them given and equal 
angles, have the ſame ratio to the baſes, each to each; then the 
triangles are ſimilar ; for having drawn perpendiculars to the 
baſes from the equal angles, as one perpendicular is to its baſe, 
ſo is the other to its 
angles are ſimilar. | 

A triangle ſimilar to ABC may be found thus: Having de- 
ſcribed the ſegment EGF and drawn the ftraight line GH as 
was directed in the propoſition, find FK which has to EF the 
given ratio of AD to BC; and place FK at right angles to EF 
from the point F; then becauſe, as been ſhewn, the ratio 
of AD to BC, that is of FK to EF, muſt be leſs than the ra- 
tio of GH to EF; therefore FK is leſs than GH ; and conſe- 
quently the parallel to EF drawn through the point K, muft 
meet the circumference of the ſegment in two points: Let L be 
either of them, and join EL, LF, and draw LM perpendicular 
to EF : then, becauſe the angle BAC is equal to the angle ELF, 
and that AD is to BC, as KF, that is, LM to EF, the triangle 
ABC is fimilar to the triangle LEF, by Cor. 1. 

PROP. 


angle FNL, that is, to 


k; wherefore, by Cor. 1. the tri-x 1 


— 


4. 6. 
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F a triangle have one angle given, and if the ratio 

of the rectangle of the ſides which contain the gi. 

ven angle to the ſquare of the third ſide be given, the 
triangle is given in ſpecies. 


822.8082 


Let the triangle ABC have the given angle BAC, and let 

the ratio of the rectangle BA, AC to the ſquare of BC be yi. t 

ven ; the triangle is given in ſpecies. ; a 

' From the point A, draw AD perpendicular to BC, the rect. 8 
241.1. angle AD, BC has a given ratio to its half * the triangle ABC; 

and becauſe the angle BAC is given, the ratio of the triangle 

b Cor. 62. ABC to the rectangle BA, AC is given d; and, by the hypo- 

dat. theſis, the ratio of the rectangle BA, AC to the ſquare of BC is 

e 9. dat. — therefore e the ratio of the rectangle AD, BC to the 


d 1. 6. ſquare of BO, that is d, the ratio of the ſtraight line AD to BC, 

e 77. dat. is given; wherefore the triangle ABC is given in ſpecies e. 7 
A triangle fimilar to ABC may be found thus: Take a * 
ſtraight line EF given in poſition and magnitude, and make ” 
the angle FEG equal to the given angle BAC, and draw FH pe 
perpendicular to EG, and BK perpendicular to AC; therefore to 
the triangles ABK, EFH M 0 by 
are ſimilar, and the rect= A L be 
angle AD, BC, or the E B. 
rectangle BK, AC which of 
. is equal to it, is to the N B. 

rectangle BA, AC as the 2 


ſtraight line BK to BA, B DN C F | G 70 


that is, as FH to FE. Let di 
the given ratio of the rectangle BA, AC to the ſquare of BC is 
be the ſame with the ratio of the ſtraight line EF to FL; there- 
fore, ex quali, the ratio of the rectangle AD, BC to the 
ſquare of BC, that is, the ratio of the ſtraight line AD to BC, 
is the ſame with the ratio of HF to FL; and becauſe AD i; 
not greater than the ſtraight line MN in the ſegment of the 
circle deſcribed about the triangle ABC, which biſects BC 
at right angles; the ratio of AD to BC, that is, of HF 
to FL, muſt not be greater than the ratio of MN to BC: 

| Let it be fo, and, by the 77th dat. find a triangle OH 
which has one of its angles POQ equal to the given 
angle BAC, and the ratio of the perpendicular OR, th 
drawn from that angle to the baſe PQ the ſame with the Fu 
ratio of HF to FL; then the triangle ABC is wa" 
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OPQ : Becauſe, as has been ſhown, the ratio of AD to BC is 

the ſame with the ratio of (HF to FL, that is, by the conſtrug- 

tion, with the ratio of) OR to PQ; and the angle BAC is 

equal to the angle POQ. Therefore the triangle is ſimilar ff 7. Cor. 
to the triangle POQ.. 77. 


Let the triangle ABC have the given angle BAC, and let 
the ratio of the rectangle BA, AC to the ſquare of BC be 
given; the triangle ABC is given in ſpecies. 
Becauſe the angle BAC is given, exceſs of the ſquare 
of both the des BA, AC together above the ſquare of the 
third fide BC has a given * ratio to the triangle ABC. Let the 2 76. dat. 
figure D be equal to this exceſs; therefore the ratio of D to 
the triangle ABC is given; and the ratio of the triangle ABC 
to the rectangle BA, AC is given b, becauſe BAC is a. given Jr. 634 


angle ; and the rectangle BA, AC has A 
a given ratio to the ſquare of BC; 
erefore © the ratio of D to the e 10. d. 
ſquare of BC is given; and, by com- 
poſition d, the ratio of the ſpace D B 1 d 7. dat. 


together with the ſquare of BC to the ſquare of BC is given; 

but D together with the ſquare of BC is equal to the ſquare of 

both BA and AC together; therefore the ratio of the ſquare of 

BA, AC together to the ſquare of BC is given; and the ratio 

of BA, AC together to BC is therefore given e; and the angle © 59- dat. 

BAC is given, wherefore f the triangle ABC is given in ſpecies. f 48. dat. 
The compoſition of this, which depends upon thoſe of the 

76th and 48th propoſitions, is more complex than the prece- 

ding compoſition, which depends upon that of prop. 77. which 

is eaſy. 


PROP. LAN. K. 
IF a triangle have a given angle, and if the ſtraight see N. 
line drawn from that angle to the baſe, making a 
given angle with it, divides the baſe into ſegments 
which have a given ratio to one another ; the triangle 
is given in ſpecies. 


Let the triangle ABC have the giwen angle BAC, and let 
the ſtraight line AD drawn to the baſe BC making the given 
angle ADB, divide CB into * ſegments BD, DC which have 

EC A 


147. dat. 


the baſe; the triangle is given in ſpecies. 


Ek U C L 1 D's 


a given ratio toone another; the triangle ABC isgiven in ſpecies, 

. Deſcribe * the circle BAC about the triangle, and from its 
centre E, draw EA, EB, EC, ED; becauſe the angle BAC is 
given, the angle BEC at the centre, which is the double b of it, 


is given. And the ratio of BE to EC is given, becauſe they 


are equal to one, another; therefore < the triangle BEC ig 


on. 2 and the ratio of EB to BC is given; alſo the 


ratio of CB to BD is == d, becauſe the ratio of BD to DC 
is given; therefore the ratio of EB to BD is given e, and the 


angle EBC is given, wherefore the triangle EBD is given. 
in ſpecies, and the ratio of EB, that is, of to ED, is there. 
fore given; and the angle EDA is given, becauſe each of the 
am _ BDA — en 3 5 the triangle AED is 
given f in ſpecies, and the angle | 
Ton: did the angle DRC i of . -4 4 
cauſe each of the angles BED, BEC is 
given; therefore the angle AEC is _ 
and the ratio of EA to EC, which are 
equal, is given; and the triangle AEC is 
therefore given c in ſpecies, and the angle 
ECA given; and the angle ECB is given, 
wherefore the angle Ach is given, and the angle BAC is alſo 
given; therefore s the triangle ABC is given in ſpecies. 

A triangle ſimilar to ABC may be found, by taking a ſtraight 
line given in poſition and magnitude, and dividing it in the 
given ratio which the 1 BD, DC are required to have 
to one another; then, it upon that ſtraight line a ſegment of a 
circle be deſcribed containing an angle equal to the given 
BAC, and a ſtraight line be drawn from the point of divifion in 
an angle equal to the given angle ADB, and from the point 
where it meets the circumference, ſtraight lines be drawn to 
the extremity of the firſt line, theſe, —— with the firſt line, 
ſhall contain a triangle ſimilar to ABC, as may eaſily be ſhown. 

The demonſtration may be alſo made in the manner of that 


ihe” and that of the 77th may be made in the man- 
ner of this. 


PROP. LXXX. 


F the ſides about an angle of a triangle have a given 
ratio to one another, and if the perpendicular 
drawn from that angle to the baſe has a given ratio to 


Let 


8 K 5 
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are mentioned to be given in the propoſition, is evident in 
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Let the ſides BA, AC, about the angle BAC of the triangle 
ABC have a given ratio to one another, and let the perpendicu- 
lar AD have a given ratio to the baſe BC; the triangle ABC is 
given in ſpecies. 

Firſt, let the ſides AB, AC be equal to one another, there- 


fore the perpendicular AD biſects * the baſe A a 26. f. 
BC; and the ratio of AD to BC, and there- | 

fore to its half DB, is given; and the angle 1 

ADB is given; wherefore the triangle * ABD, * 43. dat. 
and conſequently the triangle ABC, is given® N D b 44. dat. 


C 
in ſpecies. 

But let the ſides be unequal, and BA be greater than AC; 
and make the angle CAE equal to the angle ABC; becauſe 
the angle AEB is common to the triangles AEB, CEA, they 
are ſimilar ; therefore as AB to BE, ſo is CA to AE, and, 
permutation, as BA to AC, fo is BE to EA, and ſo is 
to EC; and the ratio of BA to AC is given, therefore the 
ratio of BE to EA, and the ratio of EA to EC, as alſo the 
ratio of BE to EC is given e; wherefore the ratio of EB to 9. dat. 
BC is given d; and the ratio of AD to BC 94142 
is given by the h eſis, therefore e the 
ratio of AD to BE is given; and the ratio 2. 
of BE to EA was ſhown to be given; where- - 
fore the ratio of AD to AE is given, and FC E D 
ADE is a right angle, therefore the triangle 
ADE is given e in ſpecies, and the angle AEB given; the ra- e 46. dat. 
tio of BE to EA is likewiſe given, therefore d the triangle ABE 
is given in ſpecies, and conſequently the angle EAB, as alſo 
the angle ABE, that is, the angle CAE, is given; therefore the 
angle BAC is given, and the angle ABC being alſo given, the 
triangle ABC is given f in ſpecies. f 43. dat. 

How to find a triangle which ſhall have the things which 


the firſt caſe; and to find it the more eaſily in the other 
caſe, it is to be obſerved that, if the ſtraight line EF equal to 
EA be placed in EB towards B, the point F divides the baſe 
BC into the ſegments BF, FC which have to one another the 
ratio of the ſides BA, AC, becauſe BE, EA, or EF, and 
EC were ſhown to be proportionals, therefore BF is to FC, 19. 4. 
as BE to EF, or EA, that is, as BA to AC; and AE cannot 
be leſs than the, altitude of the triangle ABC, but it may be 
| Ee 2 equal 


[ 
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equal to it, which, if it be, the triangle, in this caſe, as alſo 
the ratio of the des, may be thus found; _ given the 
ratio of the perpendicular to the baſe. Take the ſtraight line 
GH, given in poſition and magnitude, for the baſe of the tri- 
angle to be found ; and let the given ratio of the r 
lar to the baſe be that of the ſtraight line K to GH, that i 
let K be equal to the icular; and ſuppoſe GLH to be 
the triangle which is to be found, therefore having made the 
an gie HLM equal to LGH, it is required that LM be per- 
pendicula to GM, and equal to K; and becauſe GM, ML, 
. BE, EA, EC, the 
ual to the ſquare of ML. Add the com- 
mon — of NH, 0 (having biſeQed GH in N), and the ſquare 
of NM is equals to the ſquares of the given ſtraight lines NH 
and ML or K; therefore the ſquare of NM — its _ 
NM, is . as alſo the point M, viz. by taking the ſtrai 
line N ſquare of which is equal to the ſquares of 
ML. 1. equal to K, at right angles to GM; and be- 
cauſe ML is given in poſition and magnitude, therefore the 
point L is given, 4 » LH; chen the triangle LGH is 
that which was to found, for the ſquare of NM is equal to 
the ſquares of NH and ML, pen bakers Gam common 
ſquare of NH, the rect- 
angle GMH is equals to 
the ſquare of ML: there- 
fore as GM to ML, ſo is 
ML to MH, and the tri- 
angle LGM ish therefore 
equiangularto HLM, and | 
the angle HLM equal to 
the > LGM, and the G N H MP 
ſtraight line LM, drawn from the vertex of the triangle making 
the angle HLM equal to LGH, is icular to the baſe and 
equal to the given ſtraight line K, as was required; and the 
ratio of the ſides GL, is the ſame with the ratio of GM to 
ML, that is, with the ratio of the ſtraight line which is made 


up of GN the half of the given baſe and of NM, the fquare of 


which is equal to the ſquares of GN and E. to the ſtraight 
line K. 

And whether this ratio of GM to ML is greater or leſs 
than the ratio of the ſides of any other triangle upon the baſe 
GH, and of which the altitude is equal to the ſtraight line 2 


th 
th 
ſu 
th 
Pe 
ar 
is 
v 
it 
th 
th 
th 
th 
9 
li 
G 
to 
I: 
g 
4 


2 
. 


Se Www og ng VV ©, mmm 


SSA FFF 


8. FF 


E 


>9 


D A T A 

that is, the vertex of which is in the to GH drawn 
through the point L, may be thus found. Let OGH be any 
ſuch triangle, and draw OP, making the angle HOP equal to 
the angle OGH ; therefore as before, GP, PO, PH are pro- 
portionals, and PO cannot be equal to LM, becauſe the rec̃t- 
angle GPH would be equal to the rectangle GMH, which 
is impoſſible z for the point P cannot fall upon M, becauſe O 

then fall on L; r 
it is greater; and conſequently the rectangle GPH is greater 
than the rectangle GMH, and the ſtraight line GP greater 
than GM: Therefore the ratio of GM to MH is greater than 
the ratio of GP to PH, and the ratio of the ſquare of GM to 
the ſquare of ML is therefore i greater than the ratio of the 
ſquare of GP to the ſquare of PO, and the ratio of the ſtraight 
line GM to ML greater than the ratio of GP to PO. But as 
GM to ML, ſo is GL to LH; and as GP to PO, ſo is GO 
to OH; therefore the ratio of GL to LH is greater than the 
ratio of GO to OH; wherefore the ratio of GL to LH is the 
greateſt of all others; and conſequently the given ratio of the 
greater ſide to the leſs muſt not be greater than this ratio. 

But if the ratio of the ſides be not the ſame with this-great- 
eſt ratio of GM to LM, it muſt neceſſarily be leſs than it; 
Let any leſs ratio be given, and the ſame things being ſu 
ſed, - 4 that GH * baſe, and K equal * aldrude of 
the triangle, it may be found as follows. Divide GH in the 
point Q, ſo that the ratio of GQ to QH may be the ſame 
with the given ratio of the ſides ; and as GQ to QH, ſo make 
GP to and ſo will f be to PH; — 
of GP is to the ſquare of P as i the ſtraight line GP to 
PH: And becauſe GM, ML are roportionals, the ſquare 
of GM is to the ſquare of ML, as i the ſtraight line GM to : 
But the ratio of GQ to QH, that is, the ratio of GP to 
is leſs than the ratio of G 
of the ſquare of GP to the ſquare oF PQ is leſs than the ratio 
of the ſquare of GM to that of ML ; and conſequently the 
ratio of the ſtraight line GP to PH is leſs than the ratio of 


GM to MH ; and, by diviſion, the ratio of GH to HP is leſs 
than that of GH to HM ; wherefore & the ſtraight line HP is 
greater than HM, and the rectangle GPH, that is, the ſquare 
of PO,, greater than the rectangle GMH, that is, than the 

Ee 3 ſquara 
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f 19. 5. 


to ML; and thereſore the ratio 
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ſquare of ML, and the ſtraight line PQ is therefore greater 
than ML. Draw LR parallel to GP, and from P draw PR at 


the circle deſcribed from the centre P, at the diſtance PQ , 
muſt neceſſarily cut LR in two points; let theſe be O, 8, and 
join OG, OH; SG, SH: each of the triangles OGH, SGH 

ve the things mentioned to be given in the propoſition : 
Join OP, SP; and becauſe as GP to PO, or PO, fo is PO 
to PH, the triangle OG is equiangular to HOP; as, there- 
fore, OG to GP, ſo is HO ro OP; and, by permutation, as 
GO to OH, ſo is GP to PO, or PQ: and ſo is 2 
Therefore the triangle OG H has the pow op fides GO, OH 
the ſame with the given ratio of GQ to : and the perpen- 
dicular hates he elk the given ratio of BY GH, becauſe the 
perpencicular is equal to LM, or K: The like may be ſhewnin 
the ſame way of the triangle SGH. 

This conſtruction by which the triangle OGH is found, is 
Morter than that which would be deduced from the demonſtra- 
tion of the datum, by reaſon that the baſe GH is given in 
poſition and magnitude, which was not ſuppoſed in the de. 
monſtration ; The ſame thing is to be obſerved in the next pro- 
poſition, 


PROP, LXXXI, 


F the fides about an angle of a triangle be un 
and have a given ratio to one another, and if the 
rpendicular from that angle to the baſe divides it 


into ſegments that have a given ratio to one another, 


the triangle is given in ſpecies, 


Let ABC be a triangle, the ſides of which about the angle 
BAC are unequal and have a given ratio to one another, and 
let the ndicular AD to baſe BC divide it into the 
ſegments BD, DC which haye a given ratio to one another, the 
triangle ABC is given in ſpecies. | wr BY 

Let AB be greater than AC, and make the angle CAE 
equal to the angle ABC; and becauſe the angle AEB is com- 
mon to the triangles ABE, CAE, they are equiangular to 
one another: Therefore as AB to BE, ſo is CA to and, 


right angles to GP: Becauſe PQ is greater than ML, or PR, 
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EC is given; wherefore d the ratio of 


DAT A. 


permutation, as AB to AC, ſo BE to 
, and ſo is EA to EC: But the ratio of 
BA to AC is given, therefore the ratio 
of BE to EA, as alſo the ratio of EA to 


BE to EC, as alſo c the ratio of EC to 

CB is given : And the ratio of BC to CD 

is given a, becauſe the ratio of BD to 
is given ; therefore ® the ratio of EC 

to CD is given, and conſequently d the , 

ratio of DE to EC: And the ratio of EC 8 

to EA was ſhewn to be given, therefore d the ratio of DE to EA 


is given: And ADE is 2 right angle, wherefore e the-trianglge 46. tne. 


E is given in ſpecies, and the angle AED given; And 


ratio of CE to EA is given, therefore i the triangle AEC is gi-f 4 aar. 


ven in ſpecies, and 1 the angle ACE is given, as 
alſo the adjacent angle ACB. In the ſame manner, becauſe the 
ratio of BE to EA is given, the triangle BEA is given in ſpe- 
cies, and the angle ABE is therefore given: And the angle 


Ach is given; wherefore the triangle is given g in ſpe-8 43. Gt. 


cies. 

But the ratio of the greater ſide BA to the other AC muſt 
be leſs than the ratio of the greater ſegment BD to DC: Be. 
cauſe the ſquare of BA is to the ſquare of AC, as the ſquares 
of BD, DA to the ſquares of DC, DA; and the ſquares of 
BD, DA have to the ſquares of DC, DA a leſs ratio than the 
ſquare of BD has to the ſquare of DC 4, becauſe the ſquare of 
BD is greater than the ſquare of DC ; therefore the ſquare of 
BA has to the ſquare of AC a leſs ratio than the ſquare of BD 
has to that of DC: And conſequently the ratio of BA to AC 
is leſs than the ratio of BD to DC. 

This being premiſed, a triangle which ſhall have the things 
mentioned to be given in the propoſition, and to which the 
triangle ABC is ſimilar, may be found thus; Take a ſtraight 
line GH given in poſition and magnitude, and divide it in K, 
ſo that the ratio of GK to KH may be the ſame with the given - 
ratio of BA to AC: Divide alſo GH in L, fo that the ratio 

of 


tio than A has to B. | ans ty bent. © greater than 
Let A be to B as C to D, and be- | D, therefore A and C have to B and C 
„% a leſs ratio than A to B 
2 4 


h 19. 5. 
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of GL to. LH may be the ſame with the given ratio of BD to 
DC, and draw LM at right angles to GH : And becauſe the 
ratio of the ſides of a triangle is leſs than the ratio of the ſeg. 
ments of the baſe, as has been ſhewn, the ratio of GK to 
is leſs than the ratio of GL to LH ; wherefore the point L 
muſt fall betwixt K and H: Alſo make as GK to KH, ſo GN 
to NK, and ſo ſhallh> NK be to NH. And from the centre N, 
at the diſtance NK, deſcribe a circle, and let its circumference 
meet LM in O, and join OG, OH; then OGH is the tri. 

le which was to be deſcribed : Becauſe 'GN is to NK, or 
NG, as NO to NH, the triangle OGN is equiangular to HON ; 
theteſore as OG to GN, ſo is HO to ON, and, by permuta- 


. tation, as GO to OH, ſo is GN to NO, or NK, that is, as GK 


to KH, that is, in the given ratio of the fides, and by the con- 
ſtruction, GL, LH have to one another the given ratio of the 
ſegzents of the baſe. 


PROP, 


LEXXXII. 


I a parallelogram given in ſpecies and magnitude 
be increaſed or diminiſhed by a gnomon given in 


magnitude, the ſides of the gnomon are given in mag- 
nitude, 


Firſt, let the parallelogram AB given in ſpecies and mag- 
nitude be i Dank by the given gnomon ECBDFG, each of 
the ſtraight lines CE, DF is given. 

Becauſe AB is given in ſpecies and ma * and that the 
gnomon ECBDFG is given, therefore the whole ſpace AG 
is given in magnitude: But AG is alſo given in ſpecies, be- 


| cauſe it is fimilar * to AB; therefore the 1 * of AG are gi- 
ven d: Each of the ſtraight lines AE, AF G E. 
is therefore z and each of the ſtraight * 

lines CA, 8 is given d, therefore each of C 
che remainders EC, DF is given c. B 


Next let the parallelogram AG given in 
ſpecies and magnitude, be diminiſhed by the 
given gnomon ECBDFG, each of the ſtraight 


FD A 
lines CE, DF is given. | H * 
Becauſc th ns m AG is given, as 
alſo its gromde BC ECBDFG, the remaining ſpace AB is given in 


magnitude; 
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magnitude : But it is alſo given in ſpecies; becauſe it is ſimilar * 


to AG; therefore d its ſides CA, AD are given, and each of the 


ſtraight lines EA, AF is given; therefore EC, DF are each of 
them given. | 

The gnomon and its ſides CE, DF may be found thus in 
the firſt caſe, Let H be the given ſpace to which the gnomon 
muſt be made equal, and find d a parallelogram ſimilar to AB 
and equal to the figures AB and H together, and place its 


fides AE, AF from the point A, upon the ſtraight lines AC, 


AD, and complete the parallelogram AG which is about the 
fame diameter e with AB; begauſe therefore AG is equal to 


both AB and H, take away the common part AB, the remain- 


ing gnomon ECBDFG is equal to the remaining figure H; 
therefore a gnomon equal to H, and its fides CE, DF are found : 
And in like manner they may be found in the other caſe, in 
which the given figure H muſt be leſs than the figure FE from 
which it is to be taken. f 


PR OP. LXXXII. 


Tf a parallelogram equal to a given ſpace be applied 
to a given ſtraight line, deficient by a parallelogram 
given in ſpecies, the ſides of the defect are given. 


Let the parallel AC equal to a given ſpace be applied 
to the given ſtraight line AB, deficient by the N 
are 


BDC given in ſpecies, each of the ſtraight lines CD, D 


ven. | 
Biſect AB in E; therefore EB is given in magnitude, up- 
on EB deſcribe * the parallelogram EF Gimilar to DL and ſimi- 
larly placed; therefore EF is given in 

ſpecies, and is about the ſame diameter G HF 
with DL; let BCG be the diameter, and 

conſtruct the figure; therefore, becauſe K L 
the figure EF given in ſpecies is deſcri- 
bed upon the given ſtraight line EB, 


EF is given e in magnitude, and the R EDB 
gnomon ELH is equal d to the given | 
figure AC: therefore e ſince EF is diminiſhed by the give 
row ELI, the ſides EK, FH of the gnomon are given; but 

is equal to DC, and FH to DB; wherefore CD, DB are 
each of them given. 
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58. 
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c 56. dat. 
d 36. and 


43. 1. 
e 82. dat. 


59. 


a 18. 6. 


b 26. 6. 


c 56. dat. tude e, and the 
d 36. and to the 


43-1. 


e 82. dat. FH are given e; but 


KU CL 1.3%: 


This demonſtration is the analyſis of the problem in the 
28th prop. of book 6. the conſtruction and demonſtration of 
which propoſition is the compoſition of the analyſis; and be. 
cauſe the given ſpace AC or its equal the gnomon ELH is to 
be taken from the figure EF deſcribed upon the half of AB 6. 
milar to BC, therefore AC muſt not be greater than EF, 
as is ſhewn in the 27th prop. B. 6. 


PROP. LXXXIV. 


FF a parallelogram equal to a given ſpace be applied 
to a given ſtraight line, exceeding by a elo- 
gram given in ſpecies ; the ſides of the exceſs are given. 


Let the parallelogram AC equal to a given ſpace be applied 

to the 3 ſtraight line AB, exceeding by 2 

BDCL given in ſpecies; each of the ſtraight lines CD, DB are 
iven. 

Biſect AB in E; therefore EB is given in magnitude: Upon 
BE deſcribe * the parallelogram EF ſimilar to LD, and ſimilar- 
ly placed; therefore EF is given in ſpecies, and is about the 
Gn diameter d with LD. Let CBG be 
the diameter and conſtruct the figure: 
Therefore, becauſe the figure EF given 
in ſpecies is deſcribed upon the given 
ſtraight line EB, EF is given in magni- 
gnomon ELH is equal 
ven figure d AC; wherefore, 
ſince EF is encreafed by the given gnomon ELH, its ſides EK, 
is equal to CD, and FH to BD; there- 
fore CD, DB are each of them given. 

This demonſtration is the analyſis of the problem in the 290 
prop. book 6. the conſtruction and demonſtration of which i 
the compoſition of the analyſis. ; 

Cor. If a parallelogram given in ſpecies be applied to a gi- 
ven ſtraight line, exceeding 5 a parallelogram equal to a given 
ſpace 3 te ſides of the parallelogram are given. 

Let the parallelogram ADCE given in ſpecies be applied to 
the given ſtraight line AB exceeding by w_ 
BDCG equal to a given ſpace ; the ſides AD, DC of the para 


lelogram are given, 
o Dr 


Bes Far 


FE ir BME 


F 


9 1 


f 


cy 
w 


Y TAE Js. & 


to 


BC which 1s 


To apply a parallel 


ſpace. 


To the given ſtraight line AB apply e the parallel 


milar to the one given. 


= BK is given in ſpecies. And fince 

the parallelogram AK given in magni- H 
tude is applied to the given ſtraight line 
AB, exceeding by the parallelogram BK 
given in ſpecies, therefore 
poſition, BD, DK the ſides of the exceſs are given, and the 
{traight line AB is given; therefore the whole AD, as alſo DC, 
which it has a given ratio is given. 


ATT 4. 


Draw the diameter DE of the parallelogram AC, and con- 
firuck the figure. Becauſe the parallelogram AK is equal * to 2 43. r. 
given, therefore AK is E 


ive ; and BK is ſimilar d to AC, there- 


G 0 


by this pro- 


P R O B. 


B D 


im fimilar to a given one to a given 
ſtraight line AB, exceeding by a parallelogram equal to a given 


ogram AK 


ual to the given ſpace, exceeding by the parallelogram BK ſi- 
* ; Draw DF the diameter of BK, and 


through the point A draw AE parallel to BF meeting DF pro- 


duced in E, and complete the parallelogram 


AC. 


443 


b 24. 6. 


c 29. 6, 


The parallelogram BC is equal * to AK, that is, to the given 


ſpace; and the parallelogram AC is ſimilar d to BK; therefore 


the parallelogram AC is applied to the ſtraight line AB ſimilar 


to the one given and excee 
is equal to the given ſpace, 


| 


the ſtraight lines be given, 


given. 


Let AB, BC contain the p 


P 


tude, in the given ang 
AB be given; each o 


Let DC be the given exceſs of BC above 
BA, therefore the remainder BD is equal 
to BA. Complete the 
and becauſe AB is equal to BD, the ratio 
of AB to BD is given; and the angle ABD 
is given, therefore the parallelogram AD is 


given in ſpecies; and 
applied to the given ſtraight line DC, exceeding by the 
lelogram AJ) given in ſpecies, the ſides of the exceſs are given *: a 84. dat. 


R O P. LXXXV. 


le ABC, and let the exceſs 


ding by the parallelogram BC which 


F two ftraight lines contain a parallelogram given in 
magnitude, in a given angle ; if the difference of 
they ſhall each of them be 


AC given in magni- 


of BC above 


the ſtraight lines AB, BC is given. 


parallelogram AD; 


cauſe the given parallelogram 


44 


AC is 


therefore 


84. 
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therefore BD is given; and DC is given, wherefore the whole | 
BC is given: And AB is given, therefore AB, BC are each of angle 
them guen. Wy 


15. PROP. LXXXVI. yen : 


F two ſtraight lines contain a parallelogram given in W tio of 
magnitude, in a given angle; if both of them to. of BI 
gether be given, they ſhall each of them be given, MM time: 


Let the two ſtraight lines AB, BC contain the parallelogram of Bl 
AC given in magnitude, in the given angle ABC, and let AB, of Bl 
BC together be given; each of the ſtraight lines AB, BC is given, 3 

Produce CB, and make DB equal to BA, and complete the — 
parallelo ABDE. Becauſe DB is equal to BA, and the 
angle ABD given, becauſe the adjacent an- A he 
gle ABC is given, the parallelogram AD is - 
given in ſpecies: And becauſe AB, BC to- 
gether are 3 and AB is 22 BD; 
there ſore is given: And becauſe the gi- 
ven . AC is applied to the 3 BC the & 
ſtraight line DC, deficient by the parallelogram AD given in BA; 

a 83. dat. ſpecics, the ſides AB, BD of the defect are given; and DC "ah 
is given, wherefore the remainder BC is given; and each of the 3 
ſtraight lines AB, BC is therefore given. | 


87. PROP. LXXXVII. 


T* two ſtraight lines contain a parallelogram given in W ven i 
magnitude, in a given angle; if the exceſs of the its ſi 
ſquare of the greater above the ſquare of the leſſer be the i 
given, each of the ſtraight lines ſhall be given. 


Let the two ſtraight lines AB, BC contain the given paralle - 4 
logram AC in the given angle ABC; if the exceſs of the ſquare * 
of BC above the ſquare of BA be given; AB and BC are each 10 
of them given. HG 

Let the given exceſs of the ſquare of BC above the ſquare c l 
of BA be the rectangle CB, BD; take this from the ſquare hm 

a 2. 2. of BC, the remainder, which is * the rectangle BC, CD is & GK 
ual to the ſquare of AB; and becauſe the angle ABC af 7 
= parallelogram AC is given, the ratio of the rectangle * 4 
b 62. dat. of the ſides AB, BC to the parallelogram AC is given ; and * c 
AC is given, therefore the reQtangle AB, BC is given; and * 
the rectangle CB, BD is given; therefore the ratio of the red! 


angle CB, BD to the rectangle AB, BC, that is e, the ratio of the c 1. 6. 
ſtraight line DB to BA is given; therefore à the ratio of the d 54. dat. 
ſquare of DB to the ſquare of BA is gi- A 
ven: And the ſquare of BA is equal to 
the rectangle BC, CD: wherefore the ra- / | ” 4 
tio of the rectangle BC, CD to the ſquare Lis | 
of BD is given, as alſo the ratio of four B PD C 
times the rectangle BC, CD to the ſquare | 
of BD; and, by compoſition e, the ratio of four times the rect- e 7- dat. 
* angle BC, CD — with the ſquare of BC to the ſquare 
Ab of BD is given: But four times the rectangle BC, CD toge- 
8! * ther with the ſquare of BD is equal f to the ſquare of the ſtraight f 8. 2. 
— the lines BC, CD taken together : therefore the ratio of the ſquare 

of BC, CD _— to the ſquare of BD is given; wherefore 
* g the ratio of ſtraight line BC together with CD to BD is 858. dat. 
7 iren: And, by compoſition, the ratio of BC together with 


and DB, that is, the ratio of twice BC to BD, is given; 
therefore the ratio of BC to BD is given, as alſo c the ratio of 
C the ſquare of BC to the rectangle CB, BD: But the rectangle 
BD CB, BD is given, being the given exceſs of the ſquares of BC, 
run BA; therefore the ſquare of BC, and the ſtraight line BC is 
Jef given: And the ratio of BC to BD, as alſo of BD to BA has 
been ſhewn to be given; therefore h the ratio of BC to BA is h 9. dat. 
| given; and BC is given, wherefore BA is given. 
The preceding demonſtration is the analyſis of this problem, viz. 
A parallelogram AC which has a given angle ABC being gi- 
en in ven in magnitude, and the exceſs of the ſquare of BC one of 
f the its ſides above the ſquare of the other BA being given; to find 
er be the ſides : And the compoſition is as follows. 
Let EFG be the given angle to which the angle ABC is re- 
quired to be equal, and from any point E in FE, draw EG 
perpendicular to FG; let the rect- mg 
angle EG, GH be the given ſpace 
to which the parallelogram AC is 
to be made equal; and the rectangle 
HG, GL, be the given exceſs of the 


. 


Take, in the ſtraight line GE, | 
GK equal to FE, and make GM double of GK; join ML, 
and in GL produced, take LN equal to LM: BifeQ GN in O, 
and and between GH, GO find a mean proportional BC: As OG 


| and to GL, ſo make CB to BD; and make the angle CBA equal 
h to 


ralle- 

quare 

each 

quare | 0 5 
| ſau; g A. l 

1 quares of BC, B FG LO HN 
C of 

angle 


red 
angh 
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to GFE, and as LG to GK ſo make DB to BA; and complete 


the parallel AC: AC is equal to the rectangle EG, GH, 
Mer 
angle HG, GL. 


cauſe as CB to BD, ſo is OG to GL, the ſquare of CB; 
a 1. 6. is to the rectangle CB, BD as the rectangle HG, GO to 
the rectangle HG, GL: And the ſquare of CB is equal to the 


rectangle, HG, GO, becauſe GO, BC, GH are proportionals; F + 
b 14. 5- therefore the rectangle CB, BD is equal® to HG, GL. And 
becauſe as CB to BD, ſo is OG to GL; twice CB is to BD, * 


as twice OG, that is, GN to GL and, by diviſion, as BC I ſquar 
together with CD is to BD, ſo is NL, that is, LM, to LG: them 
e 22.6. "Therefore c the ſquare of BC together with CD is to the ſquare 
of BD, as the ſquare of ML to the ſquare of LG : But the Let 
d 8. 2. ſquare of BC and CD together is equal d to four times the ABC! 
retangle BC, CD together with the ſquare of BD; therefore MW ſum « 
four times the rectangle BC, CD together with the ſquare of them 
BD is to the ſquare of BD, as the ſquare of ML to the ſquare Fir 
of LG: And, by diviſion, four times the rectangle BC, CD is angle 
to the ſquare of BD, as the ſquare of MG to the ſquare of their 
GL; wherefore the rectangle BC, CD is to the ſquare of BD 
as (the ſquare of KG the half of MG to the ſquare of GL, 
that is, as) the ſquare of AB to the ſquare of BD, becauſe as 
LG to GK, ſo DB was made to BA: Therefore ® the rectan- 
gle BC, CD is equal to the ſquare of AB. To each of theſe add 
the rectangle CB, BD, and the ſquare of BC becomes equal 
to the ſquare of AB together with the rectangle CB, BD; 
therefore this rectangle, that is, the given rectangle HG, GL 
is the exceſs of the ſquares of BC, AB. From the point A, 
draw AP perpendicular to BC, and becauſe the angle ABP 
is equal to angle EFG, the triangle ABP is equiangular 
to EFG : And DB was made to BA, as LG to GK ; therefore 
as the rectangle CB, BD to CB, BA, fo is the rectangle HG, 


UP wg 


—_— 


B PDC FG LO HN 


| GL to HG, GK; and as the rectangle CB, BA to AP, BC, rect 
ſo is (the ſtraight line BA to AP, and ſo is FE or GK to 
EG, 


DAT A. 


| EG, and ſo is) the rectangle HG, GK to HG, GE; therefore 
plete ex æquali, as the rectangle CB, BD to AP, BC, ſo is the rect- 
GH, WW angle HG, GL to EG, GH: And the rectangle CB, BD is 
rec. equal to HG, GL; therefore the rectangle AP, BC, that is, 
the parallelogram AC, is equal to the given rectangle EG, GH. 


f CB 

O to PROP. LXXXVIIL N. 
d the 

= F two ſtraight lines contain a parallelogram given in 

BD, magnitude, in a given angle; if the ſum of the 


Be ll ſquares of its ſides be given, the ſides ſhall each of 
chem be given. 


ABCD given in magnitude in the given angle ABC, and let the 

ſum of the ſquares of AB, BC he given; AB, BC are each of 
re of them given, 
Juare Firſt, let ABC be a right angle; and becauſe twice the rect- 
Dis angle contained by two equal ſtraight lines is equal to both 
re of their ſquares z but if two ſtraight lines are un- | 
f BD equal, twice the rectangle contained by them is 
GL, leſs than the ſum of their ſquares, as is evident B C 
fe 23 from the 7th prop. B. 2. Elem ; therefore twice 
Atan- the given ſpace, to which ſpace the rectangle of which the ſides 
e add are to be found is equal, muſt not be greater than the given 
equal ſum of the ſquares of the ſides: And if twice that ſpace be 
BD; equal to the given ſum of the ſquares, the ſides of the rectangle 
, GL muſt neceſſarily be equal to one another: Therefore in this 
it A, caſe deſcribe a ſquare ABCD equal to the given rectangle, and 
ABP its ſides AB, BC are thoſe which were to be found: For the 
rectangle, AC is equal to the given ſpace, and the ſum of the 
ſquares of its ſides AB, BC is equal to twice the rectangle AC, 
that is by the hypotheſis, to the given ſpace to which the tum 
of the ſquares was required to be equal. - 

But if twice the given rectangle be not equal to the given 
ſum of the ſquares of the ſides, it mult be leſs than it, as 
has been ſhown. Let ABCD be the rectangle, join AC and 
draw BE perpendicular to it, and complete tne rectangle 
AEBF, and deſcribe the circle ABC about the triangle ABC; 
AC is its diameter * : And becauſe the triangle ABC is ſimi- a Cor. 5. 4. 
lar d to AEB, as AC to CB fo is AB to BE; therefore the b s. 6. 
rectangle AC, BE is equal to AB, BC; and the reQtangle a, 


LG 

= Let the two ſtraight lines AB, BC contain the parallelogram 
s the 

efore 


c 47.1. 


d 32. dat. 
e 61. dat. 


30. dat. 


5 C 
EF FE 


k 14. 2. 


116. 6. 


— 
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C is given, wherefore AC, BE is given: And becauſe the ſui 


of the ſquares of AB, BC is given, the ſquare of AC which z 
equal c to that ſum is given; and AC itſelf is there fore given 
in itude : Let AC be likewiſe given in poſition, and the 
point A; therefore AF is given d in po. D 
ſition: And the rectangle AC, BE is — 
given, as has been ſhewn, and AC is 

given, wherefore e BE is given in mag- 

nitude, as alſo AF which is equal to it; F B + 
and AF is alſo gwen in poſition, and 
the point A is given, 2 f the * 2 

int F is given, and the ſtraight line 7 
Renee K. HL 
ABC is given in poſition, wherefore h the point B is given: 
And the points A, C are given; therefore the ſtraight lines 
AB, BC are given i in poſition and magnitude. 

The ſides AB, BC of the rectangle may be found thus: Let 
the rectangle GH, GK be the given ſpace to which the rect. 
angle AB, BC is equal; and let GH, GL be the given rect. 
angle to which the ſum of the ſquares of AB, BC is equal: 
Find x a ſquare equal to the rectangle GH, GL: And let it; 
ſide AC be given in poſition ; upon AC as a diameter deſcribe 
the ſemicircle ABC, and as AC to GH, ſo make GK to AF, 
and from the point A place AF at right angles to AC: 'There- 
fore the rectangle CA, AF is equal i to GH, GK; and, by 
che hypotheſis, twice the rectangle GH, GK is leſs than GH, 
GL, that is, than the ſquare. of AC; wherefore twice the 


rectangle CA, AF is leſs than the ſquare of AC, and the 


m 34. l. 


rectangle CA, AF itſelf leſs than half the ſquare of AC, that 
is, than the rectangle contained by the diameter AC and its half; 
wherefore AF is leſs than the ſemidiameter of the circle, and 
conſequently the ſtraight line drawn through the point F parallel 
to AC muſt meet the circumference in two points: Let B be 
either of them, and join AB, BC, and complete the rectangle 
ABCD, ABCD is the rectangle which was to be found: Draw 
BE perpendicular to AC; therefore BE is equal m to AF, and 
becauſe the angle ABC in a ſemicircle is a right angle, the rect. 
angle AB, BC is equal d to AC, BE, that is, to the rectangle 
CA, AF which is equal to the given rectangle GH, GK: And 
the ſquares of AB, BC are together equal e to the ſquare of AC, 
that is, to the given rectangle GH, GL. 


But 


Ang. r' 385 


Wr 4 © - 


But if the given angle ABC of the parallelogram AC be not 
a right angle, in this caſe, becauſe ABC is a given angle, the 
ratio of the rectangle contained by the ſides AB, BC to the pa- 


rallelogram AC is given u; and AC is given, therefore the rec - n 62. 


angle AB, BC is given; and the ſum of the ſquares of AB, 
is — therefore the ſides AB, BC are given by the prece- 
ding caſe. | | 
e ſides AB, BC and the parallelogram AC may be found 
thus: Let EFG be the given angle of the parallelogram, and 
from any point E in FE draw EG perpendicular to FG; and 
let the rectangle EG, FH be the given ſpace to which the pa- 
rallelogram is to be made equal, and let EF, A D 
FK be the given rectangle to which the — 
ſum of the ſquares of the ſides is to be equal. 
And, by the 1 2 find 0 fides 
of a rectangle which is to i 
rectangle EF, FH, and os ſquares of the B L 0 
ſides of which are _— equal to the gi- 
ven rectangle EF, FK; therefore, as was 
ſhewn in that caſe, twice the rectangle EF, 
FH muſt not be greater than the le 
EF, FK; let it be fo, and let AB, BC be 
the ſides of the rectangle joined in the a= F HU 
gle ABC equal to the given angle EFG, 
and complete the parallelogram ABCD, which will be that 
which was to be found : Draw AL dicular to BC, and 
becauſe the angle ABL is equal to EFG, the triangle ABL is 
equiangular to EFG ; and the parallelogram AC, that is, the 
rectangle AL, BC, is to the 38 AB, BC as (the ſtraight 
line ates AB, that is, as EG to EF, that is as) the rectangle 
EG, FH to EF, FH; and, by the conſtruction, the rectangle 
AB, BC is equal to EF, FH, therefore the rectangle AL, BC 
or, its equal, the parallelogram AC, is equal to the given rect- 
angle EG, FH; and the ſquares of AB, BC are tog equal, 
by conſtruCtion, to the given rectangle EF, FK. 
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8 P RO P. LXXXIX. 


IF two ſtraight lines contain a given parallelogram iti 

a given angle, and if the exceſs of the ſquare of 
one of them above a given ſpace, has a given ratio to 
the ſquare of the other; each of the ftraight lines 
ſhall be given. 


Let the two ſtraight lines AB, BC contain the given paral- 
lelogram AC in the given angle ABC, and let the exceſs of the 
ſquare of BC above a = ſpace have a given ratio to the 
ſquare of AB, each of the ſtraight lines AB, BC is given. 

Becauſe the exceſs of the fquare of BC above a given ſpace 
has a given fatio to the ſquare of BA, let the rectangle CB, 
BD be the given ſpace ; take this from the ſquare of BC, the 

44.2, Temainder, to wit, the rectangle BC, CD has a given ratio to 
the ſquare of BA : Draw AE perpendicular to BC, and let the 
ſquare of BF be equal to the rectangle BC, CD, then, becauſe 
the angle ABC, as alſo BEA is given, the 

b 43. dat. triangle ABE is given d in om and the 
tatio of AE to AB piven : And becauſe the 
ratio of the rectangle BC, CD, that is, of 
the ſquare of BF to the ſquare of BA, is gi:B ED C 
ven, the ratio of the ſtraight line BF to BA 

c 58. dat. is given e; and the ratio of AE to ABis given, wherefore d the 

d 9. dat. ratio of AE to BF is given; as alfo the ratio of the rectangle 

e 35.1. AE, BC, chat is e of the parallelogram AC to the rectangle 
FB, BC; and AC is given, wherefore the rectangle FB, BC is 
given. The exceſs of the ſquare of BC above the ſquare of BF, 
that is, above the re le BC, CD, is given, for it is equal* to 
the given rectangle CB, BD; therefore, becauſe the rectangle 
contained by the ſtraight lines FB, BC is given, and alſo the 
exceſs of the ſquare of BC above the ſquare of BF; FB, BC 

785, dat, e each of them given ; and the ratio of FB to BA is given; 

8 therefore, AB, BC are given. 


ä 


The Compoſition is as follows. 


Let GHE be the given angle ts which the angle of the pa- 
rallelogram is to be made equal, and from any point G in 
HG, draw GE perpendicular to HK; let GK, HL be the rect- 


angle 
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1 K | _ 
inole to which the parall is to be <; 

— equal, and let LH, be the rect- N 

angle equal to the given ſpace which is to 


in be taken from the ſquare of one of the ſides; : 
of and let the ratio of the remainder to the gy RI L 
to ſquare of the other fide be the ſame with the & 

les ratio of the ſquare of the given ſtraight line NH to the ſquare 


of the given ſtraight line HG: | |; 
By help of the 87th dat. find two ſtraight lines BC, BF 
which contain a reCtangle equal to the given rectangle NH, 
HL, and ſuch that the exceſs of the ſquare F 
of BC above the ſquate of BF be equal to / x. 
the given rectangle LH, HM; and join CB, F 4 
BF in the angle FBC equal to the given ny 
angle GHK : And as NH to HG, fo make R ED C 
FB to BA, and complete the 
AC, and draw AE icular to BC; then AC is equal to 
the rectangle GK, , and if from the ſquare uf the 
given rectangle LH, HM be taken, the remainder ſhall have 
to the ſquare of BA the ſame ratio which the ſquare of NH has 
to the ſquare of HG. | | 
Becauſe, by the conſtruQtion, the ſquare of BC is equal to 
the ſquare c A coders rectangle LH, HM; i 
from the ſquare of BC there be taken the rekfangle LH, HM, 
there remains the ſquare of BF which has g to the ſquare of 
BA the ſame ratio which the ſquare of NH has to the ſquare 


rs FER 55D 


2g 


| the of HG, becauſe, as NH to HG, ſo FB was made to BA; but 

ngle as HG to GK, ſo is BA to AE, becauſe the triangle GHK is 

ngle uiangular to ABE; therefore, ex equali, as NH to GK ſo is 

C is FB to AE; —_— HL is to the rect- h 1. 6. 
f BF, angle GK, 'HL, as the reQangle FB, BC to AE, BC; but by 

mY ö Brad dog HL is equal to FB, BC; ; 

ing therefore i angle is equal to the rectangle AE, 1 5+ 
> the BC, that is, to the AC. OY 

, BC The analyſis of this problem might have been made as in the 

ven; 


86th prop. in the Greek, and the compoſition of it may be made 
as that which is in prop. 87th of this edition. 2 
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PROP. XC. 


O. 
FF two ſtraight lines contain a given parallelogram 
in a given angle, and if the ſquare of one of them 
together with the ſpace which has a given ratio to the 
ſquare of the other be given, each of the ſtraight lines 
ſhall be given. | 


Let the two ſtraight lines AB, BC contain the given paralle- 
logram AC in the given angle ABC, and let the *! of BC 
ether with the f which has a given ratio to the ſquare of 

be given, AB, BC are each of them given. 
Let the ſquare of BD be the ſpace which has the given ratio 
to the ſquare of AB ; therefore, by the hypotheſis, the ſquare 
of BC together with the ſquare of BD is given. From the 


point A, draw. AE perpendicular to BC; and becauſe the angles 


2 43. dat. ABE, BEA are given, the triangle ABE is given * in ſpecies; 
therefore the ratio of BA to AE it given: And becauſe the ra- 
tio of the ſquare of BD to the ſquare of BA is given, the ra- 

b 58. dat. tio of the ſtraight line BD to BA is given d; and the ratio of 
c9.dat, BA to AE is given; therefore c the ratio of AE to BD is gi- 
ven, as alſo the ratio of the rectangle AE, BC, that is of the 
parallelogram AC to the rectangle DB, BC; and AC is given, 
therefore the rectangle DB, BC is given; and the ſquare of 


M 
-"* | 

D, | 
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d 88. dat, BC together with the ſquare of BD is given; therefore 4 be- 


cauſe the rectangle contained by the two ſtraight lines DB, BC 
is given, and the ſum of their ſquares is given : 'The ſtraight 


lines DB, BC are each of them given ; and the ratio of DB to 


BA is given; therefore AB, BC are given. 
The compefition is as follows : 
- Let FGH be the given angle to which the angle of the pa- 
| rallelogram is to be made equal, and from any point F in GF 
draw FH 
GK be that to which the parallelogram is to be made equal; 
and let the rectangle KG, GL be the ſpace to which the ſquare 


of 


perpendicular to GH; and let the rectangle TH, 


E 


of one of the ſides of the parallelogram together with the ſpace: 
which has a given ratio to the ſquare oſ the other ſide, is to be 
made equal; and let this given ratio be the ſame which the ſquare 
of the 14 ſtraight line MG has to the ſquare of GF. | 
By the 88th dat. find two ſtraight lines DB, BC which con- 
tain a rectangle equal to the given rectangle MG, GK, and 
ſuch that the ſum of their ſquares is equal to the given rect- 
angle KG, GL; therefore, by the determination of the pro- 


blem in that propoſition, twice the rectangle MG, GK muſt 


not be greater than the rectangle KG, GL. Let it be ſo, and 
join the ſtraight lines DB, BG in the angle DBC equal to the 
given angle FGH ; and, as MG to GF, ſo make DB to BA, 
and complete the parallelogram AC: AC is equal to the rect- 


D 
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4 tf | HI 4; + 
BE C 5 


angle FH, GK; and the ſquare of BC together with the 7 
of BD, which, by the conſtruction, has to the ſquare of BA the 
given ratio which the ſquare of MG has to the ſquare of GF, 
is equal, by the conſtruction, to the given rectangle EG, GL. 
Draw AE perpendicular to BC. 

Becauſe, as DB to BA, ſo is MG to GF; and as BA to AE, 
ſo GF to FH; ex equali, as DB to AE, fo is MG to FH; 
therefore, as the rectangle DB, BC to AE, BC, ſo is the rect- 
angle MG, GK to FH, GK and the rectangle DB, BC is 
equal to the rectangle MG, GK; therefore the rectangle AE, 
BC, that is, the parallelogram AC, is equal to the reCtangle 


- FH, GK. 


PROF. AL 


IF a ſtraight line drawn within a circle given in 
magnitude cuts off a ſegment which contains a gi- 
ven angle; the ſtraight line is given in magnitude. 


In the circle ABC given in magnitude, let the ſtraight line 
AC be drawn, cutting off the ſegment AEC which contains the 
given angle AEC; the ſtraight line AC is given in magnitude. 


453 


Take D the centre of os 2 *, join AD and produce it a1. 3. 


f 3 to 
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to E, and join EC: The angle ACE being 
b 31. 3. a ri J > angle is given; and the angle 
c 43. dat, AE en; therefore e the triangle 
ACE i is given in ſpecies, and the ratio of 
EA to AC is therefore given ; and EA is 
given in magnitude, becauſe the circle is A 
d 5. def, given 4 in magnitude AC is therefore gi- 
e 4. dat. VEN © in magnitude. 


by. PROP. XCIL 


F a ſtraight line given in magnitude be drawn with- 
in a circle given in magnitude, it ſhall cut off a 
ſegment containing a given angle. 


Let the ſtraight line AC given in magnitude be n with- 
in the circle ABC given in magnitude ; it ſhall cut W 
containing a given angle. 
Take D the centre of the circle, j = 
AD and produce it to E, and join EC: 
And becauſe each of the ſtraight lines EA, 
2 1. dat. and AC is given, their ratio is given *; and 
the angle ACE is a right angle, therefore 
b 46. dat. the triangle ACE is given in ſpecies, 
and conſequently, the angle AEC is given, 


90. PROP, XCIII. 


F from any point in the circumference of a circle 
given in poſition two ſtraight lines be drawn 
meeting the circumference and containing a given 
angle; if the point in which one of them meets the 
circumference again be given, the point in which the 
other meets it is ao given, 


to 


. 8˙ 08.88. B g. 8 8 g 


From any point A in the circumterence of a circle ABO gi- w. 
ven in poſition, let AB, AC be drawn to the W e ma- tic 
king the given angle BAC; if the point B 
be given, the point C is alſo given. 
ake D the centre of the circle, and 
join BD, DC; and becauſe each of the 
a 29. dat. points B, D is given, BD is given : in po-. 
ſition; and becauſe the angle BAC is gi- * 
þ 40. 3. ven, the angle * is given d, , therefore 


h- 
a 


the circle DBA, deſcribed about the tri- 


D'A T A, | 453 
becauſe the ſtraight line DC is drawn to the given point D in 
the ſtraight line BD given in poſition in the given angle BDC, 

ABC is gi- e 32. dat, 


DC is given c in poſition: And the circumference 
ven in poſition, Cavelone 4 the print © be given. 44328. t. 


PROP. XCIV. 91. 


FT* from a given point a ſtraight line be drawn 
touching a circle given in poſition ; the ſtraight 
line is given in poſition and magnitude, 


Let the ſtraight line AB be drawn from the given point A 
touching the circle BC given in poſition ; AB is given yr 
tion and magnitude. - 

Take D the centre of the circle, and join DA, DB : Becauſe 
each of the points D, A is given, the 
ſtraight line AD is given * in poſition 
and magnitude: And DBA is a right Þ 
angle, wherefore DA is a diameter e of 


angle DBA ; and that circle is therefore 
givend in poſition: And the circle BC is 
given in poſition, therefore the point B 
is given ©. The point A is alſo given: therefore the ſtraight e 28. dat. 


line AB is given * in poſition and magnitude, | 
FROE MT. -- 92, 


IF a ſtraight line be drawn from a given point with- 

out a circle given in poſition; the rectangle con- 
tained by the ſegments betwixt the point and the cir- 
cumference of the circle is given. 


Let the ſtraight line ABC be drawn from the given point A 
without the circle BCD given in poſi- O 
tion, cutting it in B, C; the rectangle 
BA, AC is given. 

From the point A, draw * AD touch- C 
ing the circle; therefore AD is given 
o in poſition and itude; And be- 


219. $- 
A 
b 94. dat. 


cauſe AD is given, the ſquare of AD is . 
given e which is equal d to the rectangle BA, AC: Therefore 222 
the rectangle BA, AC is giren. 36. 3. 


456 


2 29. dat. 


b 28. dat. therefore the points E, F are given b; 


93. 
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PROP. XCVL 


F a ſtraight line be drawn through a given point 

within a circle given in poſition, the rectangle con. 

tained by the ſegments betwixt the point and the cir. 
cumference of the circle is given. 


Let the ſtraight Tine BAC be drawn through the given 
point A within the circle BCE given in poſition ; the rect. 
angle BA, AC is given. 

Take D the centre of the circle, join 
AD and produce it to the points E, F; 
Becauſe the points A, D are given, the 
ſtraight line AD is given * in poſition 
and the circle BEC is given in poſition B 

and 


WP; 


the point A is given, therefore EA, AF F 
are each of them given*; and the rect- 
A, AF is therefore given; and it is equal © to the 


A Þ * - 
— — BA, AC, which conſequently is given. 


94. 


PROP, XCVII. 


F a ſtraight line be drawn within a circle given in 
magnitude cutting off a ſegment containing a given 
angle; if the angle in the ſegment be biſected by a 
ſtraight line produced till it meets the circumference, 
the ſtraight 3 which contain the given angle ſhall 
both of them together have a given ratio to the ſtraight 
line which biſects the angle: And the rectangle con- 
tained by both theſe lines together which contain the 
given angle, and the part of tlie biſecting line cut off 
below the baſe of the ſegment, ſhall be given. 


Let the ſtraight line BC be drawn within the circle ABC gi- 
ven in magnitude cutting off a ſegment containing thc given 
angle BAC, and let the angle BAC be biſected by the ſtraight 
line AD ; BA together with AC has a given ratio to AD; and 
the rectangle contained by BA and AC together, and the 
ſtraight line ED cut off from AD below BC the baſe of the 
ſegment, 1s given. | | | 

Join BD; and becauſe BC is drawn within the circle ABC 

1 given 


. 
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iven in magnitude cutting off the ſegment BAC, containin 
* given angle BAC; BC is given * in magnitude: By the a 91. dat. 
ſame reaſon BD is given; therefore d the ratio of BC to BD b 1. dat. 
is given: And becauſe the angle BAC is biſected by AD, as 4 
BA to AC, ſo is c BE to EC; and, by permutation, as AB c z. 6. 
to BE, ſo is AC to CE; wherefore d as BA and AC together d. 12. . 
to BC, ſo is AC to CE: And becauſe the angle BAE is equal ; 
to EAC, and the angle ACE toe F 
ADB, the triangle ACE is equiangu- 
lar to the triangle ADB; 2 
as AC to CE, ſo is AD to DB: But 
as AC to CE, fo is BA together with 
AC to BC; as therefore BA and AC B 
to BC, ſo is AD to DB; and, by D 
permutation, as BA and AC to AD, | 
ſo is BC to BD: And the ratio of BC to BD is given, there- 
fore the ratio of BA together with AC to AD is given. 

Alſo the rectangle containgd by BA and AC together, and 
DE is given. 

Becauſe the triangle BDE is equiangular to the triangle ACE, 
as BD to DE, ſo is AC to CE; and as AC to CE, ſo is BA 
and AC to BC; therefore as BA and AC to BC, ſo is BD to 
DE; wherefore the rectangle contained by BA and AC toge- 
ther, and DE, is equal to the rectangle CB, BD : But CB, 3D 
is given; therefore the rectangle contained by BA and AC to- 
gether, and DE, is given. 


e 21. 3. 


C 


Otherwiſe. 


Produce CA, and make AF equal to AB, and join BF; 
and becauſe the angle BAC is double of each of the angles a 35 un 
BFA, BAD, the angle BFA is equal to BAD; and the angle *©** ©; 
BCA is equal to BDA, therefore the triangle FCB is equiangu- 
lar to ABD: As therefore FC to CB, ſo is AD to DB; and, 
by permutation, as FC, that is, BA and AC together, to AD, 
io is CB to BD: And the ratio of CB to BD is given, there- 
tore the ratio of BA and AC to AD is given. » 

And becauſe the angle BFC is equal to the angle DAC, 
that is, to the angle DBC, and the angle ACB equal to the 
angle ADB ; the triangle FCB is equiangular to BDE, as 
therefore FC to CB, ſo is BD to DE; therefore the rectangle 
cantained by FC, that is, BA and AC together, and DE is e- 

tes qual 


— — 
—_————_— — — 
oa 
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» 91. dat. gle, BC is therefore given? in mag- 


fore the ratio of BC to BD is given: 


EE UW TH 1 D's 


ual to the rectangle CB, BD, which is given, and therefore 
the rectangle contained by BA, AC together, and DE is given, 


.PROP. XCVIII. 
FF a ſtraight line be drawn within a circle given in 


magnitude, cutting off a ſegment containing a gi. 
ven angle: if the angle adjacent to the angle in the 


ſegment be biſected by a ſtraight line produced till it 


meet the circumference again and the baſe of the ſeg. 
ment; the exceſs of the ſtraight lines which contain the 
given angle ſhall have a given ratio to the ſegment of 
the biſecting line which is within the circle; and the 
rectangle contained by the ſame exceſs and the ſeg- 
ment of the biſecting line betwixt the baſe produced 


and the point where it again meets the circumfe. 


rence, ſhall be given, 


Let the ſtraight line BC be drawn within the circle ABC 
ven in magnitude cutting off a ſegment containing the gi 
= le BAC, and let . le CAF adjacent to BAC be biet 
ed by the ſtraight line DAE meeting the circumference again 
in D, and BC the baſe of the ſegment produced in E; the ex- 
ceſs of BA, AC has a given ratio to AD; and the rectan 
which is contained by the ſame exceſs and the ſtraight line ED, 
1s given. 
Join BD, and through B, draw BG parallel to DE meeting 
AC produced in G: And becauſe BC cuts off from the circle 
ven in magnitude the ſeg- 3 
ment BAC containing a given an- 


nitude: By the ſame reaſon BD is 
given, becauſe the angle BAD is e- 
2 to the given angle EAF: there- 


And becauſe the angle CAE is equal "1 2M 
to EAF, of which CAE is equal to | 


the alternate angle AGB, and EAF to the interior and oppoſite 
angle ABG; therefore the angle AGB is equal to ABG, and 
the ſtraight line AB equal to AG; ſo that GC is the _ 


D AT A. 


of BA, AC: And becauſe the angle BGC is equal to GAE, 
that is, to RAP, or the zngte BAD: and that the le BCG 
is equal to the oppoſite interior angle BDA of the quadrilateral 
BCAD in the circle ; therefore the triangle BGC in equiangu- 
hr to BDA: Therefore as GC to CB, ſo is AD to DB; and, 
by permutation, as GC which is the exceſs of BA, AC to AD, 
ſo is BC to BD: And the ratio of CB to BD is given; there- 
fore the ratio of the exceſs of BA, AC to AD is given. 

And becauſe the angle GBC is equal to the alternate angle 
DEB, and the angle BCG equal to BDE; the triangle BCG is 
equiangular to BDE: Therefore as GC to CB, ſo is BD to DE; 
and conſequently the rectangle GC, DE is equal to the rect- 
angle CB, BD which is given, becauſe its ſides CB, BD are gi- 
yen : Therefore the A1 contained by the exceſs of BA, 
BC and the ſtraight line DE is given. 


* 


PROP. XCIX. | 95- 


F from a given point in the diameter of a circle gi- 
ven in poſition, or in the diameter produced, a 
ſtraight line be drawn to any point in the circumfe- 
rence, and from that point a ſtraight line be drawn at 
right angles to the firſt, and from the point in which 
this meets the circumference again, a ſtraight line be 
drawn parallel to the firſt ; the point in which this 
parallel meets the diameter is given; and the rect- 
angle contained by the two parallels is given. | 


In BC the diameter of the circle ABC given in poſition, or 
F in BC produced, let the given point D be taken, and from D 
let a ſtraight line DA be drawn to any point A in the circum» 
| ference, and let AE be drawn at right angles to DA, and from 
\. the point E where it meets the circumference again let EF be 
E _ 2 DA N BC in F; the point F is given, 
as alſo the rectangle AD, EP. 

Produce EF to the circumference in G, and join AG: Be- 

cauſe GEA is a right angle, the ſtraight line AG is * the dia-a Cor. 5. 4. 
polite meter of the circle ABC; and BC is alſo a diameter of it; 
, and therefore the point H where they meet is the centre of the 
xceſs circle, and conſequently H is given: And the point D is given, 
of wherefore DH is given in magnitude: And becauſe AD 21 
e 


rr D's 


rallel to FG, and GH equal to HA; DH is equal ꝰ to HF, ang 
AD equal to GF: And DH is given, therefore HF is given in 


magnitude; and it is alſo given in poſition, and the point H is 


c 30. dat. given, therefore c the point F is given. 


And becauſe the ſtraight line EFG is drawn from a gi 
point F without or within the circle ABC given in —— 


d 2 96. therefore d the rectangle EF, FG is given: And GF is equal to 


AD, wherefore the rectangle AD, EF is given. 


'PROP. c. 


2 Rt 
Tf ſrom a given point in a ſtraight line given in po- 
ſition, a ſtraight line be drawn to any point in the 
circumference of a circle given in poſition ; and from 
this point a ſtraight line be drawn making with the 
firſt an angle equal to the difference of a right angle 
and the angle contained by the ſtraight line given in 
poſition, and the ſtraight line which joins the given 
point and the centre of the circle; and from the point 
in which the ſecond line meets the circumference 
again, a third ſtraight line be drawn making with 
the ſecond an angle equal to that which the firſt makes 
with the ſecond : The point in which this third line 
meets the ſtraight line given in poſition is given; as 
alſo the rectangle contained by the firſt ſtraight line 
and the ſegment of the thizd betwixt the circumfe- 
rence and the ſtraight line given in poſition, is given, 
Let the ſtraight line CD be drawn from the given point C 
in the ſtraight line AB given in poſition, to the circumference 
of the circle DEF given in poſition, of which G is the centre; 


join CG, and from the point D let DF be drawn making the 
angle CDF equal to the difference of a right angle and the 


angle BCG, and from the point F let FE be drawn — 


GFE, 

cauſe t 
ther ec 
by the 
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the angle DFE equal to CDF, meeting AB in H: The point H is 
given 3 as alſo the rectangle CD, FH. | 
Let CD, FH meet one another in 
the point K, from which draw KL D 
perpendicular to DF and. let DC \ = 
meet the circumference again in M, 
and let FH meet the fra In E, and “ —— 
join MG, GF, GH. © 
Becauſe the angles MDF, DFE are 
equal to one another, the circumfe- 
rences MF, DE are equal *; and add- 
ing or taking away the common part 
it H, ME, the circumference DM is equal 
E; therefore the ſtraight line DM 
f is equal to the ſtraight line EF, and 
2 the angle GMD to the angle d GFE; 
ud the angles GMC, GFH are equal 
to one another, becauſe they are ei- 
ther the ſame with the angles GMD, 
GFE, or adjacent to them : And be- 
cauſe the angles KDL, LED are toge- 
ther equal © to a right angle, 2 is, 
by the hypotheſis, to the angles KDL, 
cn : - angle GCB or GCH is e-A C HB 
qual to the angle (LED, that is, to | 
the angle) LKF or GKH : Therefore the points C, K, H, G 
are in the circumference of a circle; and the angle GCK is 
therefore equal to the angle GHF ; and the angle GMC is e- 
qual to G FH, and the ſtraight line GM to GF; therefore d CG d 26. 1. 
is equal to GH, and CM to HF: And becauſe CG is equal to 
GH, the angle GCH is equal to GH C; but the angle GCH is 
given: Therefore GHC is given, and conſequently the angle 
CGH is given; and CG is given in poſition, and the point G; 
therefore e GH is given in poſition; and CB is alſo given in © 3% dat. 
poſition, whereof the point H is given. 
And becauſe HF is equal to CM, the rectangle DC, FH is e- 
qual to DC, CM: But DC, CM is given f, becauſe the point C f * 95. 
is given, therefore the rectangle DC, FH is given. ' 


IF, and 
iven in 


4 


a 26. 2. 


C 32. 1. 
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DEFINITION H. 


HIS is made more explicit than in the Greek text, to 
prevent a miſtake which the author of the ſecond demon- | 
{tration of the 24th propoſition in the Greek edition has fallen 
into, of thinking that a ratio is given to which another ratio is 
ſhown to be equal, though this other be not exhibited in given 
itudes. See the notes on that propoſition, which is the 
in this edition. Beſides, by this definition, as it is now gi- 
ven, ſome propoſitions are demonſtrated, which in the Greek 
are not ſo well done by help of prop. 2. 


DEF. IV. = 4 


In the Greek text, def. 4. is thus: Points, lines, ſpaces, 
« and angles are ſaid to be given in poſition which have always 
« the ſame ſituation ;” but this is imperfect and uſeleſs, becauſe 
there are innumerable caſes in which-things may be given accor- | | 
ding to this definition, and yet their poſition cannot be found 
for inſtance, let the triangle ABC be given in poſition, and let 
it be propoſed to draw a ſtraight line BD from the angle at B 


to the oppoſite fide AC which hall cut A 

off the angle DBC which ſhall be the 

ſeventh part of the angle ABC; ſuppoſe 1 
this is done, therefore the ſtraight line 

BD is invariable in its poſition, that is B 9 


has always the ſame ſituation; for any 1 

other ſtraight line drawn from the point B on either fide of 
BD cuts of an angle greater or leſſer than the ſeventh part of 
the angle ABC; therefore, according to this definition, the 
ſtraight line BD is given in poſition as alſo* the point D in, 8. dat. 
which it meets the ſtraight line AC which is given in poſition. 
But from, the things here given, neither the ſtraight line BD 
nor the point D can be found by the help of Euclid's Ele- 
ments only, by which every thing in his data is ſuppoſed my 


464 | NOTES ON 
be found. This definition is- therefore of no uſe. We hare 


amended it by adding, « and which are either actually exhibited _ 
« orcan be found ;” for nothing is to be reckoned given, which 5 
cannot be found, or is not actually exhibited. * 


The definition of an angle given by poſition is taken out of Fuc 
the 4th, and given more diſtinctly by itſelf in the definition = 
marked A. e N 


| X this 
DEF. XI. XII. XII. XIV. XV. * 

The 11th and 12th are omitted, becauſe they cannot be gi- — 
ven in Engliſh ſo as to have any tolerable ſenſe; and, there. ang 
fore, where-ever the terms defined occur, the words which ex- gle 
preſs their meaning are made uſe of in their place. ſan 


The 13th, 14th, 15th are omitted, as being of no uſe. 
It is to be obſerved in general of the data in this book, that 
they are to be underſtood to be given geometrically, not always has 


arithmetically, that is, they cannot always be exhibited in num- by 
bers; for inſtance, if the fide of a ſquare be given, the ratio of * 
b 44. dat. it to its diameter is given d geometrically, but not in numbers; BY 
c 2. dat, and the diameter „ cz but though the number of any e- tio 
qual parts in the fide be given, for example 10, the number of 


them in the diamater cannot be given : And the like holds in 
many other caſes. 


PROPOSITION LI. 


pr. 
In this it is ſhown that A is to B, as C to D, from this, that rs 
Ais to C, as Bto D, and then by permutation ; but it follows 
directly, without theſe two ſteps, from 7. 5. — 
PROP. II. h 
The limitation added at the end of this propoſition between tic 
the inverted commas is quite neceſſary, becauſe without it the a 
. rr cannot always be demonſtrated: For the author th 
aving ſaid *, « becanſe A is given, a magnitude equal to it tl 
2 1. def. ( can be found; let this be C; and becauſe the ratio of A to 
b 2 def. «to B is given, a ratio which is the ſame to it can be found b, 
adds, „ let it be found, and let it be the ratio of C to 4.” 
Now, from the ſecond definition nothing more follows 
than that ſome ratio, ſuppoſe the ratio of E to Z, can be 
found, which is the ſame with the ratio of A to B; and 1 
when the author ſuppoſes that the ratio of C to a, _—_ 4 


Ste Dr Gregory's edition of the data. 
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alſo the ſame with the ratio of A to B, can be found, he ne- 


ceflarily ſuppoſes that to the three magnitudes E, Z, C, a 
fourth proportional a may be found; but this cannot always 
be done by the Elements of Euclid ; from which it is plain 
Euclid muſt have underſtood the Propoſition under the limita- 
tion which is now added to his text. An example will make 


this clear; let A be a given angle, A | 
and B another angle to which A has 
a given ratio, for inſtance, the ratio 
of the given ſtraight line E to the gi 
ven one Z; then, having found an 
FEE 


angle C equal to A, how can the an- 

gle 4 be found to which C has the 
{ame ratio that E has to Z? certain- 

p no way, until it be ſhewn how to 

ind an angle to which a given angle 7 
has a given ratio, which cannot be done 

by Euclid's Elements, nor probably by any Geometry known 
in his time. Therefore, in all the propoſitions of this book 
which depend upon this ſecond, the above mentioned limita- 
tion mult be underſtood, though it be not explicitly mentioned: 


FF, 


TFROF.-V. 


The order of the Propoſitions in the Greek text between 
prop. 4. and prop. 25. is now changed into another which is 
more natural, by placing thoſe which are more fimple before 
thoſe which are more complex; and by placing together thoſe 
which are of the fame kind, ſome of which were mixed among 
others of a different kind. Thus, prop. 12. in the Greek is now 
made the 5th, and thoſe which were the 22d and 23d are made 
the 11th and 12th, as they are more ſimple than the propoſi- 
tions concerning magnitudes, the exceſs of one of which above 
a given magnitude has a given ratio to the other, after which 
theſe two were placed; and the 24th in the Greek text is, for 
the ſame reaſon, made the 13th. 


PROP. VI. VIL 


Theſe are univerſally true, though, in the Greek text, they 
are demonſtrated by prop. 2. which has a limitation; they are 
therefore now ſhown without it. * A 

Ge PROP. 
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PROP. XII. 


In the 23d prop. in the Greek text, which here is the 12th, 
the words, „ 74; are , are wrong tranſlated by Claud. 
Hardy, in his edition of Euclid's Data, printed at Paris, ann. 
1625, which was the firſt edition of the Greek text; and Dr 
Gregory follows him in tranſlating them by the words, « etſi 
« non eaſdem,” as if the Greek had been « z« wn Tv; ares, 
as in prop. 9. of the Greek text. Euclid's meaning is, that 
the ratios mentioned in the propoſition muſt not be the ſame; 
for, if they were, the propoſition would not be true. What. 
ever ratio the whole has to the whole, if the ratios of the parts 
of the firſt to the parts of the other be the ſame with this ra- 
tio, one part of the firſt may be double, triple, &c. of the 
other part of it, or have any other ratio to it, and conſequent] 
cannot have a given ratio to itz wherefore, theſe words muſt 
be rendered by non autem, eaſdem,“ but not the ſame ratios, 
as Zambertus has tranſlated them in his edition. 


— 


PROP. XII. 


Some very ignorant editor has given a ſecond demonſtration 
of this propoſition in the Greek text, which has been as igno- 
rantly kept in by Claud. Hardy and Dr Gregory, and has been 
retained in the tranſlations of Zambertus and others ; Carolus 
Renaldinus gives it only: The author of it has thought that a 
ratio was given if another ratio could be ſhown to be the ſame to 
it, though this laſt ratio be not found : But this is altogether ab- 
ſurd, becauſe from it would be deduced that the ratio of the 
fides of any two ſquares is given, and the ratio of the diameters 
of any two circles, &c. And it is to be obſerved, that the mo- 


derns frequently take given ratios, and ratios that are always the 


ſame, for one and the ſame thing; and Sir Iſaac Newton has 
fallen into this miſtake in the 17th Lemma of his Principia, edit, 
1713, and in other places; but this ſhould be carefully avoid- 
ed, as it may lead into other errors. | 

PROP. XIV. XV. 


Euclid in this book has ſeveral propoſitions concerning 


magnitudes, the exceſs of one of which above a given magni- 


tudo 
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tude has a given ratio to the other; but he has given none 
concerning magnitudes whereof one together with a given 
magnitude has a given ratio to the other ; though theſe laſt oc 
cur as frequently in the ſolution of problems as the firſt; the 
reaſon of which is, that the laſt may be all demonſtrated by 
help of the firſt; for, if a magnitude, together with a given 
magnitude has a given ratio to another magnitude, the exceſs of 
this other above a given magnitude ſhall have a given ratio to 
the firſt, and on the contrary; as we have demonſtrated in prop. 
14. And for a like reaſon prop. 19. has been added to tie 


data. 


One example will make the thing clear; ſuppoſe it 


were to be demonſtrated, that if a magnitude A together with 
a given magnitude has a given ratio to another magnitude B, 
that the two magnitudes A and B, together with a given mag- 
nitude, have a given ratio to that other magnitude B; which is 
the ſame prepoſition with reſpect to the laſt kind of magnitudes 
above mentioned, that the firſt part of prop. 16. in this edition 
is in reſpect of the firſt kind: This is ſhewn thus; from the hy- 
potheſis, and by the firſt part of prop. 14. the exceſs of B above 
a given magnitude has unto A a given ratio; and, therefore, by 
the firſt part of prop. 17. the exceſs of B above a given magni- 
tude has unto B and A together a given ratio; and by the ſe- 
cond part of prop. 14. A and B together with a given magni- 
tude has unto B a given ratio; which is the thing that was to 


be demonſtrated. 
cerning the laſt kind of magnitudes may be ſhewn. 


In like manner, the other propoſitions con- 


PROP. XVI. XVI. 


In the third part of prop. 10. in the Greek text, which is the 
t6th in this edition, after the ratio of EC to CB has been 
ſhown to be given; from this, by inverſion and converſion the 
ratio of BC to BE is demonſtrated to be given; but without 
theſe two ſteps, the concluſion ſhould have been made only b 
citing the 6th propoſition. And in like manner, in the fi 
part of prop. 11. in the Greek, which in this edition is the 17th 
from the ratio of DB to BC being given, the ratio of DC to 
DB is ſhewn to be given, by inverſion and compoſition inſtead 


cf citing prop. 7. and the ſame fault occurs. in the ſecond part 
of the ſame prop. 11. 


Geg 2 | PROP. 
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PROP. XXI. XXII. 


Theſe now are added, as being wanting to complete the ſub. 
ject treated of in the four preceding propoſitions. n 


PROP. XXIII. 


This, which is prop. 20. in the Greek text, was ſeparated 
from prop. 14. 15. 16. in that text, after which it ſhould have 
been immediately placed, as being of the ſame kind; it is now 
put into its proper place; but prop. 21. in the Greek is left out, 
aggbcing the ſame with prop. 14. in that text, which is here 
prop. 18. | 

PROP. XXIV. 
This, which is prop. 13. in the Greek, is now put into its 
roper place, having been disjoined from the three following it 
in this edition, which are of the ſame kind. 


PROP. XXVIIL 


This, which in the Greek text is prop. 25. and ſeveral of the 
following propoſitions are there deduced from def. 4. which is 
not ſufficient, as has been mentioned in the note on that defini- 
tion : They are therefore now ſhewn more explicitly. 


PR OP. XXXIV. XXXVI. 


Each of theſe has adetermination, whichis now added, which 
occaſions a change in their demonſtrations. 


& LT: Þ aa « » 4. Wh . 


The 35th and 36th propoſitions in the Greek text are joined 
into one, which makes the 3th in this edition, becauſe the ſame 
enunciation and demonſtration ſerves both : And for the ſame 
reaſon prop. 37- 38. in the Greek are joined into one, which 
here 1s the 40. 

Prop. 37. is added to the data, as it frequently occurs in the 
iolution of problems; and prop. 41. is added to complete the 


reſt. 
PROP, U. 


This is prop. 39. in the Greek text, where the whole con- 
ſtruction of prop. 22. of book I. of the Elements is put, without 
need, into the demonſtration, but is now only cited. 


PROP. XLV. 


This is prop. 42. in the Greek, where the three ſtraight lines 
made uſe of in the conſtruction are ſaid, but not ſhewn, to be 
ſuch that any two of them is greater than the third, which is 


now done. 
PR OF. 
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PR OP. XLVIL 


This is prop. 44- in the Greck text ; but the demonſtration 
of it is changed into another, whercin the ſeveral caſes of it are 
ſhewn, which, though ncceſſary, is not done in the Greek. 


d 

e PROP. XLVIII. 

bo There are two caſes in this propoſition, ariſing from the two 
= caſes of the third part of prop. 47. on which the 48th depends ; 
1 and in the compoſition theſe two caſes are explicitly given. 

PROP. LII. | 
ts The conſtruction and demonſtration of this, which is prop. | 
we 48. in the Greek, arc made ſomething ſhorter than in that text. 

PROP. LIII. 
he Prop. 63. in the Greek text is omitted, being only a caſe of 
is prop. 49. in that text, which is prop. 53. in this edition. 
To : 


PROP. LVIII. 


This is not in the Greek text, but its demonſtration is con- 

mY tained in that of the firſt part of prop. 54. in that text; which 
propoſition is concerning figures that are given in ſpecies This 

58th is true of ſimilar figures, though they be not given in 

ſpecies, and, as it frequently occurs, it was neceſſary to add it. 


ed 
ne "P-ROP. LIE LA 
ne This is the 54th in the Greek; and the 77th in the Greek, 
ch being the very ſame with it, is left out, and a ſhorter demon- 
ſi ration is given of prop. 61. 
he | 
he PROP. LXII. 
This, which is moſt frequently uſeful, is not in the Greek, 
and is neceſlary to prop. 87. 88. in this edition, as alſo, though 
n- not mentioned, to prop. 86. 87. in the former editions. Prop. 
ut 66. in the Greek text is made a corollary to it. 
PROP. LXIV. 
This contains both prop. 74. and 73. iu the Greek text; the 
oo Arſt caſe of the 74th is a repetition of prop. 56. from which it 
. is ſeparated in that text by many propoſitions z and as there 
Fw is no order in theſe propotitions, as they ſtand in the Greek, 
p they are now put into the order which ſeemed moſt convenient 
. and natural. FE: | | 
G g3 | The 


0 rr @ 3 


The demonſtration of the firſt part of prop. 73. in the Greek 
is groſsly vitiated. Dr Gregory ſays, that the ſentences he has 
incloſed betwixt two ſtars are ſuperfluous, and ought to be can- 
celled; but he has not obſerved, that what follows them is ab- 
ſurd, being to prove that the ratio [See his agure] of A T to 
K is given, which by the hypotheſis at the beginning of the 


propoſition is expreſsly given; ſo that the whole of this. part 


was to be altered, which is done in this prop. 64. 


\ 


PROP. LXVII. LXVIII. 


Prop. 70. in the Greek tezt is divided into theſe two, for 
the ſake of diſtinctneſs; and the demonſtration of the 67th is 
rendered ſhorter than that of the firſt part of prop. 70. in the 
Greek, by mcans of prop. 23. of book 6. of the Elements. 


PROP. IXX 


This is prop. 62. in the Greek text; prop. 78. in that text 
is only a particular caſe of it, and is therefore omitted. 

Dr Grggory, in the demonitration of prop. 62. cites the 49th 
prop. dat. to prove that the ratio of the figure AEB, to the pa- 
rallelogram AH is given; whereas this was ſhewn a few lines 
before: And beſides, the 49th prop. is not applicable to theſe 
two figures; becauſe AH is not given in ſpecies, but is by the 
ſtep for which the citation is brought, proved to be given uw 
ſpecies. | 


PROP. LXXIII. 


Prop. $3. in the Greek text is neither well enunciated nor 
demonſtrated. The 73d, which in this edition is put in place of 
it, is really the ſame, as will appear by conſidering [ 5ee Dr 
Gregory's edition] that A, B, r, E in the Greek text are 
four proportionals ; and that the propolition is to ſhew that 
a, which has a given ratio to E, is to r, as B is to a ſtraight 
line to which A hag a given ratio; or, by inverſion, that T is to 
, as a ſtraight line to which A has a given ratio is to B; that 
is, if the proportionals be placed in this order, viz. r, E, A, B, 
that the firſt r is to 4 to which the ſecond E has a given ratio, 
as a ſtraight line go which the third A has a given ratio is to 
the fourth B; which is the enunciation of this 73d, and was 


thus changed that it might be made like to that of prop. 72, in 


this edition, waich is the 82d in the Greek text: And the de- 
monſtration 


* 
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monſtration of prop. 73. is the ſame with that of prop. 72. on- 


ly making uſe of prop. 23. inſtead of prop. 22. of book 5. of 


the Elements. 


PROP. LXXVIL 


This is put in place of prop. 79. in the Greek text, which 
is not a datum, but a theorem premiſed as a lemma to prop. 80. 
in that text: And prop. 79. is made cor. 1. to prop. 77. in 
this edition. Cl. Hardy, in his edition of the data, takes no- 
tice, that in prop. 80, of the Greek text, the parallel KL in the 
ſigure of prop. 77. in this edition, muſt meet the circumference, 
but does not demonſtrate it, which is done here at the end of 
cor. 3. prop. 77. in the conſtruction for finding a triangle ſimi- 
lar to ABC. 


PROP. LXXVIIL 


The demonſtration of this, which is prop. 80. in the Greek, 
is rendered a good deal ſhorter by help of prop. 77. 


PROP. LXXIX. LXXX. LXXXL. 


Theſe are added to Euclid's data, as propoſitions which are 
often uſeful in the ſolution of problems. 


PROP. LXXXIL 


This, which is prop. 60. in the Greek text, is placed before 
the 83d and 84th, which in the Greek are the 58th and 59th, 
becauſe the demonſtration of theſe two in this edition are dedu- 
ced from that of prop. 82. from which they naturally follow. 


PROP. LXXXVII. XC. * 


Dr Gregory, in his preface to Euclid's works, which he 
publiſhed at Oxford in 170g, after having told that he had 
ſupplied the defects of the Greek text of . data in innume- 
rable places from ſeveral manuſcripts, and corrected Cl. Hardy's 
tranſlation by Mr Bernard's, adds, that the 86th theorem, or 
propoſition,” ſeemed to be remarkably vitiated, but which 
could not be reſtored by help of the manuſcripts; then he 
gives three different tranſlations of it in Latin, according to 
which he thinks it may be read; the two firſt have no diſtinct 
meaning, and the third, which he ſays is the beſt, - though it 

68g 4 contains 
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contains a true propoſition, which is the goth in this edition, 
has no connection in the leaſt with the Greek text. And it is 
ſtrange that Dr Gregory did not obſerve, that, if prop. 86. 
was changed into this, the demonſtration of the 86th muſt be 
cancelled, and another put in its place: But the truth is, both the 
enunciation and the demonſtration of prop. 86. are quite entire 
and right, only prop. 87. which is more ſimple, ought to have 
been placed before it; and the deficiency which the Doctor 
juſtly obſerves to be in this part of Euclid's data, and which, 


no doubt, is owing to the carelefſneſs and ignorance of the 


Greek editors, ſhould have been ſupplied, not by changing 
prop. 86. which is both entire and neceſſary, but by adding 
the two propoſitions, which are the 88th and goth in this 


edition. 
TE DUDE ACTS 0 


Theſe were communicated to me by two excellent geome- 
ters, the firſt of them by the Right Honourable the Earl of 
Stanhope, and the other by Dr Matthew Stewart; to which I 
have added the demonſtrations. 

Though the order of the propoſitions has been in many pla- 
ces changed from that in former editions, yet this will be of 
little diſadvantage, as the ancient geometers never cite the day 
ta, and the moderns very rarely. | 


S that part of the compoſition of a problem which is its 
conſtruction may not be ſo readily deduced from the ana- 

lyſis by beginners : For their ſake the following example is gi- 
ven, in which the derivation of the ſeveral parts of the con- 
ſtruction from the analyſis is particularly ſhown, that they may 
be aſſiſted to do the like in other problems. | 


r R O TL E N. 


Having given the magnitude of a parallelogram, tie angle of 


which ABC is given, and alſo the exceſs of the ſquare of its 


fide BC above the ſquare of the fide AB; to find its ſides and 
aeſcribe it. | 


The analyſis of this is the ſame with the demonſtration of 


the 87th prop. of the data, and tha conſtruction that is g ven 


of the problem at the end of that propoſition is thus der ved 
{rom ths analy ſis. 


Let 
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Let EFG be equal to the given angle ABC, and becauſe 
in the analyſis it is ſaid that the ratio of the rectangle AB, 
BC to the parallelogram AC is given by the 62d prop. dat. 
therefore, from a point in FE, the perpendicular EG is drawn 
to FG, as the ratio of FE to EG is the ratio of the rectangle 


| E 
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AB, BC to the parallelogram AC by what is ſhown at the end 
of prop. 62. Next, the magnitude of AC is exhibited by ma- 
king the rectangle EG, GH equal to it; and the given exceſs 
of the ſquare of BC above the ſquare of BA, to which excels the 
rectangle CB, BD is equal, is exhibited by the rectangle HG, 
GL: Then, in the analyſis, the rectangle AB, BC is faid to be 
given, and this is equal to the rectangle FE, GH, becauſe the 
rectangle AB, BC is to the parallelogram AC, as (FE to EG, 
that is, as the rectangle) FE, GH to EG, GH; and the paral- 
lelogram AC is equal to the rectangle EG, GH, therefore the 
rectangle AB, BC, is equal to FE, GH : And conſequently the 
ratio of the rectangle CB, BD, that is, of the rectangle HG, 
GL, to AB, BC, that is, of the ſtraight line DB to BA, is 
the ſame with the ratio (of the rectangle GL, GH to FE, GH, 
that is) of the ſtraight line GL to FE, which ratio of DB to 
BA is the next thing ſaid to be given in the analyſis :. From 
this it is plain that the ſquare of FE is to the ſquare of GL, as 
the ſquare of BA, which is equal to the rectangle BC, CD, is 
to the ſquare of BD: The ratio of which ſpaces is the next 
thing ſaid to be given : And from this it follows that four times 
the tquare of FE is to the ſquare of GL, as four times the rec- 
tangle BC, CD is to the ſquare of BD; and, by compoſition, 
four times the ſquare of FE together with the ſquare of GL, 
is to the ſquare of GL, as four times the rectangle BC, CD 
together with the ſquare of BD, is to the ſquare of BD, that 
is (8. 6.) as the ſquare of the ſtraight lines BC, CD taken to- 
«ether is to the ſquare of BD, which ratio is the next thing 
ſaid to be given in the analyſis: And becauſe four times the 
iquare of FE and the ſquare of GL are to be added together; 
thereforc in the perpendicular EG there is taken KG ar 2 


= 
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FE, and MG equal to the double of it, becauſe thereby the 
ſquares of MG, GL, that is, 12 the ſquare of MI. 
is equal to four times the ſquare of and to the ſquare of 
GL: And becauſe the ſquare of ML is to the ſquare of GL, 
as the ſquare of the ſtraight line made up of BC and CD is to 
the ſquare of BD, — (22. 6.) ML is to LG, as BC to- 
gether with CD is to BD; and, by compoſition, ML and LG 
together, that is, producing GL to N, ſo that ML be equal to 
LN, the ſtraight line NG is to GL, as twice BC is to BD; 
and by taking GO equal to the half of NG, GO is to GL, ag 
BC to BD, the ratio of which is ſaid to be given in the analy. 
ſis: And from this it follows, that the rectangle HG, GO is to 
HG, GL, as the ſquare of BC is to the rectangle CB, BD, 
which is equal to the rectangle HG, GL; and therefore the 
ſquare of BC is equal to the rectangle HG, GO; and BC is 
conſequently found by taking a mean proportional betwixt HG 
and GO, as is ſaid in the conſtruction : And becauſe it was 
ſhown that GO is to GL, as BC to BD, and that now the 
three firſt are found, the fourth BD is found by 12. 6. It 
was likewiſe ſhown that LG is to FE, or GK, as DB to BA, 
and the three firſt are now found, and thereby the fourth BA. 
Make the angle ABC equal to EFG, and complete the paral- 
lelogram of which the ſides are AB, BC, and the conſtruction 
os finiſhed ; the reſt of the compoſition contains the demon- 
ation. 


8 the propoſitions from the 13th tothe 28th may be thought 

by beginners to be leſs uſeful than the reſt, becauſe they 
cannot ſo readily ſee how they are to be made uſe of in the ſo- 
lution of problems; on this account the two following pro- 
blems are added, to ſhow that they are equally uſeful with the 
other propoſitions, and from which it may be eafily judged that 
many other problems depend upon theſe propoſitions, 


PROBLEM I. 


2 find three ſtraight lines ſuch, that the ratia of 
the firſt to the ſecond is given; and if a given 


ſtraight line be taken from the ſecond, the ratio of 


the remainder to the third is given; alſo the rectangle 


contained by the firſt and third 1s given. N 
| et 


Let A 
tird 2 4 
2 give 
mainder 
1hove 2 
Let BH 
of AB a 
conſequ 
given r. 
aft rec 
there foi 
and BH 
fore the 
cauſe tl 
EF are 


Let 
red to] 
is to be 
be that 
ven Tec 
is requ 
1s to b 
prop. 
the gi; 
exceed 
AB th 
makin 
And J. 
third. 

For 
ing th 
to CC 
to EF 
fo is! 
ge B 
KO: 
to LE 
giren 
KL. t 
taken 


XN. 


ren 


Let 


LEUCLID's DATA 


Let AB be the firſt ſtraight line, CD the ſecond, and EF the 
girl: And becauſe the ratio of AB to CD is given, and that 
a given ſtraight line be taken from CD, the ratio of the re- 
mainder to EF is given; therefore the exceſs of the firſt AB a 24. dat. 
thove a given ſtraight line has a given ratio to the third EF : 
Let BH be that given ſtraight line ; therefore AH, the exceſs 
of AB above it, has a given ratio to EF; and A H B 
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conſequently b the rectangle BA, AH, has a — hx 6 
given ratio to the rouge AB, EF, which | 

nit rectangle is given by the hypotheſis; C CG D 

therefore © the rectangle BA, AH is given, po F c 2. dat. 
and BH the exceſs of its fides is given; where- 8 


fore the ſides AB, AH are given d: And be- 
cauſe the ratios of AB to CD, and of AH ta K NML © 
EF are given, CD and EF are e given. 


„ 


The Compoſition, 


Let the given ratio of KL to KM be that which AB is requi- 
red to have to CD; and let DG be the given ſtraight line which 
b to be taken from CD, and let the given ratio of KM to KN 
be that which the remainder muſt have to EF; alſo let the gi- 
ren rectangle NK, KO be that to which the rectangle AB, Fr 
5 required to be equal: Find the given ſtraight line BH which 
i to be taken from AB, which is done, as plainly appears from 
prop. 24. dat. by making as KM to KL, fo GD to HB. To 
the given ſtraight line BH apply e a rectangle equal to LK, KOe 29. 6. 
excceding by a ſquare, and let BA, AH be its ſides: Then is 
AB the firſt of the ſtraight lines required to be found, and by 
making as LK to KM, ſo AB to DC, DC will be the ſecond : 
And laitly, make as KM to KN, ſo CG to EF, and EF is the 
third. | | 
For as AB to CD, ſo is HB to GD, each of theſe ratios be- 
ing the ſame with the ratio of LK to KM; therefore f AH is f rg. 5. 
to CG, as (AB to CD, that is, as) LK to KM; and as CG 
to EF, ſo is KM to KN; wherefore, ex zquali, as AH to EF, 
ſo is LK, to KN: And as the rectangle BA, AH to the rectan- 
ge BA, F, ſo is the rectangle LK, KO to the rectangle KN, g 1.6. 
KO: And by the conſtruction, the rectangle BA, AH is equal 
to LK, KO: Therefore h the rectangle AB, EF is equal to the h 14. 5. 
giren rectangle NK, KO: And AB has to CD the given ratio of 
KL to KM; and from CD the given ſtraight line GD being 
taken, the remainder CG has to EF the given ratio of KM to 
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a 24. dat. 


b 44. dat. 


e 32. cat. 
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P R O B. II. 


1 find three ſtraight lines ſuch, that the ratio of 
the firſt to the ſecond is given; and if a given 
ſtraight line be taken from the ſecond, the ratio of the 
remainder to the third is given; alſo the ſum of th 
{quares of the firſt and third is given. ; 


Let AB be the firſt ſtraight line, BC the ſecond, and BD the 
third : And becauſe the ratio of AB to BC is given, and that if 
a given ſtraight line be taken from BC, the ratio of the remain- 
der to BD is given; therefore * the exceſs of the firſt AB above 
a given ſtraight line, has a given ratio to the third BD: Let 
AE be that given ſtraight line, therefore the remainder EB has 
a given ratio to BD: Let BD be placed at right angles to EB, 
and join DE; then the triangle EBD is b given in ſpecies; 
wherefore the angle BED is given : Let AE which is given in 
magnitude, be given alſo in poſition, as alſo the point E, and 
the ſtraight line ED will be given e in poſition : Join AD, and 


d 47.1. becauſe the ſum of the ſquares of AB, BD, that is d, the ſquare 

of AD is given, therefore the ſtraight line AD is given in mag- 
e 34. Cat. nitude; and it is alſo given in poſition, becauſe from the gi- 

ven point A it1s drawn to the ſtraight line ED given in poſition: 
x Therefore the point D, in which the two ſtraight lines AD, EI) 
f 28. dat. given in pcſition cut one another, is given f: And the ſtraight 
g 33. dat. line DB whichis at right angles to AB is given 8 in poſition, and 

AB is given in poſition, therefore f the point B is given: And 
h 29. dat. the points A, D are given, wherefore h the ſtraight lines AB, 
ORE BD are given: And the ratio of AB to BC is given, and there- 
12, 


fore i BC 1s given. 
The Compeſtion. | 
Let the given ratio of FG to GH be that which ADB is requi- 


re: to have to BC, and let HK be the given ſtraight line 
which is to be t.ken from BC, and let the ratio which the re- 


D \L 


A EB BUM CST 26 
mainder is recuired to Fave to BD be the given ratio of HG 
to LG, and piace GL at right angles to FH, and join ang | 4 

| ext, 


requi- 
ht line 
the re- 


Next, 
N, ſo th 


um of the ſq 
make the angle 


EU CLI D's DATA. 


4 HG is to GF, ſo make HK to AE; produce AE to 
at AN be the ſtraight line to the ſquare of which the 
uares of AB, BD is required to be equal; and 
NED equal to the angle GFL; and from the 
tre A at the diſtance AN deſcribe a circle, and let its cir- 
rence meet ED in P, and draw DB perpendicular to AN, 
angle BDM equal to the angle GLH. 


nd DM making the 
Laſtly, produce BM to C, ſo that MC be equal to KH; then is 
BC the ſecond, and BD the third of the ſtraight 


AB the firſt, 
lines that WETE tO be found. 
For the triangles EBD, FGL, as alſo DBM, LGH being | 


B to BD, fo is FG to GL; and as DB to 
to GH ; therefore, ex quali, as EB to BM, | 
o is (FG to GH, and ſo is) AE to HK or Me; where fore kk 12. 5. | | 

' to BC, as AE to HK, that 1s, as FG to GH, that is, | 


AB is & 
ratio ; and from the ſtraight line BC taking MC, 


in the given ; 
which 15 equal to the given ſtraight line HK, the remainder 


BM has to BD the given ratio of HG to GL; and the ſum of 
the ſquares of AB, BD 1s equal d to the ſquare of AD or AN, d 47. 1- 
which is the given ſpace. Q. E. P. 6 

| believe it would be in vain to try to deduce the preceding 
conſtruction from an algebraical ſolution of the problem. 


equiangulars as 
BM, fo is LG 
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LEMMA I. Fic. 1. 


ET ABC be a rectilineal angle, if about the point B as a 
centre, and with any diſtance BA, a circle be deſcribed 
meeting BA, BC, the ſtraight lines including the angle ABC 
in A, ; the angle ABC 8 he hs four thght angles, as the 
arch AC to the whole circumference. 

Produce AB till it meet the circle again in F, and through B 
ws = rr to AB, meeting the circle in D, 

. 6 . the angle ABC is to a right angle ABD, as 

Py 2. AC to the _ AD; and quadrupling the conſe- 

quents, the angle ABC will be to four right angles, as the 

arch AC to four times the arch AD, or to the whole circum- 


LEMMA II. Fic. 2. 


ET ABC be a plane rectilineal angle as before : About B 
as a centre with any two diſtances BD, BA, let two cir- 
cles be deſcribed meeting BA, BC, in D, E, A, C; the arch 
AC will be to the whole circumference of which i it is an arch, 
22660006 
arch. 

By Lemma 1. the arch AC is to the whole circumference of 
which it is an arch, as the angle ABC is to four right angles ; 
and by the ſame Lemma 1. the arch DE is to the whole cir- 
cumference of which it is an arch, as the angle ABC is to four 
right angles; therefore the arch AC is to the whole circumfe- 
rence of which it is an arch, as the arch DE to the whole cir- 
cumference of which it is an arch. 


DEFINITIONS. Fic. 3. 


; 1. | : 
ET ABC be a plane rectilineal angle; if about B as a 
centre, with BA any diſtance, a circle Ac .be deſcribed 
meeting BA, BC, in A, C; the arch AC is called the mea- 
— le ABC. 


II. 


The circumference of a circle is ſuppoſed to be divided into 
Hh 369 
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360 equal parts called degrees, and each degree into 6o equal 
parts called minutes, and each minute into 60 equal parts 
called ſeconds, &c. And as many degrees, minutes, ſeconds, 
&c. as are contained in any arch, of ſo many degrees, minutes, 
ſeconds, &c. is the angle, of which that arch is the meaſure, 
ſaid to be. 

Cor. Whatever be the radius of the circle of which the mea- 
ſure of a given angle is an arch, that arch will contain the 
ſame 2 of degrees, minutes, ſeconds, &c. as is mani 
feſt from Lemma 2. 5 | 


Let AB be produced till it meet the circle again in F, the angle 
CBF, which, together with ABC, is equal to two right an- 
gles, is called the Supplement of the angle ABC. 


By 
A ftraight line CD drawn through C, one of the extremities of 
the arch AC perpendicular upon the diameter paſſing through 
the other extremity A, is called the Sine of the arch AC, or 
of the angle ABC, of which it is the meaſure. 
Cor. ' The Sine of a quadrant, or of a right angle, is equal to 
the radius. w 


The ſegment DA of the diameter paſſing through A, one ex» 
tremity of the arch AC between the fine CD, and that ex- 
tremity, is called the Verſed Sing of the arch AC, or angle 


VI, 

A ſtraight line AE touching the circle at A, one extremity of 
the arch AC, and meeting the diameter BC paſſing through 
the other extremity C in E, is called the Tangent of the arch 
AC, or of the angle ABC. 

| VII. 

The ſtraight line BE between the centre and the extremity of 
r Secant of the arch AC, or an- 
gle ABC. 

Cor. to def. 4. 6. 7. the fine, tangent, and ſecant of any angle 
ABC, are likewiſe the ſine, tangent, and ſecant of its fupple- 

ment CBF. | 

It is manifeſt from Def. 4. that CD is the fine of the Mpgle 
CBF. Let CB be produced till it meet the circle again in 
G; and it is manifeſt that AE is the tangent, and BE the 

ſecant, of the angle ABG or EBF, from def. 8. 7. 


FP. as 


Con, 


PLANE TRIGONOMET RT. 


Cor. to Def. 4. 5. 6. 7. The fine, verſed fine, tangent, and ſe- 
cant, of any arch which is the meaſure of any given angle 
ABC, is to the fine, verſed fine, tangent, and ſecant, of any 
other arch which is the meaſure of the ſame angle, as the 
radius of the firſt is to the radius of the ſecond. 

Let AC, MN be meaſures of the angle ABC, according to 
Def. 1. CD the fine, DA the verſed fine, AE the tangent, 
and BE the ſecant of the arch AC, according to def. 4. 5. 
6. 7. and NO the fine, OM the verſed fine, MP the tan- 

ent, and BP the ſecant of the arch MN, according to the 
ame definitions. Since CD, NO, AE, MP are parallel, 
CD is to NO as the radius CB to the radius NB, and AE 
to MP as AB to BM, and BC or BA to BD as BN or BM 


to BO; and, by converſion, DA to MO as AB to MB. 


Hence the corollary is manifeſt ; therefore, if the radius 
be ſuppoſed to be divided into any given number of equal 
parts, the ſine, verſed fine, tangent, and ſecant of any given 
angle, will each contain a given number of theſe parts ; and, 
by trigonometrical tables, the length of the fine, verſed ſing, 
tangent, and ſecant of any angle may be found in parts of 
which the radius contains a given number; and, vice verſa, 
a number expreſſing the length of the fine, verſed ſine, tan- 
gent, and ſecant being given, the angle of which it is the 
fine, verſed fine, tangent, and ſecant may be found. 
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VIII. 5 Fig. 3. 


The difference of an angle from a right angle is called the 
complement of that angle. Thus, it BH be drawn - 
dicular to AB, the angle CBH will be the l the 
angle ABC, or of CBF a N 


IX. 


Let HK be the tangent, CL or DB, which is equal to it, the 
ſine, and BK the ſecant of CBH, the complement of ABC, 


according to def. 4. 6. . HK is called the co-tangent, BD 


the cone, and BK the co-ſecant of the angle ABC. 
Co. 1. The radius is a mean proportional between the tan- 
gent and co-tangent. 


For, fince HK, BA are parallel, the angles HKB, ABC will 


be equal, and the angles KHB, BAE are right; therefore 
H ͤh 2 the 
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the triangles BAE, KHB are ſimilar, and therefore AE is to 
AB, as BH or BA to HK. | 

Cor. 2. The radius is a mean proportional between the co-ſine 
and ſecant of any angle ABC. 

8 AE are parallel, BD is to BC or BA, as BA to 
B 


PROP. I. Fic. 5, 


Na right angled plain triangle, if the hypothenuſe 
be made radius, the ſides become the fines of the 


angles oppoſite to them; and if either fide be made 


radius, the remaining fide is the tangent of the angle 
oppoſite to it, and the hypothenuſe the ſecant of the 
ſame angle. 


Let ABC be a right angled triangle ; if the h nuſe BC 
be made radius, either of the ſides AC will be the fine of the 
angle ABC oppoſite to it; and if either fide BA be made ra- 
dius, the other fide AC will be the tangent of the angle ABC 
oppoſite to it, and the hypothenuſe BC the ſecant of the ſame 
hole. - | 1 

33 B as a centre, with BC, BA for diſtances, let two 
circles CD, EA be diſcribed, meeting BA, BC in D, E: Since 
CAB is a right angle, BC being radius, AC is the fine of the 


angle ABC by def..4. and BA being radius, AC is the tangent, 


and BC the ſecant of the angle ABC, by def. 6, 7, 
Cor. 1. Of the hypothenuſe a fide and an angle of a right 
angled triangle, any two being given, the third is alſo given. 
Cor. 2. Of the two ſides and an angle of a right angled tris 
angle, any two being given, the third is alſo given. 


PROP. II. Fic. 6. 7. 


** ſides of a plain triangle are to one another, 
as the ſines of the angles oppoſite to them. 


In right angled triangles, this prop. is manifeſt from prop. 1. 
for if the hypothenuſe be made radius, the ſides are the fines of 
the angles oppoſite to them, and the radius is the fine of a right 


angle (cor. to def. 4.) which is oppoſite to the — 
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at the baſe, and the angle EFB at the circumference is equal 
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In any oblique angled triangle ABC, any two fides AB, AC 
will be to one another as the fines of the angles ACB, ABC 
which are oppoſite to them. 

From C, B draw CE, BD perpendicular upon the te 
fides AB, AC produced, if need be. Since CEB, cb are 
right angles, BC being radius, CE is the ſine of the angle CBA, 
and BD the fine of the angle ACB ; but the two triangles CAE, 
DAB have each a right angle at D and E; and likewiſe the 
common angle CAB ; therefore they are fimilar, and conſe- 

uently, CA is to AB, as CE to DB; that is, the fides are as 
* ſines of the angles oppoſite to them. | 

Cor. Hence of two ſides, and two angles oppoſite to them, 
in a plain triangle, any three being given, the fourth is alſo 
given. | 


PROP. Il. Fic. 8. 


Na = triangle, the ſum of any two ſides isto thei? 
difference, as the tangent of half the ſum of the an- 
gles at the baſe, to the tangent of half their difference. 


Let ABC be a plain triangle, the ſum of any two ſides AB, 
AC will be to their difference as the tangent of half the ſum of 
the angles at the baſe ABC, AC; to the tangent of half their 
difference. | 

About A as a centre, with AB the greater fide for a diftance, 
let a circle be deſcribed, meeting AC produced in E, F, and 
BCin Dy join DA, EB, FB: and draw FG parallel to BC, 
meeting EB in G. | | 

The angle EAB (32. 1.) is equal to the fum of the angles 


to the half of EAB at the centre (20. 3-)3 therefore EFB is 
half the ſum of the angles at the baſe; but the angle ACB 
(32. 1.) is equal to the angles CAD and ADC, or ABC to- 
gether 3 therefore FAD is the difference of the angles at the 
fe, and FBD at the circumference, or BFG, on account of 
the parallels FG, BD, is the half of that difference ; but ſince 
the angle EBF in a ſemicircle is a right angle (1. of this) FB 

being radius, BE, BG, are the tangents of the angles 5 
BFCG but it is manifeſt that EC is the ſum of the ſides BA, 
AC, and CF their difference; and ſince BC, FG are parallel 
(2. 6.) EC is to CF, as EB to BG; that is, the ſum of the 
| H h 3 ſides 
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ſides is to their difference, as the tangent of half the ſum of 
the angles at the baſe to the tangent of half their difference. 


PROP. IV. Fic. 18. 
PF any plain triangle BAC, whoſe two ſides are BA, 


AC 4 baſe BC, the leſs of the two ſides which let 


be BA, is to the greater AC as the radius is to the tan- 
gent of an angle, and the radius is to the tangent of 
the exceſs of this angle above half a right angle as the 
tangent of half the ſum of the angles B and C at the 
baſe, is to the tangent of half their difference. 


At the point A, draw the ſtraight line EAD dicular 
to BA; make AE, AF, each equal to AB, and AD to AC; 
in BE, BF, BD, and from D, draw DG perpendicular upon 
F. And becauſe BA is at right angles to EF, and EA, AB, 
AF are equal, each of the angles EBA, ABF is half a ri 
angle, and the whole EBF is a right angle; (alſo 4. 1. El.) 2 
is equal to BF. And ſince EBF, FGD are right angles, EB is 
parallel to GD, and the triangles EBF, FGD are ſimilar; 
therefore EB is to BF as DG to ” Gr, and EB being equal to 
BF, FG muſt be equal to GD. And becauſe BAD is a right 
angle, BA the leſs fide is to AD or AC the greater as the ra- 
dius is to the tangent of the angle ABD; and becauſe BGD is 
a right angle, BG is to GD or GF as the radius is to the tan- 
gent of GBD, which is the exceſs of the angle ABD above 
Ahr half a right angle. But becauſe EB is — * to GD, BG 
is to GF as ED is to DF, that is, ſince ED is the ſum of the 
fides BA, AC and FD their difference, (3 of this), as the tan- 
gent of half the ſum of the angles B, C, at the baſe to the tan- 
gent of half their difference. Therefore, i in any plain triangle, 


Q. E. D. 
PROP. V. Fig. 9. and 10. 


IN any triangle, twice the reftangle contained by 
any two ſides is to the difference of the ſum of the 
ſquares of theſe two ſides, and the ſquare of the baſe, 


as the radius is to the co-fine of the angle included by 
the two ſides. 


Let ABC be a plain triangle, twice the rectangle ABC con- 


tained by any two ſides BA, BC is to the difference of the _ 
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of the ſquares of BA, BC, and the ſquare of the baſe AC, as 
the radius to the co-fine of the angle ABC. 

From A, draw AD icular upon the oppoſite fide BC, 
then (by 12. and 13. 2. El.) the difference of the ſum of the 
ſquares of AB, BC, and the ſquare of the baſe AC, is equal to 
twice the rectangle CBD ; but twice the rectangle CBA is to 
twice the rectangle CBD 3 that is, to the difference of the ſum 
of the ſquares of AB, BC, and the ſquare of AC, (1. 6.) as AB 
to BD; that is, by prop. 1. as radius to the fine of BAD, which 
is the complement of the angle ABC, that is, as radius to the 
co- ſine of ABC. ; 


PROP. VI. Fic. In 


N any triangle ABC, whoſe two ſides are AB, AC, 
and baſe BC, the rectangle contained by half the 
perimeter, and the exceſs of it above the baſe BC, is to 
the rectangle contained by the ſtraight lines by which 
the half of the perimeter exceeds the other two ſides 


AB, AC, as the ſquare of the radius is to the ſquare of 


the tangent of half the angle BAC oppoſite to the baſe. 


Let the angles BAC, ABC be biſected by the ſtraight lines 
AG, BG; and producing the fide AB, let the exterior angle 
CBH be biſected by the ſtraight line BK, meeting AG in E; 
and from the points G, K, let there be drawn perpendicular 
upon the ſides the ſtraight lines GD, GE, GF, KH, KL, 
KM. Since therefore (4. 4.) G is the centre of the circle in- 
ſcribed in the triangle ABC, GD, GF, GE will be equal, and 
AD will be equal to AE, BD to BF, and CE to CF: In like 
manner KH, KL, EM will be equal, and BH will be 
to BM, and AH to AL, becauſe the angles HBM, HA are bi- 
ſeed by the ſtraight lines BK, KA: And becauſe in the tri- 
angles KCL, KCM, the fides LK, KM are equal, KC is com- 
mon and ELC, EMC are right angles, CL will be equal to 
CM : Since therefore BM is equal to BH, and CM to CL; 
BC will be equal to BH and CL together; and, adding AB 
and AC together, AB, AC, and BC will together be equal 
to AH and AL together: But AH, AL ate equal i Wherefore 
each of them is equal to half the perimeter of the triangle 
ABC: But Gnce AD, AE are equal; and BD, BF, and alſo 
with FC, will be equal to half the pe- 
rimeter of the triangle to which AH or AL was ſhewn to be 
equal ; taking away Gy the common AB, the * | 

h 4 er 


488 


PLANE TRIGONOMETRY. 


der FC will be equal to the remainder BH: In the ſame man- 


ner it is demonſtrated, that BF is equal to CL: And fince the 
points B, D, G, F, are in a circle, the angle DGF will be e- 
2 exterior and 1 le FBH, (22. 3.) ; where- 

re their halves BGD, K will ual to one another: 


The right angled triangles BGD, HBK will therefore be e- 


quiangular, and GD will be to BD, as BH to HK, and the 
rectangle contained by GD, HE will be equal to the rectangle 
DBH or BFC: But ſince AH is to HK, as AD to DG, the 
rectangle HAD (22. 6.) will be to the rectangle contained by 
HK DG, or the rectangle BFC, (as the ſquare of AD is to 
the ſquare of DG, that is) ag the ſquare of the radius to the 


ſquare of the tangent of the angle DAG, that is, the half of 


BAC: But HA is half the perimeter of the triangle ABC, and 
AD is the exceſs of the ſame above HD, that is, above the 


baſe BC; but BF or CL is the exceſs of HA or AL above the 


fide AC, and FC, or HB is the exceſs of the fame HA above 
the fide AB; therefore the rectangle contained by half the pe- 
rimeter, and the exceſs of the ſame above the baſe, viz. the 
rectangle HAD, is to the rectangle contained by the ſtraight 
lines by which the half of the perimeter exceeds the other two 
ſides, that is, wo” reQangle ___ od ſquare of the radius 
is to the ſquare of the tangent o angle BAC oppoſite 
to the baſe. Q. E. D. — 


PROP. VII. Fic. 12. 13. 


1 a plain triangle, the baſe is to the ſum of the ſides 
as the difference of the ſides is to the ſum or dif- 
ference of the ſegments of the baſe made by the per- 
pendicular upon it from the vertex, according as the 


ſquare of the greater ſide is greater or leſs than the 


ſum of the ſquares of the leſſer ſide and the baſe. 


Let ABC be a plane triangle; if from A the vertex be drawn 
a ſtraight line AD perpendicular upon the baſe BC, the baſe 
BC will be to the ſum'of the fides BA, AC, as the difference 


of the ſame ſides is to the ſum or difference of the ſegments CD, 


BD, according as the ſquare of AC the greater fide is ter 
or leſs than the ſum of the ſquares of the. leſſet fide and 
the baſe BC. : 

About A as a centre, with AC the greater fide for a di- 
ſtance, let a circle be deſcribed meeting AB produced in E, 
F, andCBin G: It is manifeſt that FB is the ſum and — 
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the difference of the ſides; and fince AD Jer 
GC, GD, CD will be equal; conſequently GB will be equal 
to the ſum or difference of the ſegments CD, BD, according 
as the perpendicular AD meets the baſe, or the baſe produeed; 
that is, (by Conv. 12. and 13. 2.) according as the ſquare of 
AC is greater or leſs than the ſum of the ſquares of AB, BC: 
But (by 35- 3.) the rectangle CBG is equal to the rectangle 
EBF ; that is, (16. 6.) BC is to BF, as BE is to BG ; that is, 
the baſe is to the ſum of the ſides, as the difference of the ſides 
is to the ſum or difference of the ſegments of the baſe made 
by the perpendicular from the vertex, according as the ſquare 
of the greater fide is greater or leſs than the ſum of the ſquares 
of the leſſer fide and the baſe. Q. E. D. | 


PROP. VW. P R O B. Fic. 14. 
HE ſum and difference of two magnitudes being 
given, to find them. | 


Half the given ſum added to half the given difference, will 
be the greater, and half the difference ſubtracted from half the 
ſum, will be the leſs. | 

For, let AB be the given ſum, AC the greater, and BC the 
leſs. Let AD be half the given ſum; and to AD, DB, which 
are equal, let DC be added, then AC will be equal to BD, 
and DC together; that is, to BC, and twice DC; conſequent- 
ly twice DC is the difference, and DC half that difference 
but AC the greater is equal to AD, DC; that is, to half the 
ſum added to half the difference, and BC the leſs is equal to 
the exceſs of BD, half the ſum above DC half the difference. 


QE. F. 
SCH O LI uU N. 


Of che ſix parts of a plain triangle (the three ſides and three 
angles) any three being given, to find the other three is the bu- 
ſineſs of plane trigonometry ; and the ſeveral cafes of that 
problem may be reſolved by means of the preceding propoſi- 
tions, as in the two following, with the tables annexed. In 
theſe, the ſolution is expreſſed by a fourth proportional to three 
— lines; but if the given parts be expreſſed by numbers 

om trigonometrical tables, it may be obtained arithmetically 
by the common Rule of 'Three. 


SOLUTION, 


Nate. In the tables the following abbrevations are uſed. R, is put for the 
Radius; T, for Tangent; and 8, for Sine. Degrees, minutes, ds, &c. 
are written in this manner; 30? 25 13", Kc. which fignifies 30 degrees, 25 
minutes, 13 ſeconds, &c. 


Fig. 15. 
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SOLUTION of the Casszs of right angled 
TRIANGLES. - | 


GENERAL PROPOSITION. 


N a right angled triangle, of the three fides and 
three angles, any two being given beſides the right 
angle, the other three may be found, except when the 
two acute angles are given, in which caſe the ratios of 
the fides are only given, being the ſame with the ra. 
tios of the fines of the angles oppoſite to them. 


It is manifeſt from 47. 1. that of the two ſides and hypothe- 
nuſe any two be given, the third may alſo be found. It is alſo 
manifeſt from 32. 1. that if one of the acute angles of a right. 
angled triangle be given, the other is alſo given, for it is the 
complement of the former to a right angle. 

If two angles of any triangle be given, the third is alſo gi- — 
ven, being the ſupplement of the two given angles to two . 


right angles. | 

The other caſes may be reſolved by help of the preceding an 
propoſitions, as in the following table. on 
GiveN. SOUGHT. © os 
1 | Two ſides, ABj The angles] XB: AT:: R: T, B. o 5 bs 
AC. | B, 8 hich Cis the complem 0 

2 | AB,BC,a fideand| The angles“ BC:BA =: R. 8, C, of 

e hypothenuſe. B, C. which Bis the — 


3 | AB, B, a fide and] The other R: T. B:: BA: AC. 
ja angle. fide AC. | 

4 | ABandB, a fide] The hypo-] 8, C: R:: BA: BC. 
nd an angle. uſe BC. | 


5 | BC and B, the] The fide] R: S, B:: BC: CA. 
ypothenuſe and an AC. | 
gle. 


„ 


Theſe five caſes are reſolved by prop. 1. 


PLANE TRIGONOMETRY. 


SOLUTION of the Ca 5x5 of oblique-angled 
TRIANGLES. * 


GENERAL PROPOSITION. 


N an oblique-angled triangle, of the three ſides and 
three angles, any three being given, the other 
three may be found, except when the three angles are 
given; in which caſe the ratios of the ſides are only 
given, being the ſame with the ratios of the fines of 


the angles oppoſite to them. 
Gexx. SOUGHT. | | 
1 A, B, and there- Bo, AC | 5, ©: A:: AB: BC, 
fore C, and the ſide d alſo, 8, C: 8, B:: AB 
AS... AC. (2.) | 


2] AB, AC, and B, The angles | AC: AB:: 8, B: 8, C. 
two ſides and an [A and C. 2.) This caſe admits of 
angle oppoſite to ſolutions; for C may 
lone of them. greater or leſs than a 
uadrant. (Cor.to def. 4.) 


| 
3] AB, AC, and A, | The angles |[AB+AC:AB<AC::T, 
5 ſides, and the B and C. TB.: T. CB: (3.) 


included angle. 


e angles C, B, being 
iven, each of them is gi- 
en. (J.) Otherwiſe. Fic. 
18. 
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Fig. 16. 15. 


—— 


PLANE TRIGONOMETRY. + 


Graw. 


SoucnT. 


- 


B, C, the ABq be greater than ACg 
threeangles. FIC. 17. (4- 9 
ang 1 A ( ) 


Let AB+BC4+ AC=4P 
P+P—AB:P—AC x 


P—BC : : Rq : Tg, * CG, 
and hence © is known. (8. 
e. 

Let AD be perpendicular 
to BC. 1. If ABg be leſs 
than ACq+-CBg. FIG. 16. 
BC : BA + AC:: BA 
AC: BD — DC, and BC 
the ſum of BD, DC is given; 
therefore each of them is 
| Ae 
ACg + CBg. Fig. 17. BC: 
+ DC; and BC the differ- 
ence of BD, DC is given, 
therefore each of them is 
given. (7.) 

And CA: CD:: R: Co 
8, C. (1.) and C being 
found, A and B are found 
by cafe 2. or 3. 
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SPHERICAL TRIGONOMETRY. 


. DEFINITIONS. 


| I. 
HE pole of a circle of the ſphere is a point in the ſuper · 
ficies of the ſphere, from which all ſtraight lines drawn 
—— = are equal, 


A great circle of the ſphere is any whoſe plane through 
e centre of the ſphere, and whoſe centre — toy 
ſame with that of the ſphere. 
III. 


comprehended by three arches of three great cireles, each 
which Iſs dae of 

; IV. 58505 
A ſpherical angle is that which on the ſuperficies of a ſphere i 
contained by two arches of great CT er es 
the inclination of the planes of theſe great circles. 


PROP. 1 
GREAT circles biſect one another. 


As they have a common centre their common ſection will be 
2 diameter of each which will biſect them. | 


PROP I. Fic. 1. 


"FE arch of a great circle betwixt the pole and 
1 the circumference of another is a quadrant. 


Let ABC be a circle, and D its pole ; if a great circle 
DC paſs through D, and meet ABC in C, the arch DC will be 
2 quadrant. 1 | | 
the great circle CD meet ABC again in A, and let 
AC be the common ſection of the great circles, which — 


> 
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paſs h E the centre of the ſphere : Join DE, DA, De: 
By def. 1. DA, DC are equal, and AE, —_— and 
DE is common ; therefore (8. 1.) the angles DEA, DEC are 
equal; wherefore the arches DA, DC are equal, and conſe. 
quently each of them is a quadrant. Q. E. D. 


FROM. FM. & 


F a great circle be deſcribed: meeting two great cir. 
cles AB, AC paſting through its pole A in B, C, the 
angles at the centre of the ſphere upon the circumfe. 
rence BC, is the ſame with the ſpherical angle BAC, 
and the arch BC is called the meaſure of the ſpherical 
angle BAC. 


Let the planes of the great circles AB, AC interſect one an- 
other in the ſtraight line AD paſſing through D their common 
centre; join DB, DC. 

Since A is the pole of BC, AB, AC will be quadrants, and 
the angles ADB, ADC right angles; therefore (6. def. i 1)the 
angle CDB is the inchnation of the planes of the circles AB, 
AG z that is, (def. 4.) the ſpherical angle BAC. 

If through the point A, two quadrants 
drawn, the point A will be the pole 
paſling through their extremities B, C. | 

Join AC, and draw AE a ſtraight line to any other point E 
in BC; join DE: Since AC, are quadrants, the angles 
ADB, ADC 2888 and AD will be perpendicular to 
the plane of BC: Therefore the angle ADE 1s a right 
and AD, DC are equal to AD, DE, each to each; therefore 
AE, AC, are equal, and A is the pole of BC, by def. 1, 
Q. E. D. | 


E. D. 
» AC, be 


PROP. IV. Fic. z. 


IN gets ſpherical triangles the angles at the baſe 
1 are equal. : 


Let ABC be an iſoſceles triangle, and AC, CB the equal 
ſides ; the angles BAC, ABC, at the baſe AC, are equal. 1 


a” * 


the great circle BC, 


mon, 
therefc 


ſpheric 
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Let D be the centre of the ſphere, and join DA, DB, 


> DC: DC; in DA take any point E, from which draw, in the plane 
2 nd WF ADC, the ſtraight line EF at right angles to ED meeting CD 
e in F, and draw, in the plane ADB, EG at right angles to the 
conſe. ¶ ame ED; therefore the rectilineal angle FEG is (6. def. 11.) 
the inclination of the planes ADC, . ADB, and therefore is 
the ſame with the ſpherical angle BAC: From F draw FH 
rpendicular to DB, and from H draw, in the plane ADB, 
the ſtraight line HG at right angles to HD meeting EG in 
G, and join GF. Becauſe DE is at right angles to EF and 
EG, it is perpendicular to the plane EFG, (4. 11.) and there- 
fore the plane FEG is perpendicular to the plane ADB, in 
which DE is: (18. 11.) In the ſame manner the plane FHG 
is perpendicular to the plane ADB; and therefore GF the 
common ſection of the planes FEG, FHG is perpendicular 
to the plane ADB; (19. 11.) and becauſe the angle FHG is 
the inclination of the planes BDC; BDA, it is the ſame with 
ie an- the ſpherical angle ABC; and the fides AC, CB of the ſphe- 
amon ical triangle being equal, the angles EDF, HDF, which 
ſtand upon them at the centre of the ſphere, are equal ; and 

, and in the triangles EDF, HDF, the fide DF is common, and the 
r)the angles DEF, DHF are right angles; therefore EF, FH are e- 


; AB, qual; and in the triangles FEG, FHG the fide GF is com- 

D. mon, and the fides EG, GH will be equal by the 47. 1. and 

C, be cherefore the angle FEG is equal to FHG ; (8. 1.) that is, the 
BC, EW ſpherical angle BAC is equal to the ſpherical angle ABC. N 
. t N 

ar to 


755 I , in a ſpherical triangle ABC, two of the angles 
efore BAC, ABC, be equal, the fides BC, AC oppoſite 
4. 1. Eto them are equal. 8 


Read the conſtruction and demonſtration of the preceding 
propoſition, unto the words, ©« and the ſides of AC, CB,” &c. 
and the reſt of the demonſtration will be as follows, viz. 


And the ſpherical angles BAC, ABC, being equal, the 


baſe 
tectilineal angles FEG, FHG, which are the ſame with them, 
are equal; and in the triangles FGE, FGH the angles at G 
-qual ae right angles, and the fide FG oppoſite to two of the equal 
g | : . angles 
Let 


5 


* 
. 
* 
— . — — — 
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angles is common; therefore (26. 1.) EF is 
in the right angled triangles DEF, DHEF the DE. is con 
mon; wherefore (47. 1.) ED is equal to DH, and the angles 
EDF, HDF, are therefore equal, (4. 1.) and conſequently the 
fides 'AC, BC of the ſpherical triangle are equal. 


PROP. VI. Fic. 4. 


AXE two fides of a ſpherical 2 are greate 
than the third. 


Let ABC be a ſpherical triangle, any two ſides AB, BC will 
be greater than the other fide A 
D be the _— of che ſphere : join DA, DB, DC. 
The ſolid ang e at D, is ** by three plane 
ADB, ADC, kpc, an 20. 11. any two of them 
BDC are greater than the 


5 

aud ADC; that is, any two fide 

AB, BC of the ſpherical triangle ABC, are greater than the 
A 


PROP. VII. Fic. 4. 
1 three ſides of a ſpherical triangle are leſs than 


Let ABC be z ſpherical triangle as before, the three ſides 
AB, BC, AC are leſs than a circle, 

Let D be the centre of the ſphere : The ſolid angle at D is 

contained by three plane angles 2 BDC, ADC, which to- 

ther are leſs than four rig (21. 11,) therefore the 
des AB, BC, AC together, DD 
that is, leſs than a circle. 


PROP. VIIL Fic. 5. 


F a ſpherical triangle the greater angle is oppoſite 
to the greater fide ; and converſely. 

Let ABC be a ſpherical triangle, the greater angle A is op 
poſed to the greater fide BC. 

Let the angle BAD be made equal to the 1 
then BD, DA vill be equal, (5. of this) and therefore AD, 


x 
EIS 


to FH: and 


av 5 HH 


+ + 7 8 
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DC are equal to BC; but AD, DC are greater than AC, (6. 
of this), therefore BC is greater than AC, that is, the greater 
angle A is oppoſite to the greater ſide BC. The converſe is 
demonſtrated as prop. 19. 1. El. Q. E. D. 


PROP. Iz. Fic. & 


N any ſpherical triangle ABC, if the ſum of the ſides 
AB, BC, be greater, equal, or leſs than a ſemicircle, 
the internal angle at the baſe AC will be greater, e- 
qual, or leſs than the external and oppoſite BCD; and 
therefore the ſum of the angles A and ACB will be 
greater, equal, or leſs than two right angles. 
Let AC, AB produced mage D. 

1. If AB, BC be equal to a Temicircle, that is, to AD, BC, 
BD will be equal, that is, (4. of this) the angle D, or the an- 
gle A will be equal to the angle BCD. 

2. If AB, BC together be greater than a ſemicircle, that is 
pou than ABD, BC will be greater than BD; and there- 

ore (8. of this) the angle D, that is, the angle A, is greater 
than the angle BCD. | 

3- In the ſame manner is it ſhown, that if AB, BC together 
be leſs than a ſemicircle, the angle A is leſs than the angle 
BCD. And ſince the angles BCD, BCA are equal to two 
right angles, if the angle A be greater than BCD, A and ACB 
together will be greater than two right angles. If A be equal 
to BCD, A and ACB together will be equal to two right an- 
gles; and if A be leſs than BCD, A and ACB will de leſs 
than * right angles. Q. E. D. 


PROP. X. Fic. 7. 


F the angular points A, B, C of the ſpherical trian- 
gle ABC be the poles of three great circles, theſe 


great circles by their interſections will form another 


triangle FDE, which is called ſupplemental to the 
former ; that is, the fides FD, DE, EF are the ſup- 
Ii plüwKubements 


4 — — F o 


angles. 
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plements of the meaſures of the oppoſite angles C, B, A, 
of the triangle ABC, and the meaſures of the angles 


F, D, E of the triangle FDE, will be the ſupplements 


of the ſides AC, BC, BA, in the triangle ABC. 


Let AB produced meet DE, EF, in G, M, and AC meet FD, 
FE in K, L, and BC meet FD, DE in N, H. 
Since A is the pole of FE, and the circle AC paſſes through 


A, EF wil! paſs through the pole of AC, (13. 15. f. Th.) and 


fince AC paſſes through C, the pole of FD, FD will paſs 
through the pole of AC; therefore the pole of AC is in the 
point F, in which the arches DF, EF interſect each other. In 
the ſame manner, D is the pole, of BC, and E the pole of AB, 
And ſince F, E are the poles of AL, AM, FL and EM are 
quadrants, and FL, EM together, that is, FE and ML to 
ther, are equal to a ſemicircle, But ſince A is the pole of MI, 


ML is the meaſure of the angle BAC, conſequently FE is the 


ſupplement of the meaſure of the angle BAC. In the ſame 
manner, ED, DF are the ſupplements of the meaſures of the 
angles ABC, BCA. 

Since likewiſe CN, BH are quadrants, CN, BH together, 
that is, NH, BC together are equal to a ſemicircle ; and ſince 
D is the pole of NH, NH is the meaſure of the angle FDE, 
therefore the meaſure of the angle FDE is the ſupplement of 
the ſide BC. In the fame manner, it is ſhown that the meay 
ſures of the angles DEF, EFD are the ſupplements of the ſides 
AB, AC, in the triangle ABC. Q. E. D. 


P R O T, XI. Fic. 7. 


HE three angles of a ſpherical triangle are Freat- 
er than two right angles, and leſs than ſix right 


The meaſures of the angles A, B, C, in the triangle ABC, 


together with the three ſides of the ſupplemental triangle DEF, 
are (10 of this) equal to three ſemicirles; but the three ſides 


of the triangle FDE, are (7. of this) leſs than two ſemicircles; 


r _ 
a 2 
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therefore the meaſures of the angles A, B, C are greater than 
a ſemicircle ; and hence the angles A, B, C are greater than 
two right angles. f 

All the external and internal angles of any triangle are equal 
to ſix right angles; therefore all the internal angles are leſs 
than ſix right angles. 


PROP. XII. Fic. 8. 


FF from any point C, which is not the pole of the 
great circle ABD, there be drawn arches of great 
circles CA, CD, CE, CF, &c. the greateſt of theſe is 
CA, which paſſes through H the pole of ABD, and 
CB the remainder of ACB is the leaſt, and of ny o- 
thers CD, CE, CF, &c. CD, which is nearer to CA, is 
greater than CE, which is more remote. 


Let the common ſection of the planes of the kts 


ACB, ADB be AB; and from C, draw CG perpendicular to 


AB, which will alſo be perpendicular to the plane ADB; (4. 
def. 11.) join GD, GE, GE, CD, CE, CF, CA, CB. 

Of all the ſtraight lines drawn from G to the circumference 
ADB, GA is the greateſt, and GB the leaſt; (J. 3.) and GD 
which is nearer to GA is greater than GE, which is more 
remote. 'The triangles CGA, CGD are right angled at G, 
and they have the common fide CG ; therefore the ſquares of 
CG, GA together, that is, the ſquare of CA, is greater than 
the ſquares of CG, GD together, that is, the ſquare of CD: 
and CA is greater than CD, and therefore the arch CA is 
greater than CD. In the ſame manner, ſince GD is greater 
than GE, and GE than GF, &c. it is ſhown that CD is 
greater than CE, and CE than CF, &c. and conſequently, the 
arch CD greater than the arch CE, and the arch CE greater 
than the arch CF, &c. And ſince GA is the greateſt, and GB 
the leaſt of all the ſtraight lines drawn from G to the circum- 
ference ADB, it is manifeſt that CA is the greateſt, and CB 
the leaſt of all the ſtraight lines drawn from C to the circum- 
ference : and therefore the arch CA is the greateſt, and CB 
the leaſt of all the circles drawn through C, meeting ADB. 


Q. E. D. 


I 12 PROP, 


—— —> — __ — bee — Oc ex o_———_— ——— — - — * 
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Fig. to. 


: Fig. 9. 


Since 
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PROP. XII. Fic. 9. 


N a right angled ſpherical triangle the ſides are of 
the ſame affection with the oppoſite angles; that 

is, if the ſides be greater or leſs than quadrants, the 
oppoſite angles will be greater or leſs than right angles, 


Let ABC be a ſpherical triangle right-angled at A, any fide 
AB, will be of the ſame affection with the oppoſite angle ACB. 
Caſe 1. Let AB be leſs than a quadrant, let AE be a qua- 
drant, and let EC be a great circle paſſing through E, C. 
is a right angle, and AE a quadrant, E is the pole 

of e eat circle AC, and ECA a right angle; but ECA is 


aft 2. Let AB be greater than a quadrant, make AE a qua- 


drant, and let a great circle paſs through C, E, ECA is a right 


angle as before, and BCA is greater than ECA that is, greater 
than a right angle. Q. E. D. 1 


* 


P.R.O:P.. A. 


I the two ſides of a right angled ſpherical triangle be 


of the ſame affection, the hypothenuſe will be leſs 


than a quadrant; and if they be of different affection, 


the hypothenuſe will be greater than a quadrant. 


Let ABC be a right angled ſpherical triangle, if the two ſides 
AB, AC be of the ſame or of different affection, the hypothe- 
nuſe BC will be leſs or greater than a quadrant. | 

Caſe 1. Let AB, AC be each leſs than a quadrant. Let 
AE, AG be quadrants; G wil} be the pole of AB, and E the 
pole of AC, and EC a quadrant ; but, by Prop. 12. CE 1s 

eater than CB, fince CB is farther off from CGD than CE. 

n the ſame manner, it is ſhown that CB, in the triangle CBD, 
where the two fides CD, BD are each greater than a quadrant, 
is leſs than CE, that is, leſs than a quadrant. Q. E. D. os 
0 


N than BCA, therefore BCA is leſs than a right angle. 
L D. 
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Caſe 2. Let AC be leſs, and AB greater than a quadrant; Fig. 10. 


then the hypothenuſe BC will be greater than a quadrant; for 
let AE be a quadrant, then E is the pole of AC, and EC will 


be a quadrant. But CB is greater than CE by prop. 12. ſince 
AC — through the pole of ABD. Q. E. b. . 


PR OP. XV. 
1 the hypothenuſe of a right-angled triangle be 


greater or leſs than a quadrant, the ſides will be of 


different or the ſame affection. 


This is the converſe of the preceding, and demonſtrated in 
the ſame manner. 


P R OP. XVI. 5 
Bo ſpherical triangle ABC, if the perpendicular 
AD from A upon the baſe BC, fall within ti tri- 
angle, the angles B and C at the baſe will be of the 
ſame affection ; and if the perpendicular fall 'without 
the triangle, the angles B and C will be of different 
affection. 


* 


1. Let AD fall within the triangle; then (13. of this) ſince pig. 11: 


ADB, ADC are right-angled ſpherical triangles, the angles B, 
C muſt each be of the ſame affeCtion as AD. s * 


» 
2. Let AD fall without the triangle, then (13 of this) the Fig. 12. 


angle B is of the ſame affeCtion as AD; and by the ſame the 
angle ACD is of the ſame affection as AD; therefore the angle 
ACB and AD are of different affection, and the angles B and 
ACB of different affection. | 

Cor. Hence if the angles B and C be of the ſame affection, 
the perpendicular will fall within the baſe; for, if it did not, 
(16. of this) B and C would be of different affection. And if 
the angles B and C be of oppoſite affection, the perpendicular 
will fall without the triangle; for, if, it did not, (16 of this), 
the angles B and C would be of the ſame affection, contrary to 


the ſuppoſition. 
"7 Ii3 | PROP. 


| 
| 
14 
| 
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at rigt angles to the plane AEF, (4. 11.) wherefore the plane 
Ah, which paſſes through DE is perpendicular to the plane 
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PROP. XVII. Fic. 13. 


2 


1 * right-angled ſpherical triangles, the ſine of eit her 

of the ſides about the right angle, is to the radius 
of the ſphere, is the tangent of the remaining ſide is 
to the tangent of the angle oppoſite to that ſide. 


Let ABC be a triangle, having the right angle at A; and 
let AB be either of the ſides, the fine of the fide AB will be 
to the radius, as the tangent of the other fide AC to the tan- 
gent of the angle ABC, oppoſite to AC. Let D be the cen- 
tre of the ſphere; join AD, BD, CD, and let AE be drawn 
perpendicular to BD, which therefore will be the fine of the 
arch AB, and from the point E, let there be drawn in the 

lane BDC the ſtraight line EF at right angles to BD, ine 
De in F, and let AF be joined. Since therefore the ſight 
line * is at right angles to both EA and EF, it will alſo be 


AEF, (18. 11.) and the plane AEF perpendicular to ABD: The 
lane ACD or AFD is alſo perpendicular to the ſame ABD; 
erefore the common ſection, viz. the ſtraight line AF, is at 
right angles to the plane ABD : (19. 11.) And FAE, FAD are 


right angles; (3. def. 11.) therefore AF is the tangent of the 


arch AC; and in the rectilineal triangle AEF having a right 
angle at A, AE will be to the radius as AF to the tangent of the 
angle AEF, (1 Pl. Tr.); but AE is the fine of the arch AB, 
and AF the tangent of the arch AC, and the angle AEF is the 
inclination of the planes CBD, ABD, (6. def. 11.) or the ſphe- 
rical angle ABC: Therefore the fine of the arch AB is to the 
radius as the tangent of the arch AC, to the tangent of the 
oppoſite angle ABC. | 
Cor. 1. If therefore of the two ſides, and an angle o] 
ſite to one of them, any two be given, the third will alſo be 
iven. 
. Cor. 2. And ſince by this propoſition the ſine of the ſide 
AB is to the radius, as the tangent of the other fide AC to the 
tangent 


8 m4 
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tangent of the angle ABC oppoſite to that fide; and as the 
radius is to the * of the angle ABC, ſo is the tangent 
of the ſame angle ABC to the radius, (Cor. 2. def. Pl. Tr.) 
by equality, the fine of the fide AB is to the co-tangent of the 
angle ABC adjacent to it, as the tangent of the other fide AC 
to the radius. 


r 
PROP. XVIII. Fic. 14. 


TN right angled ſpherical triangles the ſine of the hy- 
pothenuſe is to the radius, as the fine of either fide 
is to the fine of the angle oppoſite to that fide. 


Let the triangle ABC be right-angled at A, and let AC be 
either of the ſides z the fine of the hypothenuſe BC will be to 
the radius as the fine of the arch AC is to the fine of the angle 
ABC. | 
Let D be the centre of the ſphere, and let CG be drawn per- 
pendicular to DB, which will therefore be the fine of the hy- 
pothenuſe BC; and from the point G let there be drawn in the 
plane ABD the ſtraight line GH perpendicular to DB, and let 
CH be joined : CH will be at right angles to the plane ABD, as 
was ſhown in the preceding propoſition of the ſtraight line FA : 
Wherefore CHD, CHG are right angles, and CH is the fine of 
the arch AC; and in the triangle CHG, having the right angle 
CHG, CG is to the radius as CH to the fine of the angle 
CGH: (1. PL Tr.) But fince CG, HG are at right angles to 
DGB, which is the common fection of the planes CBD, ABD, 
the angle CGH will be equal to the inclination of theſe planes ; 
(6. def. 11.) that is, to the ſpherical angle ABC. The fine 
therefore, of the hypothenuſe CB is to the radius as the fine of 
the ſide AC is to the fine of the oppoſite angle ABC. Q. E. D. 

Cor. Of theſe three, viz. the hypothenuſe, a fide, and the 
angle oppoſite to that ſide, any two being given, the third 1s 
alſo given by prop. 2. 


$03. 
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PROP. XIX. Fic. 14. 


N right-angled ſpherical triangles, the co- ſine of 

the hypothenuſe 1s to the radius as the co-tangent 

of either of the angles is to the tangent of the remain. 
ing angle. 2 


Let ABC be a ſpherical triangle, having a right angle at A, 
the co- ſine of the hypothenuſe BC will be to the radius as the 
co-tangent of the angle ABC to the tangent of the angle ACB. 

Deſcribe the circle DE, of which B is the pole, and let it 
meet AC in F and the circle BC in E; and fince the circle BD 
paſſes through the pole B of the circle DF, DF will alſo paſs 
through the pole of BD. (13. 18. 1. Theod. ſph.) And fince 
AC is perpendicular to BD, AC will alſo paſs through the pole 
of BD ; wherefore the pole of the circle BD will be found in 
the point where the circles AC, DE meet, that is, in the point 
F: The arches FA, FD are therefore quadrants, and likewiſe 
the arches BD, BE: In the triangle CEF, right-angled at the 
point E, CE is the complement of the hypothenuſe BC of the 
triangle ABC, EF is the complement of 2 arch ED, which is 
the meaſure of the angle ABC, and FC the hypothenuſe of the 
triangle CEF, is the complement of AC, and the arch AD, 
which is the meaſure of the angle CFE, is the complement of 
AB. 

But (17. of this) in the triangle CEF, the ſine of the fide 
CE is to the radius, as the tangent of the other fide is to the 
tangent of the angle ECF oppoſite to it, that is, in the triangle 
ABC, the co-fine of the hypothenuſe BC is to the radius, as 
the co-tangent of the angle ABC is to the tangent of the angle 
ACB. Q. E. D. | 

Cor. 1. Of theſe three, viz. the hypothenuſe and/the two 
angles, any two being given, the third will alſo be given. 


Con. 2. $8 ſince by this propoſition the co- ſine of the | 


hypothen 
angl 
dius 1s to the co-tangent of the angle AC B, ſo is the tangent 
of the ſame to the radius; (Cor. 2. def. Pl. Tr.) and, ex 
æquo, the co-ſine of the hypothenuſe BC is to the 3 
#2 


BC is to the radius as the co-tangent of the 


* 


C ro the tangent of the angle ACB. But as the ra- 
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of the angle Ach, as the co-tangent of the angle ABC to the 
radius. 


PROP. K Fic. 14. 


T'N right-angled ſpherical triangles, the co-ſine of an 
angle 1s to the radius, as the tangent of the ſide ad- 


jacent to that angle is to the tangent of the hypothe- 


nuſe. 


The ſame conſtruction remaining; in the triangle CEF, 
(17. of this) the ſine of the ſide EF is to the radius, as the 


tangent of the other fide CE is to the tangent of the angle CFE 


oppoſite to it; that is, in the triangle ABC, the co- ſine of the 
angle ABC is to the radius as (the co-tangent of the hypothe- 
nuſe BC to the co-tangent of the ſide AB, adjacent to ABC or 
as) the tangent of the fide AB to the tangent of the hypothe- 
nuſe, ſince the tangents of two arches are reciprocally propor- 
tional to their co-tangents. (Cor. 1. def. Pl. Tr.) 

Cor. And fince by this propoſition the co-fine of the angle 
ABC is to the radius, as the tangent of the fide AB is to the 
tangent of the hypothenuſe BC; and as the radius is to the co- 
tangent of BC, ſo is the tangent of BC to the radius; by e- 
quality, the co-ſine of the angle ABC will be to the co-tangent 
of the hypothenuſe BC, as the tangent cf the fide AB, Mhacent 
to the angle ABC, to the radius. 3 


FROP. A. 6. 14. 


1 * right-angled ſpherical triangles, the co- ſine of ei- 
ther of the ſides is to the radius, as the co- ſine of 
the hypothenuſe is to the co- ſine of the other fide. 


The ſame conſtruction remaining; in the triangle CEF, the 
ſine of the hypothenuſe CF is to the radius, as che ſine of the 
ſide CE to the ſine of the oppoſite angle CFE; (18. of this) 


that is, in the triangle ABC the co- ſine of the fide CA is to the 


radius as the co- ſine of the hypothenuſe BC to the co-ſine of 
the other ſide BA. Q. E. D. 


. PROP. 


ac 


50 


SPHERICAL TRIGONOMETR Y. 


PROP. Al. Fic. 14. 


F: right-angled ſpherical triangles, the co-ſine of ei. 
ther of the ſides is to the radius, as the co- ſine of 


the angle oppoſite to that ſide is to the ſine of the o- 
ther angle. 


The ſame conſtruction remaining; in the m—_ CEF, the 
the ſine of the hypothenuſe CF is to the radius as the fine of the 
fide EF is to the fine of the angle ECF oppoſite to it ; that is 
in the triangle ABC, the co-fine of the fide CA is to the ra- 
dius, as the co-ſine of the angle ABC oppoſite to it, is to the 
fine of the other angle. Q. E. D. 


SPHERICAL TRIGONOMETRxT. 


Of the CIRCULAR PARTS. 


T. any right-angled ſpherical triangle ABC, the complement Fig. x5. 


of the hypothenuſe, the complements of the angles, and the 
two ſides are called The circular parts of the triangle, as if it 
were following each other in a circular order, from whatever 
art we begin : 'Thus, if we begin at the complement of the 
Lrncchennl, and proceed towards the fide BA, the parts fol- 
lowing in order Wi be the complement of the hypothenuſe, the 
complement of the angle B, the fide BA the fide AC, (for the 
right angle at A is not reckoned among the parts), and, laſtly, 
the complement ofthe angle C. And thus at whatever part we 
begin, if any three of theſe five be taken, they either will be 
all contiguous or adjacent, or one of them will not be conti- 
guous to either of the other two: In the firſt caſe, the part 
which is between the other two is called the Middle part, and 
the other two are called Adjacent extremes. In the ſecond caſe, 
the part which is not contiguous to either of the other two is 
called the Middle part, and the other two Oppoſite extremes. 
For example, if the three parts be the complement of the hy- 
pothenuſe BC, the complement of the angle B, and the fide 
BA; fince theſe three are contiguous to each other, the com- 
plement of the angle B will be the middle part, and the com- 
plement of the hypothenuſe BC and the fide BA will be adjacent 
extremes : But if the complement of the hypothenuſe BC, and 
the ſides BA, AC be taken; ſince the complement of the hypo- 
thenuſe is not adjacent to either of the ſides, viz. on account 
of the complements of the two angles B and C intervening be- 
tween it and the fides, the complement of the hypothenuſe BC 
will he the middle part, and the ſides, BA, AC oppolite ex- 
tremes. The moſt acute and ingenious Baron Napier, the in- 
ventor of Logarithims, contrived the two following rules con- 
cerning theſe parts, by means of which all the caſes of right- 
angled ſpherical triangles are reſolved with the greateſt eaſe. 


„„ 27 


The rectangle contained by the radius and the fine of the 


middle 


wt 


god 
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middle part, is equal to the rectangle contained by the tangents 
of the adjacent parts. | 


> 


RULE U. 


The rectangle contained by the radius, and the ſine of the 
middle part is equal to the rectangle contained by the co. 
ſines of the oppoſite parts. 


Theſe rules are demonſtrated in the following manner. 

Firſt, Let either of the ſides, as BA, be the middle part, and 
therefore the complement of the angle B, auß the fide AC will 
be adjacent extremes. And by Cor. 2. prop. 17. of this, S, BA 
is to the Co- T, B, as T, AC is to the radius, and therefore 
RxS, BAZCo T, BxT, AC. * 

The ſame ſide BA being the middle part, the complement 
of the hypothenuſe, and the complement of the angle C, are op- 
poſite extremes; and by prop. 18. S. BC is to the radius, as 8, 
BA to 8, C; therefore RK 8, BAS, BC Xx 38, C. 

Secondly, Let the complement of one of the angles, as B, be 
the middle part, and the complement of the hypothenuſe, and 
the ſide BA will be adjacent extremes: And by Cor. prop. 20. 
Co-S, B is to Co-T, BC, as T, BA is to the radius, and there- 
fore B x Co-, BS Co- T, BC XT, BA. | 

Again, Let the complement of the angle B be the middle 
part, and the complement of the angle C, and the fide AC will 
be oppoſite extremes: And by prop. 22. Co-S, AC is to the ra- 
dius, as Co-8&, B is to 8, C: And therefore R Co-S, B=Co-S, 
AC 48, C. 

Thirdly, Let the complement of the hypothenuſe be the mid- 
dle part, and the complements of the angles B, C, will be adja- 
cent extremes: But by Cor. 2. prop. 19. Co-&, BC is to Co-T, 
B as Co-T, B to the radius: Therefore R +Co-S, BC=Co-T, 
C Co- T, C. | . 

Again, Let the complement of the hypothenuſe be the mid- 
dle part, and the ſides AB, AC will be oppoſite extremes: But 
by prop. 21. Co-S, AC is to the radius, Co-S, BC to Co-, 
BA; therefore R + Co-S, BC=Co-S, BA +Co-s, AC. Q. E. D. 
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8OLUTION of the Sixteen CAs ES of right - 
angled Spherical Triangles. | 


— — 


GENERAL PROPOSITION. 


Na right-angled ſpherical triangle, of the three ſides 
and three angles, any two being given, beſides 
the right angle, the other three may be found. 


In the following Table the ſolutions are derived from the pre- 
ceding propoſitions. It is obvious that the ſame folutbns 
may be derived from Baron Napier's two rules above de- 
monſtrated, which, as they are eaſily remembered, are com- 
monly uſed in practice. 


Caſe | Given (Sought 1 


8, C: Cos, B:: R: Cos, AC: By 22. and 
B, CAC Aci of the ſame ſpecies with B. 13. 


ir R: Cos, AC::8, C: Cos, B: And Bis 
[ef ene pecies wich E, by 2. and 3. 
2 AC, B | C Cos, AC: R:: Cos, B: 8, C: By 22. 
3 


R: Cos, BA:: Cos, AC: CoS, BC. 21. and 
if both AB, AC be greater or leſs than a 
4 [BA, AC BC | quadrant, BC vill be leſs than a quadrant. 
But if they be of different affection, BC 


will be greater than a quadMnt. 14. 


Cos, BA: R:: Cos, BC: Cos, AC. 21. 
and if BC be greater or han a qua- 
5 BA, Bd AC grant, BA, AC will be 


the ſame affection: By 15. 


ö 


F different or | 


25 | 
8, BA: R: : T, CA: T, B. 17. and B is 


of the ſame affection with AC, 13. 
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Caſe | Given Sought | | 
* 4 EO 
R:S, BA:: T, B: T, AC 17. And AC 
7 BA A0 is of the ſame affeQtiogith B. 13. 
8 | AC, B BA T, B: R:: T, CA: 8, BA. 17. 
R: Cos, C:: T, BC: T, CA. 20. If B 
be leſs or greater than a quadrant, C and 
9 BC AC B will be of the ſame or different affec- 
3 tion. 15. 13. 
— — — — 
CoS, C: R:: T, AC: T, BC. 20ũ. And 
| BC is leſs or greater than a quadrant, ac- 
10 AC, CI BC cording as C and ACorC and B are of 
the ſame or different affection. 14. 1. 
| irn If BC 
leſs or greater than a quadrant. CA 
11 BC, CA C and AB, and therefore CA and C, are 
of the ſame or different affection. 15. 
R. 8, BC::8, B: 8, AC. 18. And AC 
12 BC, BAC is of the ſame affection with B. 
13 [AC, BC 8, B:S, AC:: R: 8, BC: 18. 
8, BC: R:: 8, AC: 8, B: 18. And B is 
14 BC, 4 B of the ſame affection with AC. 
| | T.C:R::CoT, B: CoS, BC. 19. And 
according as the angles B and C are of 
15 | B,C | BC different or the *. affection, BC will be 
| greater or leſs than a quadrant. 14. 
| R : Cos, BC::T,C:CoT,B. 19. If BC 
16 BC, C B | be leſs or greater than a quadrant, C and B 
willbe oi the ſame or diff:rentaffeCtion. it. 


— 
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The ſecond, eight, and thirteenth caſes, which are common- 
ly called ambiguous, admit of two ſolutions: For in theſe it is 
not determined whether the ſide or meaſure of the angle ſought 
be greater or leſs than a quadrant. 


PROP, Al. Hs. 16, 


IN ſpherical triangles whether right angled or o- 
1 bilque angled, the fines of the ſides are proportional 
to the ſines of the angles oppoſite to them. 


Firſt, Let ABC be a right-angled triangle, having a right 


angle at A; therefore by prop. 18. the ſine of the hypothenuſe 
BC is to the radius (or the fine of the right angle at A) as the 
fine of the ſide AC to the ſine of the angle B. And in like man- 
ner, the fine of BC is to the fine of the angle A, as the fine of 
AB to the ſine of the angle C; wherefore (11. 5.) the fine of 
the ſide AC is to the fine of the angle B, as the fine of AB to 
the ſine of the angle C. 


Secondly, Let BCD be an oblique-angled triangle, the fine Fig. 17. 18, 


of either of the ſides BC, will be to the fine of either of the o- 
ther two CD, as the fine of the angle D oppoſite to, BC is to 
the fine of the angle B oppoſite to the ſide CD. Through the 
point C, let there be drawn an arch of a great circle CA per- 
pendicular upon BD; and in the right angled triangle ABC 
(18 of this) the ſine of BC is to the radius, as the fine of AC 
to the ſine of the angle B; and in the triangle ADC (by 18. of 
this :) And, by inverſion, the radius is to the fine of DC as the 
ſine of the angle D to the ſine of AC: Therefore ex æquo per- 
turbate, the fine of BC is to the fine of DC, as the fine of the 
angle D to the fine of the angle B. Q. E. D. 


PROP. XXIV. Fis. 17. 18. 


FF oblique angled ſpherical triangles having drawn a 

perpendicular arch from any of the angles upon the 
oppoſite ſide, the co- ſines of the angles at the baſe are 
proportional to the ſines of the verticle angles. 


Let 
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Let BCD be a triangle, and the arch CA perpendicy lar to 
the baſe BD; the co-fine of the angle B will be to the co-fine 
of the angle D, as the fine of the angle BCA to'the fine of the 
angle DCA. 

or by 22. the co-ſine of the angle B is to the fine of the 
angle BCA as (the co-ſine of the fide AC is to the radius; that 
is, by Prop. 22. as) the co-ſine of the angle D to the ſine of the F 
angle DCA; and, by permutation, the co-ſine of the angle B | 
is to the co-ſine of the angle D, as the fine of the angle BCA dius 


to the ſine of the angle DCA. Q. E. D. x wg 
The 

PROP, XV. Fis. 17. 18. * 

the 


HE ſame things remaining, the co- ſines of the fides 
BC, CD, are proportional to the co- ſines of the 
baſes BA, AD. 


For by 21. the co-ſine of BC is to the co-ſine of BA, as (the 
co- ſine of AC to the radius; that is, by 21. as) the co-ſine of eit! 


CD is to the co-fine of AD: Wherefore, by permutation, the adj 
co- ſines of the ſides BC, CD are proportional to the co-fines of * 
the baſes BA, AD. Q. E. D. | | - 


© PROP. XXVI. Fis. 17. 18. 


T HE ſame conſtruction remaining, the fines of the of 1 
baſes BA, ADare reciprocally proportional to the the 
tangents of the angles B and D at the baſe. 


n For by 17. the ſine of BA is to the radius, as the tangent an 
of AC to the tangent of the angle B; and by 17. and inverſion F 
the radius is to the fine of AD, as the tangent of D to the tan- qe 
gent of AC: Therefore ex æquo perturbate, the ſine of BA is " 


to the ſine of AD, as the tangent of D to the tangent of B.. 


q PROP, 


P. 


, 


For by prop. 20. the co-ſine of the angle BCA, is to the ra- 


dius as 


or DE, as 
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PROP. XVII. Fic. 17. 18. 


proportional to the tangents of the fides. 


tangent CA is to the tangent of BC; and the 
ſame prop. 20. and by inverſion, the radius is to the co-ſine of 
the angle DCA, as the tangent of DC to the tangent of CA: 
Therefore, ex æquo perturbate, the co- ſine of the angle BCA 
nne as the tangent of DCis to 


L EMM A. Fic. 19. 20. 


N right-angled plain triangles, the hypothenuſe is to 
the radius, as the exceſs of the h enuſe above 
either of the ſides to the verſed ſine of the acute angle 
adjacent to that fide, or as the ſum of the hypothe- 
nuſe, and either of the ſides to the verſed ſine of the 
exterior angle of the triangle. 


Let the triangle ABC have a right angle at B; Ac vill be 
to the radius as the exceſs of AC above AB, to the verſed fine 


of the angle A adjacent to AB: or as the ſum of AC, AB to 


the verſed fine of the exterior angle CAK. 

With any radius DE, let a circle be deſcribed, and from D 
the centre let DF be drawn to the circumference, making the 
e Wine ane Bren. hg port » let 
FG be drawn pe icular to DE: Let AH, AE be made e- 
qual to AC, and DL to DE: DG therefore is the co-ſine of 
the angle EDF ar BAC, and GE its verſed fine : And becauſe 
of the equian 


to DG: Therefore (19. f.) AC is to the radius 


DE as BH to GE, the verſed fine of the angle EDF or BAC: 
And fince AH is to DE, er. 5.) AH or AC 
will be to the radius DE as KB to LG, the v fine of the 
angle LDF or KAC. Q. E. D. | 


"2H PROP, 


HE co- ſines of the vertical angles are reciprocally 


triangles Ach, DFG, AC or AH is to DBF 


$13 
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PROP. XXVII. Fic. 21. 22. 


FF any ſpherical triangle, the rectangle contained by 
the fines of two ſides, is to the ſquare of the radius, 
as the exceſs of the verſed fines of the third fide or 
baſe, and the arch, which is the exceſs of the ſides, 
is to the verſed fine of the angle oppoſite to the baſe. 


Let ABC be a ſpherical triangle, the rectangle contained by 
the fires of AB, BC will be to the ſquare of the radius, as the 
exceſs of the verſed fines of the baſe AC, and of the arch, 
which is the exceſs of AB, BC to the verſed fine of the angle 
ABC oppoſite to the baſe. | 

Let D be the centre of the ſphere, and let AD, BD, CD be 
Joined, and let the fines AE, CF, CG of the arches AB, BC, 
AC be drawn ; let the fide BC be greater than BA, and let BH 
be made equal to EC; AH will therefore be the exceſs of the 
ſides BC, BA; let HK be drawn ndicular to AD, and 
ſince AG is the verſed fine of the baſe AC, and AK the verſed 
ſine of the arch AH, KG is the exceſs of the verſed fines of the 
baſe AC, and of the arch AH, which is the exceſs of the ſides 
BC, BA : Let GL likewiſe be drawn parallel to KH, and let 
it meet FH in L, let CL, DH be joined, and let AD, FH meet 
each other in M. | 
Since therefore in the triangles CDF, HDF, DC, DH 
are equal, DF is common, and the angle FDC equal to the 
angle FDH, becauſe of the equal arches BC, BH, the baſe 

5 will be equal to the baſe F, and the angle HFD equal 
to the right angle CFD: The ſtraight line DF therefore (4. 
T1.) is at right angles to the plain CFH: Wherefore the plain 
CTH is at right angles to the plain BDH, which paſſes through 


DF, (18. 11.) In like manner, ſince DG is at right angles to 


both GC and GL, DG will be ndicular to the plane 
CGL ; therefore the plane CGL is at right angles to the plane 
BDH, which paſſes through DG : And it was ſhown, that the 
plane CFH or CFL was dicular to the ſame plane 


DH; therefore the common ſection of the planes CFL, 
CGL, viz. the ſtraight line CL, is perpendicular to the plane 
BDA, (19. 11.) and therefore CLF is a right angle : In the 

triangle CFL having the right angles CLF, by the lemma CF 
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is to the radius as LH, the exceſs, viz. of CF. or FH above 
FL, is to the verſed fine of the angle CFL; but the angle 
CFL is the inclination of the planes BCD, BAD, fince FC, 
FL are drawn in them at ri t angles to the common ſection 
BF: The ſpherical angle ABC is therefore the ſame with the 
angle CFL; and therefore CF is to the radius as LH to the 


verſed ſine of the ſpherical angle. ABC; and ſince the triangle 


AED is equiangular (to the triangle MFD, and therefore) to 
the triangle MGL, AE will be to the radius of the ſphere AD, 
(as MG to ML: that is, becauſe of the parallels as) Kto LH: 
'The ratio therefore which is com d of the ratios of AE 
to the radius, and of CF 2 

the ratio of the rectangle contained by AE, CF to the ſquare o 
the radius, is the ſame with the ratio compounded of the ratio 
of GK to LH, and the ratio of LH to the verſed fine of the 
angle ABC; that i is, the ſame with the ratio of GK to the ver- 
ſed fine of the angle ABC; therefore, the rectang le contained 
by AE, CF, the fines of the ſides AB, BC, is to the ſquare of 
the radius as GK, the exceſs of the verſed fines AG, AK, of 
the baſe AC, and the arch AH, which is the exceſs of the ſides 


e radjus ; that is, (23. N. 


QED the verſed ſine of the angle 'ABC oppoſite to the baſe AC; 
E. D 7 


PROP. XIX. Fic. 23. 


T HE rectangle contained by half of the radius, 
and the excefs of the verſed fines of two arches, 
is equal to the rectangle contained by the fines of half 


the * and half the difference of the ſame arches. 


Let AB, AC, be any two arches, and let AD be * equal 
to AC the leſs ; the arch DB therefote is the ſum, and the arch 
CB the difference of AC, AB: Through E the centre of the 


circle, let there be draws: a diameter DEF, and AL joined, and ; 


CD likewiſe perpendicular to it in G; and let BH be perpendi- 
cular to AE, and AH will be the verſed fine bf the arch AB, 
and AG the verſed fine of AC, and HG the exceſs of thiefe ver- 
ſed fines : Let BD, BC, BF be joined, and FC: alſo meeting 
BH in K. 
Since therefore BH, CG are parallel, the alternate angles 
"_ ECG will be equal; but KCG is in a ſemicircle, and 
| Kk 2 therefore 
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therefore a right angle; therefore BRC is a angle ; vx 
in the triangles DFB. CBK, the angles FDB, 56K. ns ſame ap bo 
ſegment are equal, and FBD, BKC are right angles ; the tri ad 
angles DFB, 'CBE are therefore equ iangular; wherefore DF is of th | 
to DB, as BC to OK, or HG and therefore the rectangie con- * 
tained by the diameter DF, and HG is equal to that contained —_ 
15 by DB, BC; wherefore the rectangle contained by 2 
| | part of the diameter, and HG, is equal to that 2 by he * 
| Ives of DB, BC: But half the chord DB is the fine of h 8 
arch DAB, that is, half the ſum of the arches AB, AC; and dt. 
half the chord of BC is the fine of half the arch BC, which is | che 
. the difference of AB, AC. Whence the propoſition is manifeſt. 


PROP. XXX. Fis. 19. 24. half t 


| T* rectangle contained by half of the radius, is to 
and the verſed ſine of any arch, is equal to the fine 
ſquare of the fine of half the ſame arch. fine 0 


Let AB be an arch of a circle, C its centre, and AC, CB, 

' BA being joined: Let AB be biſected in D, and let CD be 
joined, which will be perpendicular to BA, and biſeR it in E, 

(A. 1.) BE or AE therefore is the fine of the arch DB or AD, 

the half of AB : Let BF be ndicular to AC, and AF will 

be the verſed fine of the arch BA ; but, becauſe of the ſimilar 
triangles CAE, BAF, CA is to AE as AB, that is, twice AE to 

| AF; and by halving the antecedents, half of the radius CA is 
to AE the {ine of the arch AD, as the ſame AE to AF the ver- 
| fed ſine of the arch AB. Wherefore by 16. 6. the * 
| is manifeſt. 
| 
| 


PROP. XXII. Fic. 25- 


| bw a ſpherical triangle, the rectangle contained by 

the ſines of the two ſides, is to the ſquare of the ra- 

dias, as the rectangle contained: by the ſine of the arch 

which is half the ſum of the baſe and the exceſs of 

N the ſides, and the fine of the arch, which is half the 

| difference of the ſame to the ſquare of the ſine of half 
| * angle oppoſite to the baſe. | 
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Let ABC be a ſpherical 1 of which the two ſides are 
AB, BC, and baſe AC, and let the leſs ſide BA be 3 
ſo that BD ſhall be equal to BC: AD therefore is exceſs 
of BC, BA; and it is to be ſhown, that the rectangle contained 
by the fines of BC, BA is to the ſquare of the radius, as the 
rectangle contained by the fine of half the ſum of AC, AD, 
and the fine of half the difference of the ſame AC, AD to the 
ſquare of the fine of half the angle ABC, oppoſite to the baſe 
AC. | 
Since by prop. 28. the rectangle contained by the fines of 
the ſides BC, BA is to the ſquare of the radius, as the exceſs 
of the verſed fines of the baſe AC and AD, to the verſed fine 
of. the angle B; that is, (1. 6.) as the reCtangle contained by 
half the radius, and that exceſs, to the rectangle contained by 
half the radius, and the verſed fine of B; therefore (29. 30. of 
this), the rectangle contained by the fines of the ſides BC, BA 
is to the ſquare of the radius, as the rectangle contained by the 
fine of the arch, which is half the ſum of AC, AD, and the 
fine of the arch which is half the difference of the ſame AC, 
AD is to the ſquare of the fine of half the angle ABC. Q. E. D. 


SOLUTION. 
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SPHERICAL TRIGONOMETR T. 


SOLUTION of the twelve Cazszs of os 
"angled SPHERICAL TRIANGLES. 


GENERAL PROPOSITION. 


N an oblique-angled ſpherical triangle, of the three 
ſides and three angles, any three being given, the 
other three may be found. 


Fig. 26. 2. | Given. Pl 


| 


8, BC: R;: Co T, B: T, BCA! 
19. Likewiſe by 24. Cos, B: 8, BCA. a 
o 8, D: 8, DCA; We BCD 
is the ſum or 13 of the angles 
CA, BCA according as the perpen 
Keular CA falls within or without 1 
iangle BCD; that is, (16. of this, 
ccording as the angles B, D are of the 
ſame or different affection. 


two an 


de between 


them. 


B, C, and 


les and the 


Co 8, BC: R:: Co T, B: T, BCA, 
19, and alſo by 24. 8, BCA : 9, DCA 


Co 8, B: Co 8, D; ; nd according a 
he angle BCA is leſs or greater 
the perpendicular CAfalls within 
r without the triangle BCD; and there 
ore (16 of this,) \ the angles B, Dm 
of the ſame or different affection. 


R: Co 8, B:: T, BC ＋T. BA. 20. 


h nd Co 8, BC: Co 8, BA:: Co 8 


: Co 8, DA. 25. and BD is the 
um or difference of BA, DA. | 


R: Co 8, B:: T, BC: T, BA. 
20. and Co 8, BA: Co 8, BC: : Co 8, 
DA: Co 8, DC. 25. and according 
A, AC are of the ſame or 
affection, will be leſs or 


[than a quadrant. 14. 
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Given. Sought. x 
5 B, Dand|DB.| R:CoS,B::T, BC : T. BA. 25. 
BC. and T, D: T, B: :5, BA: S, DA. 26. 
wen is the ſum or difference of BA 
6 BC, BD D. R:CoS, B:: T. BC:T, BA 20 
and B, nd 8, DPA: 8, BA: T, B: T, D; an 
ccording as BD is greater or leſs tha 
A, the angles B, D are of the ſame o 
ferent affection 16. 
| | 
-| BC, DC C. COS,BC:R::CoT, B T. BoA 
| and B, ſig. and T, DC: T. BC: co 8, BCA 
8, DCA, 27. the ſam or difference o 
e angles BCA, DCA is equal to 
3| B, C-and | DC. CoS, BC: R: : CoT, B: T, BCA. 
| BC. 19. alſo by 27. cos, DCA : Co 8, BC 
: T, BC: T, DC. 27, if DCA and B 
f the ſame affeQion ; that is, (13.) 1 
AD and CA be ſimilar, DC will be leſs 
| n a quadrant. 14. and if AD, CA be 
| ot of the ſame affection, DC 1s greater 
| an a quadrant, 14. 
| % 
9 BC, DC D. | 8, CD:8, B:: 8, BO:S, D. 
and B. 
19 B, Dand|DC| 8, D:S, BC::8, B:S, DC. 
BC. 
31, BC, BA, B. | S, AB & 8, BC:Rg::8, AC + AD! 
AT 78755 1 
Fig. 25 * 8, AC—AD : Sq, ABC. See Fig. 25. 


{AD being the difference of the ſides BC, 
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Given. Sought. 
{al a ane HR => 
| Fig. 7. ſides. reſpeAtivels the fupyle 33 


An E B, by Ci 
the ken of the tr 
DEF — he Lon _ 
caſe the angles ), E, 
and the ſides BC, BA, AC 


= 
Ts 
| Ji 
2. 
F 
45 


The th, 7th, , Toth, caſes which are commonly called 
I 8 A on +2 Bos folutions, either of which will an- 
ö — — for, in theſe caſes, the meaſure 
of the angle or ſide ſought, may be either greater or leſs than a 
t, and the two ſolutions will be ſupplements to each o- 
SEES —— 
angles of an ue angled tri- 
angle, 2 peta br vc Bk be drawn upon So polite fide, 
moſt of the caſes of oblique angled — may be reſolved 
by means of Napier's rules. 


21 Ar 05 


Y 1-1 


